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1. INTRODUCTION

When one considers questions like:

When are two n-manifolds homeomorphic?
When are two groups isomorphic?

When are two knots equivalent?

When is a knot trivial?

the question usually arises: Decidable? Solvable?

Church Turing Thesis. All intuitive notions of (effective, algorithmic)
computability are equivalent to computability by a Turing machine.

(A Turing machine operates according to a finite set of rules.)

Definition. A function f : N — N is computable if and only if there exists an
algorithm which takes an arbitrary n € N and produces f(n), i.e. there exists a
Turing machine M such that given input n € N, M halts with output f(n).

Definition. A C N is listable (recursively enumerable) if there exists an algorithm
which lists the elements of A: aq,asg,... (possibly repeating)-i.e. there exists a
computable f: N — N with Im(f) = A.

Definition. A C N is decidable (recursive) if there exists an algorithm to decide
whether or not an arbitrary n € N belongs to A.

So, A is decidable <= A and N — A are listable <= the characteristic function
of A is computable.

EXAMPLES:

(1) The set of primes is decidable.

(2) Any finite set A C N is decidable.

These definitions carry over to A C N™ or Z™. More generally, let S be any
(countable) set of objects, each decidable by a finite amount of numerical data, i.e.
an element of Z".

{ Finite presentations (X : R) of groups }

{ Finite simplicial complexes }:

vertices «— {1,2,... ,n} =V

1-simplices «— {(i1,%2),...} CV xV

Say S is listable if corresponding set in Z™ is. If S is listable, A C S is decidable
if A and S — A are listable.
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Basic fact: There exists S C N which is listable but not decidable (Follows
from the undecidability of the halting problem for Turing machines, which follows
from “Russell’s Paradox”). This leads to the undecidability, unsolvability, of many
questions.

EXAMPLES:

(1) Let P = (X : R) be a finite presentation of a group G. Let W = {words in
X}. Wis listable. Let T={w e W :w=1¢€ G} C W. The Word Problem for P
is: Is T'C W decidable?

Note: (i) The answer depends only on G (exercise).

(ii) T is listable.

There exist finite groups with unsolvable word problem (Novikov; Boone:1955).

(2) Let S = { Finite presentations of groups }. Then S is listable (Therefore
S'x .S is listable). The Isomorphism Problem for finitely presented groups is: Is there
an algorithm to decide for arbitrary P;, P, € S, whether or not the correspinding
groups G(P;), G(P,) are isomorphic, i.e. is {(P,P) € S x S: G(P) 2 G(P)} C
S x S decidable? The answer is NO (Question: Is it listable?)

(3)Sasin (2). Let T={P € S:G(P)=1} C S Is T decidable? Answer: NO.
(T is listable (exercise)).

(4) A (closed) PL n-manifold M is | K|, K finite simplicial complex such that for
all vertices v of K, the simplicial neighborhood (star) of v in |K| is simplicially
isomorphic to the cone on (some subdivision of OA™), where A™ is the standard
n-simplex.

Two such M; = |K;| and My = |K3| are PL-homeomorphic if and only if K
and K5 have simplicially isomorphic subdivisions.

[ Fact: Any topological n-manifold, n < 3, is homeomorphic to a PL manifold,
unique up to PL homeomorphism (n = 2 Rado:1924)(n = 3 Moise:1952). |

The set of closed PL n-manifolds is listable (exercise).

So, we can ask: Is the (PL) homeomorphism problem for PL manifolds decidable?

n < 2: YES. For n = 2: My & Ms iff Hi(M;) = Hy(Ms) and H; (finite complex)
is computable.

n > 4: NO (Markov:1958). Markov’s proof uses the fact that for every finitely
presented group G, there exists a PL n-manifold (n > 4) M with 7, (M) = G.

n = 3: UNKNOWN.

(1) Harder than n = 2 (Lots of 3-manifolds). (2) Easier than n > 4, e.g. not
every finitely presented group G is the fundamental group of a 3-manifold. For
example: (a,b:a"tba = b?) is not 71 (3-manifold).

There are many partial results, e.g.

Theorem (Haken; Waldhausen; Jaco-Shalen; Johanson; Hennion: 1979). There is
an algorithm to decide whether or not two given Haken manifolds are homeomor-
phic.

“Hence,” there is an algorithm to decide whether or not two knots are equivalent.
In particular:
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Theorem (Haken: 1962). There is an algorithm to decide whether or not a given
knot is trivial.

Theorem (Waldhausen: 1968). If G = w1 (M), M a Haken 3-manifold, then the
word problem for G is solvable.

Theorem (Rubinstein: 1994). There is an algorithm to decide whether or not a
given 3-manifold is homeomorphic to S3.

TIETZE TRANSFORMATIONS:
(I) (X : R) = (X : R,r) where r is a consequence of R, i.e. r € N(R) C F(X)
(I (X : R) — (X, y: R,y = w(z))

Theorem (Tietze: 1908). Two finite presentations present isomorphic groups iff
there is a sequence of moves taking one presentation to the other.

Proof. (<): clear.

(=). Suppose (X : R),(Y : S) present the same group G with
X=A{z1,...,2m}, Y ={v1,... ,yn}. Since X generates G, y; = w;(z),1 <j <mn,
and since Y generates G, z; = vi(y), 1 <i <m.

(X R) — s (X, Y : Ryy; = wj(z)).

The relations S hold in G, and are therefore consequences of these, so:

(X,Y : Ry =wj(z)) —rs (X,Y : R, S,y = wj(2))

and since the relations z; = v;(y) hold in G, we have:

<XaY : Ra Svyj = w](g» i <X7Y : Ra Sa Yj = w]'(g)axi = Uz(y»

Now, by symmetry, there exists a sequence of I ~'s and I1~!s which yield (Y : S).
|
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2. NORMAL SURFACES: THE KNESER AND HAKEN FINITENESS THEOREMS

I. Normal Surfaces

Let M be a closed connected 3-manifold with a fixed triangulation T'. Let T
denote the i-skeleton of T, i.e. TV = U{ simplices of dimension < i}. Let F C M
be a closed surface (not necessarily connected). By a small ambient isotopy, we may
assume F is transverse to each T, so FNT© =, FNTWM is a finite number
of points of transverse intersection, and F N'A, A a 2-simplex, is a finite disjoint
union of simple closed curves and properly embedded arcs.

Lemma 2.1. F may be isotoped so that for every 3-simplex T € T', each component
of F N OT is one of the following 3 types:

S —!F

Proof. Define the weight of F, w(F) to be |[F N TM)|, where |X| is the number of
components of X. Isotop F to minimize w(F'). Let C be a component of F' N JT,
7 some 3-simplex of T'. It suffices to prove the following:

CLAM: C meets each 1-simplex (edge) of 7 in at most one point.

