Math 461 Homework 6.

Feel free to work with other students on these problems. However all written work
should be your own. Also, be sure to give written credit, on the assignment, for any
ideas you get from other people.

All proofs should be as short and clear as possible. If you deviate from the style of
proof given in the notes you should only do so consciously and for good reason.

Exercise 6.1. Recall that A ~ B if there is a bijection from A to B. Recall that B4 is
the set of functions from A to B. Let 2 be the set {0, 1} and let 4 be the set {0, 1,2, 3}.
Prove that 28 ~ 4N,

Exercise 6.2. Let {S,, | n € N} be a collection of finite subsets of N such that for each
finite subset F' C N, there exists a subset Ap C N with |[Ap N S,| =1foralln € F.
Prove that there exists a subset A C N such that |[AN S,| =1 for all n € N. (Hint: use
the Compactness Theorem. Give a “meaning” for your sentence symbols and for the
wifs you place in X.)

Exercise 6.3. Give an example of a collection {7}, | n € N} of subsets of N satisfying
both of the following conditions.

e For each finite subset F' C N, there exists a subset By C N such that |[BpNT,| =1
for all n € F.

e There does not exist a subset B C N such that |[BNT,| =1 for all n € N.

Exercise 6.4 (Enderton, page 66). When ¥ is a set of wffs, define a deduction from
Y to be a finite sequence («p, . .., a,) of wifs such that for each k < n, either

(a) a4 is a tautology,
(b) oy € X, or

(c) for some ¢ and j less than k, o = (aj—ay). (That is, oy is obtained by modus
ponens from «; and «;.)

If there is a deduction (ay,...,a,) from 3 then we write X F «,, and say that «, can
be deduced from X.
Prove that {«, 5} F (aAf).

Exercise 6.5 (Enderton, page 66). Prove that {((—S)VR), (R—P),S}F P.

Exercise 6.6 (Enderton, page 66). Prove the Soundness Theorem: If ¥ ¢ then
Y = ¢. (Hint: Induct on the length of the deduction of ¢ from X.)
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