Suppose there exists an edge e of 7 such that [C'Ne| > 1. Now, C bounds a disk
in d7, and so there exist two points of C' N e of opposite sign. Choose such a pair,
innermost on e, bounding an arc 3 C e. Then there exists a disk D’ C 97 such
that 0D’ =o' U B,a’ C C.

Let D be a nearby parallel copy of D’ (“tilt D’ into 7 along 3”), with D C T,
Dnor=p. DNF=0DNF = a, an arc.
F

T onleft
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Use D to define an isotopy of F' that is fixed outside a small neighborhood of D.

t ontop

This decreases w(F') by two, contradicting the minimality of w(F’).

Definition (Kneser: 1929). A surface F' C M is normal (with respect to T') if each
component of F'N 7, for each 3-simplex 7 of T, is a disk of one of the following 2
types:

Aan

~
Triangle Square

We'll see later that in several interesting cases, we can “make” F' normal.

Let FF C M be a normal surface, 7 a 3-simplex of T'. Each component of FF N1
is one of 7 possible types. There are 4 TRIANGLE types, one for each vertex, and
3 SQUARE types, corresponding to the 3 partitions of the 4 vertices into 2 pairs.
Since F' is embedded, in fact at most one square type occurs in any given 3-simplex
T.
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Definition. Say a component of 7/F (7 cut along F') is good if it lies between two
components of F'N 7 of the same type:

good

otherwise, bad. Say a component X of M/F is good if X N7 is good for all 3-simplices
7 of T. Otherwise, X is bad.

Notice that 7/F has a most 6 bad components. So, the number of bad compo-
nents of M/F is less than 6¢, where ¢ is the number of 3-simplices in T'.

Lemma 2.2. A good component X of M/F is an I-bundle over a closed surface.

Let M be a closed (n — 1)-manifold. An I-bundle over M is a space X with
amap p: X — M such that for every z € M there exists a neighborhood U of
x in M and a homeomorphism p~!(U) =2 U x I such that the following diagram
commutes.

o

p~ 1 (U) UxT

ppk /

U

X is an m-manifold, with 0X = (dI-bundle over M), plsx : 0X — M is a
two-fold covering projection, and X is determined by plgx : 0X — M.

X is the mapping cylinder of plax : 0X — M. If f: A — B, let My denote the
mapping cylinder of f, i.e.

My = (AxT)UB/(41)~f(a)

for all a € A.

Assume M is connected. Then [0X| = 2 implies that X = M x I, and we say
that X is a product I-bundle. If |0X| = 1, we say X is a twisted I-bundle.

Now, if X is a product I-bundle, then X orientable = M orientable. If X is a
twisted I-bundle, then X orientable = M non-orientable.

EXAMPLE: RP" — intB" is a twisted I bundle over RP"~ 1.

Lemma 2.3. Let X be an I-bundle over a closed surface F. Then

Hl(X,aX,ZQ) = ZQ.
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Proof. Using Z coefficients, we have, by Lefschetz duality,
H1(X,0X) = H?(X),and H%(X) = Hy(X), by the Universal Coefficient Theorem.
Since X is an I-bundle over F', we also have Hy(X) & Hy(F) & Zs.

Lemma 2.4. Let
0o—-Vi—-Vo—.--- =V, —0

be an exact sequence of finite dimensional vector spaces. Then

n

> (=1)'dimV; = 0.

i=1
Proof. Let the homomorphisms be ; : V; — V;11(0 < i < n), Vo =0, V41 =0,
wo =0, ¢,4+1 = 0. The exact sequence determines the short exact sequence

0 — keryp; — V; 2 Imp;—1 — Imyp; — 0.
So, dimV; = dim(Imy;_1) + dim(Imep;). Therefore,

n
Z(*l)idimvi = dim(Imypy) £ dim(Ime,, ;1) = 0.

=1

Lemma 2.5. Let M be a closed 3-manifold, F' be a closed surface in M. Let p
denote the number of components of M/F that are not twisted I-bundles. Then

p > |F| — dimH; (M;Zs) + 1.

Proof. Let the components of F' be Fy,F5,... ,F,. Let X1, Xs,...,X; be the
components of M/F that are twisted I-bundles, without loss of generality we assume
00X, =F;,1<i<k Fork+1<i<nlet X; be N(F;), a regular neighborhood
of Fj.

Note: N(F;) is an I-bundle over F;, k+1 < i < n. Let X = ||, X;. Then
M — X is the disjoint union of the components of M/F that are not twisted I-
bundles. The homology exact sequence of the pair (M, M — X;Z5) gives:

= Hy (M) - Hi(M,M — X) — Hy(M — X) — Hy(M) — 0

Now, Hy(M) 22 (Z2)™. By excision, Hy(M,M — X) = Hy(X,0X) = (Z3)", by
Lemma 2.3 with n = |F|. Also, Ho(M) & Zy and Ho(M — X ) = (Z3)P. By Lemma
24, m>n—p+1,sop>n—m+ 1.

Lemma 2.6. Let M be a closed 3-manifold with a triangulation T, with t the
number of 3-simplices. Let F be a normal surface in M. If

then some pair of components of F are parallel in M.
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Proof. Let d = dimH;(M;Z3) The number of bad components of M/F is less
than or equal to 6t. The number of components of M/F that are not twisted I-
bundles is greater than or equal to |F| — d. Therefore, if |F| > 6t + d + 1, then
6t < |F| —d — 1. Therefore, the number of bad components of M/F is less than or
equal to |F|—d—1. Therefore M/F has a good component X that is not a twisted
I-bundle. So, X = F; x I.

II. Kneser’s Prime Decomposition Theorem.
Note: for the following, we are working in the PL category. Let M; be a closed
n-manifold , D; an n-cell in M;, for ¢ € N. Then we define

M;#M; = (M; — D; Up M; — D;)

where h : 0D; — 0D is a homeomorphism.
Two facts:

1. Any two n-cells in a connected n-manifold M are isotopic.
2. Any two orientation preserving homeomorphisms S™~1 — S™~! are isotopic.

So, M;#M; is well defined up to homeomorphism if M;, say, is non-orientable, and
well defined up to orientation preserving homeomorphism if M;, M; are orientable
and h is orientation reversing.

Theorem (Kneser). Let M be a closed 3-manifold. Then
M = Mi#M# ... 4 Mn,
M; prime, 1 <1 < n.

Remark: If M is orientable, then the M; are unique. Suppose M = My # ... #M,,.
Then there exist a disjoint union S of (n — 1) 2-spheres in M, such that M/S =
LI", M/ where M] = M; — U{open 3-cells}. Now, M; = S3 iff M] =~ $3 —
U{open 3 — cells} = punctured S3.

Definition. Say S is a system of independent 2-spheres if no component of M/S
is a punctured S3.

Theorem 2.7. Let M be a closed 3-manifold. Then there exists k(M) € Z such
that if S is an independent system of 2-spheres in M, then |S| < k(M).

Note: Theorem 2.7 implies Kneser’s Finiteness Theorem.

Definition. Let F' be a closed surface in M. Suppose there exists a disk D C M
such that DN F = 0D. Then D has a neighborhood N(D) = D x I such that
ND)NF =0D x 1. Let F' = (F — (0D x I)) U (D x 90I). So, we say that F’ is
obtained from F by surgery along D.

Lemma 2.8. Let M be an n-manifold with boundary, B = D™, M' = M Up B
where D =2 D", Then M' = M.

Proof. Clear, use the collar on OM.
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Lemma 2.9. Let S be a 2-sphere in a 3-manifold M. Let S’ U S"” be obtained by
surgering S along a disk. If S’ and S” bound 3-cells in M, then so does S.

Proof. Suppose S’ = 90B’, S” = 0B", B', B" 3-cells.

1. BNB” =(. Then S=0B, B= B'UB", a 3-cell be Lemma 2.8.
2. BN B” # (). Without loss of generality, we may assume B’ C B”. Let

D'=5"—D. Then B” = BUp: B, where 9B = S. By Lemma 2.8, B = B,

a 3-cell.

Lemma 2.10. Let S be a disjoint union of 2-spheres in M. Let D be a disk in
M with DNS = 0D = DN Sy, Sy a component of S. Let 8" = (S — Sp) U S},
S" = (8 = Sp) U Sy, where S U Sy is obtained by surgering Sy along D. If S is
independent then either S' or S” is independent.

Proof. Let X, Y (possibly X = Y) be the components of M/S that meet Sp.
Without loss of generality, let D be a disk in X. Now, X/D = X" U X" (possibly
X' = X"). Suppose S’ not independent. Since S is independent, then one of the
components of M /S’ that meets S, must be a punctured S3. Let Z be the disjoint
union of [O(X Ug, Y)| 3-cells. Let N = (X Ug, Y) Uy Z. So S| bounds a 3-cell in
N.

Similarly, if S” is not independent, the S{/ bounds a 3-cell in N. So, by Lemma
2.9, S’, 8” not independent implies that Sy bounds a 3-cell in N, and so S is not
independent, a contradiction.

Alexander’s Theorem. Any (PL) 2-sphere in S* bounds a 3-cell in S3.
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Note: In the PL category, this is unknown for S»~' C S™, n > 4. The case
n = 4 implies the result for all n > 4.

Lemma 2.11. If M is a closed 3-manifold and contains an independent system of
k 2-spheres, then it contains such a system that is normal.

Proof. Let S C M be an independent system of k 2-spheres. Let T be a triangu-
lation of M. Choose S to be in general position with respect to 1" and such that
w(S) is minimal. Then, by Lemma 2.1, each component of S N d7, 7 a 3-simplex

of T, is either a 0-gon, a 3-gon, or a 4-gon.
4‘ AN
0-g 3-gon 4-gon -'

1. We may assume no 0-gons. If S N O7 contains a 0-gon, let v be one that is
innermost on the 2-simplex A C 07, i.e. there exists a disk D C A such that
~v=0D, and intD NS = (. Surger S along D and push that resulting S’ and
S” slightly off A. By Lemma 2.10, S’, say, is independent and the number of
0-gon intersections of S’ is less than the number of 0-gon intersections of S.

Note: w(S§) + w(Sy) = w(So), So the component of S meeting D, and so
w(S’) < w(9).

2. For each 3-simplex 7 of T', each component of S N7 is a disk. Suppose not.
By Alexander’s Theorem, no component of S is contained in the interior of
7. Let P be a component of S N7 which is not a disk and is innermost in the
sense that some component v of P bounds a disk D’ C 97, such that every
component of § N7 that meets intD’ is a disk. Then there exists a disk D in
the interior of 7 such that DN S =0D NS = 90D N P is parallel in P to 7.
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Now, surger S along D to get S’, S”. So, S’, say, is independent, by Lemma
2.10. So, w(S") < w(S), a contradiction. So, each component of SN T is a
disk.

1. and 2. imply that the system is normal.
|

PROOF OF THEOREM 2.7 Let S be an independent system of 2-spheres in M with
|S| = k. By Lemma 2.11, we may assume S normal (with respect to some
triangulation T of M). S independent implies that no components of S are
parallel. Therefore, by Lemma 2.6,

t the number of 3-simplices in 7T'.

ITI. Incompressible surfaces and Haken manifolds
After Kneser’s prime decomposition theorem, we may restrict our attention to
prime 3-manifolds.

Definition. A 3-manifold M is irreducible if every 2-sphere S C M bounds a
3-ball B C M.

Clearly, M irreducible implies M prime. Also,

1. 8! x §% and S'xS? are prime, but not irreducible.
2. M prime and reducible implies that M =2 S' x S§? or S'xS2.

Definition. Let F' be a surface in a 3-manifold M. A compressing disk for F' in
M is a disk D € M such that DN F = 0D N F = 0D does not bound a disk in F.
If there exists such a disk, F' is compressible. F is incompressible if it is not
compressible and no component of F is S2.

Assume M is irreducible, F' an incompressible surface in M. Suppose D is a disk
in M such that DNF = 0D NF = dD. Then F incompressible implies that

0D =0F, FE adiskin F. DUFE = JB, B a 3-ball. Now, we can isotop E across
B to D, which gives us a surface F’ isotopic to F.

Note: BN F = E. Otherwise, we could isotop F' into B, which would contradict
the following theorem:

Theorem. Every closed connected surface F(% S?) in S3 is compressible.

The proof of the theorem is similar to the proof of Alexander’s Theorem. Remark:
Let F' be a compressible surface in M. Then 71 (F) — w1 (M) is not injective.

Theorem (Disk Theorem (“Dehn’s Lemma-Loop Theorem”)). If F is a 2-sided
surface in M, then F is compressible if and only if 71 (F) — 71 (M) is not
injective.

Definition. A 3-manifold M is Haken if M is irreducible and contains a 2-sided
incompressible surface.
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Definition. Let M be a 3-manifold. Let Fi, Fs C M be surfaces. Let D; C Fj be
a disk. Then we say that I and F5 are disk-equivalent if there exists a disk

Dy € M with 8Dy = 0Dy and (F} — D1) U D5 isotopic to Fy. Fy is said to be
obtained from Fy by a disk replacement.

Lemma. Let M be a 3-manifold, Fy, Fo C M disk-equivalent surfaces. If Fy is
incompressible, then so is Fy. Also, if F' C M is a compressible surface in M, D a
compressing disk, and D’ disk-equivalent to D, then D is a compressing disk for F.

Proof. Exercise.

Lemma 2.12. Let M be a closed 3-manifold, and FF C M an incompressible
surface (possibly disconnected), then M contains such a surface that is normal.

Proof. (cf proof of Lemma 2.11 for spheres) Take F' so that w(F') is minimal over

all disk-equivalent surfaces and isotop F' to be in general position with respect to

the triangulation 7. By Lemma 2.1, for all 3-simplices 7 of T', each component of

F N Or is either a 0-gon, 3-gon, or 4-gon.

1. We may assume that F'N d7 contains no 0-gons: Take an innermost such in
some 2-simplex A, this bounds a disk D C A such that DN F = dD. Since
F is incompressible, 0D = 0F, E a disk in F. Now, F/ = (F — E)UD is an
incompressible surface and can be isotoped to a surface F” with
w(F") < w(F) and the number of 0-gons of intersection of F” is less than
that of F, just push D off of A.
2. We can isotop F' so that each component of F'N 7 is a disk. Suppose some

component of F'N 7 is not a disk. Note: There are no closed components of
F N7, by the theorem above. Let P be a non-disk component of F' N,
innermost in the sense of the proof of Lemma 2.11. So, some component -y
of 9P bounds a disk D’ C 97, and we obtain a disk D C intT as before, with
DNF =0D = Dn P parallel in P to ~. Since F' is incompressible, 9D
bounds a disk E C F. Let F' = (F — E)U D. Note that 9P # 0D’, for if
OP = 0D’', then P = E, a disk, which contradicts our assumption on P. So,
we have two cases: Performing the above disk replacement has
(a) eliminated dD’ from F N T?),
(b) eliminated P — @D’ from FNT®),
and in either case, w(F’) < w(F), a contradiction.

Theorem 2.13. Let M be a closed 3-manifold. The there exists h(M) € N such
that if F is an incompressible surface in M with |F| > h(M), then two
components of F' are parallel.

Proof. Lemma 2.12 and Lemma 2.6 imply the Theorem.
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3. MATCHING EQUATIONS, FUNDAMENTAL SOLUTIONS, THE HAKEN SUM

I. Warm Up: Normal 1-Manifolds in Surfaces

Let F be a closed surface, T a triangulation of F. Let C be a 1-manifold in F. C
is normal (with respect to T') if every component of C N A, A a 2-simplex of T, is
a normal arc:

, but not

C is essential if no component of C' bounds a disk in F.

Theorem 3.1. Let C be an essential 1-manifold in a surface F. If we isotop C to
minimize w(C'), then C is normal.

Proof. Exercise.

Let t be the number of 2-simplices in 7', C' a normal 1-manifold in F'. Then C
determines a 3t-tuple of non-negative integers. There are three arc types in each
2-simplex A, one for each vertex. Let x1, xs, x3 denote the number of arcs of each
type in Ay, x4, x5, z¢ denote the number of arcs of each type in As, et cetera.
Then the x; satisfy % matching equations, one for each 1-simplex of T', of the
form

Tp +Tqg = Xr + Ts.

q

Clearly, the set of normal 1-manifolds in F' is in one to one correspondence with
the set of solutions in Z3' of the matching equations.

Remark: A singular triangulation of a closed n-manifold M (n = 2,3), is a
decomposition of M as a union of n-simplices, where the (n — 1) faces are
identified in pairs. So, the n-simplices are not necessarily embedded in M. This
allows us to get away with fewer n-simplices. The whole theory of normal
surfaces, normal 1-manifolds, goes through for singular triangulations. Example:

Essential simple closed curves in a Klein Bottle
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Here is a singular triangulation of F' with two 2-simplices, three 1-simplices, and
one 0-simplex:

The matching equations are:
T1+ T2 =Y1+ Y2
To + T3 = Y2 + Y3
T3+ T1=Y3+ Y1
The general solution is given by:
T =Yy =a
To=1yY2=">
T3 =Yz ==¢C
Let C(a,b, c) be the normal 1-manifold corresponding to the 6-tuple

(a,b,c,a,b,c) € Z?r. Let C be an essential simple closed curve in F'. Then C'is
isotopic to C(a, b, ¢) by Theorem 3.1. Now,

1. At least one of a, b, ¢ is zero. For if not, C is vertex linking, which implies
that C' is inessential, a contradiction.

2. If a =0, then b =0 or ¢ = 0, for if not, C' is not connected.

3. If a=b=0, then ¢ =1 or 2. Otherwise, C' is not connected.

s
/

-
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4. If a =c =0, then b =1 or 2. Otherwise C' is not connected.

By (2),(3),(4), we may assume a # 0.
5. If a # 0, then ¢ = 0. If not, then b =0 by (1).

isotopy of C

v —_—

-

74

Now isotop to decrease weight.
6. If a £ 0, thena=1,and b=0 or 1. Assume a # 0. If b =0, then a =1,
since C' is connected.

isotopy of C

A 1
' \

TRt \N \

Suppose b > 0, a > 1.

YL 3

Ifa=1,b>0, then b =1 by connectivity.

Summarizing: any essential simple closed curve C' is isotopic to one of

C(0,0,1),C(0,0,2),C(0,1,0),

C(0,2,0),C(1,0,0),C(1,1,0).

15



16 NORMAL

Now, C(0,0,1) and C(1,1,0) are isotopic:
C(0,0,2) C(1,1,0)

Y isotopic to

/|

both isotopic to '
s

and C(0,0,2) and C(0,2,0) are isotopic:
C(0,0,2) C(0,2,0)

Y isotopicto

/.

So, we have a; = C(0,0,1), oy = C(0,2,0), which are both orientation reversing
and distinct in Zo homology. And also 8 = C(0,2,0), orientation preserving and
seperating; and v = C(1,0,0), orientation preserving and non-seperating. In

particular, 3 seperates F' into two Mobius bands Bi, Bo, with «; the core of B;:

C(1,0,0) C(0,1,0)

VN

~

So, there are 4 isotopy classes of essential simple closed curves on a Klein bottle.

a
1 ap
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Let M be a closed 3-manifold, T" a triangulation with ¢ 3-simplices, F' a normal
surface in M. The components of F'N 7, 7 any 3-simplex of T', are disks of one of
seven types: four Triangle types, three Square types. So F' determines a Tt-tuple
(1,...,28,...) € ert. F embedded implies the Square Condition: for each 7, at
most one Square type has nonzero coordinate.
Let A be a 2-simplex of T; FNA is a set of normal arcs in A. Let 7,7’ be the two
3-simplices containing A. Each arc type in A corresponds to one of two disk types
in 7 (7') (one Triangle type, one Square type).
So, for each 2-simplex A we get 3 matching equations of form:

Tp+Xqg =Ty + s

—— Hx,/—/

T T

and since we have a total of % 2-simplices, we get 6t matching equations.
Clearly the set of normal surfaces in M is in one to one correspondence with the
set of solutions of the matching equations in Z7 satisfying the Square Condition.

Consider a finite system of homogeneous equations in n unknowns.
(*) Ax =0
where the entries of A are in Z. We seek solutions of () in Z}.

Theorem 3.2. There exists a finite set & C Z' of solutions of (*) such that
every solution of (*) is a sum of solutions in &. Moreover, & is constructible, i.e.
there exists an algorithm which, given A, produces &. & is called a fundamental
set of solutions.

Let V = {solutions of () in R"}, a subspace of R™. Let A = A"~! be the
standard (n — 1)-simplex in R", i.e.

A={(z1,...,2n) 24 ZO,Z%: 1}
i=1

= cx{(1,0,...,0),(0,1,0,...,0),...,(0,...,0,1)}

where for X CR”, ca(X) = {te+ (1 —t)a’ : 2,2’ € X,0 <t < 1}
Note that every face of A is a standard (m — 1)-simplex in some m-dimensional
coordinate subspace R™ C R™. We're interested in VN A = C.

Lemma. Let 01,... 0 be the faces of A such that V N giis a single point v,
Then,

1. C=cx{oW,.. . ov#},
2. v € Q", where v\ are the vertices of C.
Proof. 1. We proceed by induction on n. Let P be the affine (n — 1)-subspace

of R" containing A. If VN A =0,ie. VNA=VNAJA, then the result
holds by induction. (Note that VNIA C VN F, F some
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(n — 2)-dimensional face of A.) Also, if V N A is a single point, we’re done.
Otherwise, let x € VN A. Then x € L, L an affine line in V N P. Therefore,
x € CJJ(V N 8A) by induction Cﬂj(U Cﬂ?{’U(i) : ’U(i) S F}
F
=cx{vW, ... o®)}

where F' ranges over all (n — 2)-dimensional faces of A. Therefore,
C =cx{ovM, ... 0]
2. Now, v1) is the unique solution of a linear sustem of the form

Ax =0
-
1%
with
Ty, = Tjy = ... =T4, ,. =0 andei =1

defines o

with all coefficients in Z. So, v¥) € Q.

Proof of Theorem 3.2. For all v® | let d; be the lem of the denominators of the
U](-Z) such that 1 < j < n, and let w® = d;v» € Z". For x € R?, define

|x| = 2?21 xj. Suppose z € Z" is a solution of (x). Then |z| € Z — {0}, and
|Z7| € C. Therefore, by the first part of the Lemma,

k
i=1

Therefore, z = Zle piw®. Suppose |z| > Zle |w@|. Then, u; > 1 for some j,
1<j <k Let 2/ =2z—wY. Then 2’ € Z7, is a solution of (%), and |2’| < |z|. So,
we can take

G = {w(l)’ ... ,w(k)} U {solutions z € Z of (*) with |z| < Z |w(i)|}

Clearly, G is constructible.

Let M be a closed 3-manifold with triangulation T'. Let F;, F5 be normal
surfaces in M. By an arbitrarily small normal isotopy, we can ensure that
L. (FLNE)NTM =§
2. Let a; be an arc of F; NA, A some 2-simplex of T', i = 1,2, then
|Oél N Oé2| S 1.
3. Let D; be a component of F; N7, 7 a 3-simplex of T, i = 1,2, then
D1 N Dy =0 or a single arc.
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Now, F} N F5 is a disjoint union of simple closed curves. We say that F} and F»
are compatible if, in each 3-simplex 7, (F}y N7) U (F> N 7) contains at most one
Square type. If F} and F» are compatible normal surfaces, with F; N F5 as above,
then we can form the Haken Sum F; + Fy as follows:

F is obtained by cutting and pasting Fy and F5 along simple closed curves

Fy N F3, by making regular switches, i.e. for each 2-simplex A, we preserve
normality on F; N F5. Using the compatibility condition, we can now extend this
cutting and pasting along the arcs of intersection of the normal disks of F; N7 and
those of F» N7 for all 3-simplices 7. We shall see below that F' is a normal surface.
Note: The compatibility condition is needed, as the following figure demonstrates.
The regular switch instructions at the two ends of Dy N Dy are incompatible:

Let the vectors in Z" corresponding to Fi, I and F' be W, 23 2. Then
z=z® 422
Since F' is obtained by “disassembling and reassembling” F} and F5, we have that
(# i—simplices in Fy) + (# i—simplices in Fy) = (# i—simplices in F')
with respect to any triangulation of F} and F». So, we have
X(F) = x(F1) + x(F2)

Also, it is clear that

The Haken Sum is also associative:




20 NORMAL

Let z € Z%} be a fundamental solution of the matching equations that satisfies the
Square Condition. Then z yields a normal surface F', which we call a fundamental
surface.

Theorem 3.3. Fvery normal surface can be expressed as a sum of fundamental
ones.

Proof. Let I' be a normal surface. I yields a solution x € Z of the matching
equations. Therefore z = 221 @ 20 € &. Since z satisfies the Square
Condition, each z(* does. Therefore, each (¥ yields a normal surface F*) and
FM . F(m) are compatible. So, F/ = F() 4+ ...+ F(™) is defined. But, the
solution of the matching equations corresponding to F”’ is exactly x. So, F/ = F.

Definition. Let M be a closed 3-manifold with triangulation T'. Fy C M is an
immersed normal surface if

1. FonT© =9.

2. For each 2-simplex A of T', Fy N A is a union of normal arcs, each pair
intersecting transversely in at most one point.

3. For each 3-simplex 7 of T', Fy N 7 is a union of normal disks with
(a) All squares are of the same type
(b) For each pair of normal disk D, D’,

DAD — () or one arc if D or D’ is a triangle
~ | 0 orone or two arcs if D and D’ are squares

(¢) DND' N D" = for any triple of normal disks.

Note: The singular set T' of Fy is a disjoint union of simple closed curves, all
double curves, i.e. there are no triple points.

Now, given an immersed normal surface, we may not be able to perform regular
switches along I' in order to obtain a normal surface. The following example,
suggested by Saul Schleimer, demonstrates the difficulty:
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The two faces of the tetrahedron facing the reader are identified by a % twist, the
square and the two triangles becoming an immersed normal surface with one
curve of self intersection. Now, in an attempt to perform a regular switch, we
begin by following the regular switch instructions at one intersection point in the
face of the tetrahedron. Continuing along the curve, we obtain the following
abnormal surface:

To elucidate the problem, consider the intersection of the surface with the
identified face:



22 NORMAL

[\

Now, after each switch is performed we label the intersection in our original
picture with 7’s and 4’s, which serves as our regular switch instructions, like so:

Beginning at the North intersection and performing regular switches in a
clockwise fashion, we have the following set of instructions:

AL A0

Beginning at the Southwest intersection and performing regular switches in a
clockwise fashion, we have the following set of instructions:

Luckily, if the immersed surface is the union of two embedded ones, then this does
not happen, thanks to the two following lemmas.

Lemma. Let a = U;zl aq, 0= U?=1 B; be properly embedded normal 1-manifolds
in a 2-simplex, all o, B; arcs, such that |a; N G| <1 and |ap N By| =1 for some
p,q. Then there exists a pair of arcs o’ and 3’ that cobound an outermost triangle
with one side lying in one edge of the 2-simplex:
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Proof. We induct on the number of arcs, m + n. If a and § each consist of a
single arc, then we have the following picture and we are done:

Now, suppose the result is true for all such 1-manifolds with m +n < k. Now, let
a and f be such 1-manifolds with k + 1 arcs total. Now, B = (aU ) — [, is a
1-manifold with k arcs and by the inductive hypothesis, we have two arcs o and
B’ in B which cobound a triangle. Now, if 3; does not intersect this triangle, then
we're done. If 3; does intersect this triangle, the o’ and (3; are the desired arcs:
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Lemma. Let a = U;zl aq, 0= U;‘L=1 B; be properly embedded normal 1-manifolds
in a 2-simplex such that «;, B; are all arcs with the property that |o; N G5] < 1.
Then the regular switch instructions are independent of the order in which reqular
switches are performed along aN 3.

Proof. We proceed by induction on |aN G]. If [N G| = 0, then there is nothing to
show. Now, suppose the result holds for all such 1-manifolds with |a N G| < k.
Now let o and (8 be such manifolds with |« N 8| = k + 1. Now, by the previous
lemma, there are two arcs o, and 3, which cobound a triangle with an edge in
one face of the 2-simplex. Now, there is only one possible choice for a regular
switch at the point ay, N 3,. Let a; and ﬂf] be the traces of o, and 3, after
performing the regular switch at oy, N Gy, as pictured:

Note that a;,, 61/1 only intersect arcs of § and o respectively. Now, replacing ay, by
ay, and 3, by f; in a and 3 respectively, we obtain two embedded 1-manifolds o’
and §’ with |o/ N 3’| = k, and so by induction, the regular switch instructions at
this stage are independent of order. But this means that the instructions are
independent for o U 3, as there is no choice involved at the point a, N G,.

In particular, given embedded normal surfaces F; and F5, we can isotop F}, say,
through normal surfaces so that F} U F5 is an immersed normal surface. Then we
may perform regular switches along I'' in any order to obtain a normal surface
F. From now on, we concern ourselves only with immersed surfaces which are
“descendents” of embedded ones:

Definition. Let F}, F» be compatible embedded normal surfaces in a 3-manifold
M. Let F be the immersed surface obtained from F; U F5 by performing regular
switches on some subcollection of curves in F; N F5. Then we say that that F' is
an immersed surface of embedded descent.

Lemma 3.4. Let F be a connected normal surface that is not fundamental, i.e.
F =G+ H, (G,H#0), with |G N H| minimal. Then,

1. G and H are connected

2. no component v of GN H seperates both G and H.
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Proof. 1. Suppose H = Hy U Ho(Hq, Ho # 0). Let G’ = G + Hs. Since F is
connected, GN Hy # 0. Then F =G’ + Hy and |G' N Hy| < |GNH|, a
contradiction.

2. Suppose 7, a component of G N H, seperates G and H:

g

c __/ .

\

Performing a regular switch along v, we obtain two immersed normal
surfaces F; and F5 of embedded descent:

g

I:l FZ
Note:  seperates G into G; and G, H into H; and Hs. Without loss of
generality,
F1 = G1 U H1
Fy =Gy U Hy

Doing regular switches along the self intersections of F; and F5, we obtain
two embedded normal surfaces Fy, Fj with F' = F| + F} and
|F{ N Fy| < |GN H|, a contradiction.
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If ~ is a double curve of an immersed normal surface, we can do an irreqular
switch along ~:

irregular

e —

Lemma 3.5. Let H be an immersed normal surface of embedded descent with
singular set I'. Let F be the normal surface obtained from H by doing reqular
switches along T', and let G be the (embedded) surface obtained from H by doing
irregular switches along T'. Then G is isotopic to G' with w(G") < w(F).

Proof. There is some 2-simplex A of T" such that G N A is not normal, i.e there
exists an arc component with both endpoints lying in the same edge of A, and we
can isotop G to reduce w(G).

Remark. If FF C M is compressible, with compressing disk D, then 9D is 2-sided
in F. Hence, if P C M is a projective plane, then P is incompressible.

Definition. Let Fy be an immersed normal surface in M with singular set I'. A
region of Fy is a component of Fy /T

For example, if Fy = Fy U Fy, Fy, F5 normal surfaces, then a region is a
component of (Fy U Fy)/(F1 N Fy).

From now on, we shall assume that M is orientable. So, if F}, F5, are surfaces in
M, v a component of F; N F5, then + is 2-sided in F iff v is 2-sided in F5.
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4. FINDING GEOMETRICALLY ESSENTIAL 2-SPHERES

Let M be a 3-manifold. A 2-sphere S C M is geometrically essential if S does
not bound a 3-cell in M.

Remarks. Let S be a 2-sphere in M. S is essential if [S] # 0 € mo(M). Clearly S
essential implies S geometrically essential. S non-seperating implies S essential. S
seperating (M = M| Ug M}), i.e. M = My#M> (M; = M! U B?), then S essential
if and only if 71 (M;) # 1, ¢ = 1,2. (Hence, modulo the Poincaré Conjecture, S
essential is equivalent to S geometrically essential.)

Theorem (Papakyriakopoulos). ma(M) # 0 implies that there exists an embedded
essential 2-sphere S C M.

Lemma 4.1. Let M be a closed 3-manifold. If M contains a geometrically
essential S% or P? then it contains a fundamental surface which is either a
geometrically essential S? or a P2.

Proof. Let T be a triangulation of M. If M contains a geometrically essential S?2,
then, by Lemma 2.11, it contains a normal one, say .S, of least weight among all
spheres in M. If M contains a P2, then, by Lemma 2.12, it contains a normal one
of least weight among all projective planes in M. Let F' be a normal surface,
either a geometrically essential 2-sphere or a projective plane, of least weight
among all geometrically essential 2-spheres and projective planes in M.

CLAaM: F is a fundamental surface.

Proof of Claim. Suppose F not fundamental. Then F = G + H (G, H # 0).
Choose such G, H with | G N H | minimal. Let I denote G N H. Now,

0 < x(F) = x(G) + x(H). Therefore, without loss of generality, x(G) > 0.
Therefore G is S% or P2. Now, w(F) = w(G) + w(H), with w(G), w(H) > 0. So,
w(G) < w(F). Now, by the minimality of w(F'), the only possibility for G is a
geometrically inessential 2-sphere, i.e. G = S? and G = 0B>.

Case I, F' = S?: Recall that a region is a component of (GU H)/T'. Let D be
a disk region in G, 9D = v (see Figure 1). So, v is 2-sided in G and H, as
M is orientable. Now D yields a disk, call it D again, in F, and ~ yields two
curves 7' and " in F' with ' = 0D (see Figure 2).

AN

Figure 1 Figure 2
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Figure 3 ‘ ‘ Figure 4 \/\

Now, 7" seperates F into 2 disks. Let E be the one shown in Figure 2. If E
is a region of G U H, then v seperates both G and H. This contradicts
Lemma 3.4. Therefore, there exists a region D’ C intE (D’ C G). Let this
be the disk shown in Figure 3. As above, we have a +' that seperates E into
an annulus and a disk, say E’. Again, E’ cannot be a region, so there exists
a disk region D" C E’; et cetera. Continue in this fashion until you first get
an F that contains a previous D, i.e. we get a cycle:

Dy, Ey, D1, Ey, ..., D1, Ej;—1, where D; is a disk region; 0D; = v; (D; C G)
(see Figures 4,5). E; is a disk in F' with 0F; = v/, D;41 C intFE;, all indices
modulo k.

k > 1: Let S; be the 2-sphere D; U E;. Let F; be the immersed normal
surface obtained from G U H by doing regular switches along all
components of I" except 7; (see Figure 6). Now, a regular switch along
v; yields F' and an irregular switch along +; yields a surface with .S; as a
component (see Figure 7). Therefore, by Lemma 3.5, S; is isotopic to 5]
with w(S]) < w(F). Therefore, by assumption on F, S; bounds a 3-cell
B; in M. So, B; is as shown in Figure 7. Otherwise F' C B;,
contradicting non-triviality of F. We can use these B;, i € Z/nZ, to
define an isotopy of F', to F”, see Figure 8. Doing regular switches on
G U H along all components of I except 9,71, -+, Yk—1, We get F/ U F”|
F’, F" normal surfaces, F" # (), F’ isotopic to F, and F' = F' + F" (see
Figure 8). So, w(F) = w(F'") + w(F") and so w(F') < w(F), a

contradiction.
E; Fi
7 s
D;
RN AN
Figure 5 Figure 6
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-
J \; <7/FH
q A
| Bi
Figure 7 ’7 Figure 8
gi\; |
E j :
D T s
(b)

Figure 9(a) Figure 9

k=1: D CintE. F = EUE', E' adisk (Figure 9a). Let S=DUE’. S'is
a nonseperating 2-sphere in M, and therefore geometrically essential.
As above, we get F'= S+ T (see Figure 9b.). Therefore w(S) < w(F), a
contradiction.

Case II, F = P?: As in case I, let D be a disk region in G. 9D =, v is
two-sided in G, and so is two-sided in H, as M is orientable. So, we have v
two-sided in F' = P2, and so 7" bounds a disk E C F. If E is as shown in
Figure 10, proceed as in case I.

Suppose F/v" = EU B, B a Mébius band (Figure 11).

S
b b ] 5
D| g” E B
9 9 9
Figure 10 Figure 11 |
E
D F” S

Figure 12(a) Figure 12(b)
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D ¢ E: Regular switch along v, see Figure 12a. Doing regular switches
along T' — v: see Figure 12b. So, we get F' = F" + S, S a non-seperating
2-sphere. Therefore, w(S) < w(F), a contradiction.

D C E: Let P=BUD = P2. Doing regular switches along I — v, we get
immersed normal surface F’. Doing a regular switch on F’ along ~y
yields F', and an irregular switch along v yields a surface, one of whose
components is P (see Figure 13). By Lemma 3.5, P is isotopic to some
P’ with w(P’) < w(F), contradicting the definition of F.

E

Figure 13

Theorem (Rubinstein: 1994). There exists an algorithm to decide whether or not
a given closed 3-manifold is homeomorphic to S®. Let R denote this algorithm.

Corollary. There exists an algorithm to decide whether or not a given 2-sphere
in a 3-manifold is geometrically essential.

Theorem 4.2. There exist algorithms which take an arbitrary 3-manifold M and
1. decide whether or not M is irreducible.
2. find a mazimal independent system of 2-spheres in M.
3. decide whether or not M is prime.
4. find the prime decomposition of M.

Proof of 1. Given a triangulation T of M.

(i) Write down the matching equations.
(ii) Find a fundamental set of solutions.
(iii) Find those that correspond to embedded normal surfaces, fundamental
surfaces.
(iv) Find all fundamental surfaces with x > 0.

(a) If none, then M is irreducible by Lemma 4.1.

(b) If there exists a fundamental surface P with y(P) = 1, then P & P?|
and N(P) = P3 — IntB3. Therefore, M = M'#P3. Now use R to
decide whether or not M’ = §3. If YES, then M = P? (irreducible). If
NO, then M reducible.

(c) If not (a) or (b), there exist fundamental surfaces Sy, ... ,S, with
X(S;) = 2; S; =2 S%. If some S; is nonseperating, then M is reducible. If



NORMAL 31

all S; seperate, then S; gives us M = M/#M!. Apply fR: if for some 4,
M/ 2 832 M/, then M is reducible. If not, then M is irreducible (by
Lemma 4.1).
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5. DECIDING BOUNDARY COMPRESSIBILITY; THE KNOT TRIVIALITY PROBLEM

Let M be a compact, orientable 3-manifold with boundary, T" a triangulation of
M. The theory of normal surfaces carries over to properly embedded surfaces
FC M (FNOM = JF). For the matching equations, we consider only 2-simplices
not in M. The Haken Sum is now performed along simple closed curves and
properly embedded arcs.

Definition. A compressing disk for M is a properly embedded disk D C M
such that 9D does not bound a disk in M. If such a disk exists, OM is
compressible. If not, and no component of M is S2, M is incompressible.

Let F be a properly embedded surface in M, OF # ). let D C M be a disk such
that

DNF=0DNF =a«a
DNOM =0DNOM =7

with a, § arcs; a Us 8 = 0D. Then we can do a boundary surgery of F' along D:

F

boundary F

boundary M

boundary F

Definition. If we have such a D such that no component of F/« is a disk, then
D is a boundary compressing disk for F, and we say that F' is boundary
compressible. If F' is not d-compressible, then F' is J-incompressible.

Normal surfaces can be used to prove an analog of the Haken finiteness theorem
for surfaces with boundary.

Theorem. Let M be a compact orientable 3-manifold with incompressible
boundary. The there exist h(M) such that if F is an incompressible
0-incompressible surface in M, no pair of components of which are parallel, then
|F| < h(M).

Proof. Exercise.
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Ezercise: Let M be a handlebody (at least genus 2). For all n, show that there
exists an incompressible surface F' (properly embedded) in M with |F| > n, no
pair of components of which are parallel.
Proof of the theorem uses the following:

Lemma. Let M be a compact orientable 3-manifold with incompressible boundary,
F C M incompressible 0-incompressible. Then M contains such a surface that is
normal.

Proof. Exercise.
|

Lemma 5.1. Let M be a 3-manifold. Let E be a compressing disk for OM .
Suppose E' U E" is obtained from E by 0-surgery along a disk. Then, either E' or
E" is a compressing disk for OM

Proof. Let v =0FE,~ = 0FE’', v = OE"”. Suppose that neither £’ nor E” is a
compressing disk, i.e. v/ = 9A’, v = A", A’ A" disks in OM.
There are two cases:

1. A'NA" =0,y =0A, A= “A'Ug A"

2. AT cA”

g
g

And in either case v = 0A, A a disk in M, a contradiction.
|

Lemma 5.2. Let M be a compact 3-manifold. If OM is compressible, then there
exists a compressing disk E, with w(E) minimal over all compressing disks, which
is a normal surface.

Proof. Let E be a compressing disk for M with minimal weight. Let A be a
2-simplex of T'. Consider E N A.

1. We can assume no component of £ N A is a 0-gon. Otherwise, let v be an
innermost such. Then v = D, D a disk in A, with intDNE = 0. If
A C OM, then v = OF, contradicting the definition of the compressing disk.
So A ¢ M. Surger E along D to obtain E'U S, E’ a disk with 0E’ = 0F,
and S 2 S2. Then w(E') < w(E).

2. No component of £ N A is an arc with both endpoints in the same edge.
Otherwise, let a be an outermost such. Then J« is contained in an edge e,
a U é bounds a disk D C A, € an arc contained in e with 0¢ = Oa, and there
are three cases to consider:
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(a) e € OM. Then we can isotop E across D to reduce w(E), a
contradiction.
(b) A C OM. Again, we can isotop E across D to reduce w(E).
(c) e C OM, A ¢ OM. We perform d-surgery on E along D which yields
E’'UE". By Lemma 5.1, E’, say, is a compressing disk and
w(E'") < w(E), a contradiction.
3. Let 7 be a 3-simplex of T. Each component of £ N 0T meets any edge at
most once. Suppose not. So, there exists a disk D’ C 97 such that
0D =d'UB, BCe, o C ENOT. Near e, o is contained in a 2-simplex A.
Let 6 C A be 3 pushed slighlty into A. Let D C 7 be a suitable parallel
copy of D'; D is D’ “tilted about §”. If A € OM, use D to isotop E to E’,
then apply 2.

) —
Z =

a’

<

If A C OM, perform a d-surgery along D to obtain E’ U E” with E’, say, a
compressing disk with w(E’) < w(E), a contradiction.

Theorem 5.3. Let M be a compact orientable 3-manifold. If OM is compressible,
then there exists a compressing disk for OM which is a fundamental surface.

Proof. Let F be a compressing disk for M, with w(F') minimal over all
compressing disks, which is normal.

CramM: F is fundamental.

Proof of Claim: Suppose not. So, F =G+ H (G, H # (). Now, GNH is a
disjoint union of simple closed curves and properly embedded arcs. We may
choose such G and H so that |G N H| is minimal. Analogs of Lemma 3.4 hold,
and, in particular, G and H are connected. Now,

1=x(F) =x(G) + x(H)
Therefore, x(G), say, is greater than zero. So, G = P2 82 D2,

Case I, G = P?: Note that x(H) = 0 and since 9G = ) and |0F| = 1 and
|0H| =1, H is a Mobius band. Let v be a component of I' = GN H. Now, v
is 2-sided in G iff v is 2-sided in H, as M is orientable. So, if v is 2-sided in
G, then 7 is seperating in G and H, since G is a projective plane and H is a
Mobius band, and this contradicts Lemma 3.4. Therefore, v is 1-sided in G

and H. So, since 7 is a simple closed curve in G and H, it is the only
component of G N H, as there is only one 1-sided simple closed curve in G
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and H, up to isotopy. Now, performing an irregular switch at v on GU H
yields a connected surface F’, with nonempty boundary, such that
X(F") =1. So, F’ is a disk. But, by Lemma 3.5, F’ may be isotoped to F”
so that w(F") < w(F), and since F' = 9F, F" is a compressing disk,
contradicting the minimality of w(F).

Case II, G = S2%: Let D be a disk region of GU H in G, 9D = 7. Regular
switches along I' = G N H yields F = D?, and so D gives rise to a disk D’ in
F. So, " bounds a disk ¥ C F.

(1):

Proceed as in proof of Lemma 4.1. Since vy seperates GG, v does not
seperate H, by Lemma 3.4. Therefore, E' is not a region. So, E contains
a disk region D C G. If (i) holds for D, continue. Eventually, we get a
cycle

Do, Ey,... ,Ex_1 D Dy
Now, replacing E; with D;, 0 <14 < k — 1, we have a disk F’ that is
disk-equivalent to F' with F' = F' + F" and w(F') < w(F), a
contradiction:

=

o Fn

Note: We don’t have to treat the case k = 1 seperately.
(ii): Let D’ be as above, 9D’ = ', D" the parallel copy of D with
OD" =" C F. Let E’ be a parallel copy of F with OF’ = +'.
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D' ¢ E: Replace E with D" in F. Then replace D’ with E’. Call the
resulting surface B. Now perform regular switches on G U H along
I' — v to obtain an immersed surface F’. Now, an irregular switch
along v on F’ yields B, and so B is isotopic to B’ with
w(B") < w(F), B disk equivalent to F', a contradiction.

D' C E:

p—]| |8

Note that B = (F — E)U D" is a disk with 0B = JF. Perform
regular switches along all components of I' except v to obtain an
immersed surface F’. Now, a regular switch at v on F’ yields F,
and an irregular witch at v yields a surface, one component of
which is B. By Lemma 3.5, we can isotop B to B’ with
w(B") < w(F), a contradiction.

Case III, G = D?:

1 =x(F) = x(G) + x(H)

and since x(G) =1, x(H) = 0. If 9H = (), then OF = G, and then G is a
compressing disk with w(G) < w(F'), a contradiction. If 9H # 0, then H is
an annulus or a Mobius band. Suppose 7 is a simple closed curve component
of ', v seperating G. Also, M being orientable and v 2-sided in G implies
that « is 2-sided in H. So, v seperates H. This contradicts the minimality
of I', by Lemma 3.4. So, I" is a disjoint union of arcs.
Let D be an outermost disk region in GG corresponding to an arc

component o € I'.
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G

L 4

ar N

boundary of M

pd
7 AN

a> |D E

boundary of M

Now, ' is an arc in F and so o’ seperates F' into two disks, F¥ and E’. Let
FE be the disk shown. Now, « seperating in G implies that o does not
seperate H, and so E contains a disk region. As before, we get a cycle

Dy, Ey, ... , Ex_1 D Dy (k‘Zl)

boundary of M

boundary of M
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Let A; = D; Uy, E;. Now, perform regular switches on all components
of I' to obtain an immersed surface F;. Now, performing a regular
switch at a; yields F, and an irregular switch yields a surface, one
component of which is 4;. By, Lemma 3.5, A; is isotopic to A} with
w(A}) < w(F). So, A; is not a compressing disk, i.e. dA; bounds a disk
A; C OM. Then A; UA; =2 S2. Note: D; is as shown, otherwise
OF C Ay, a contradiction. So, F' is isotopic to F'U A; and we can
replace the disk F; UA; with D;, 1 <¢ <k — 1, to obtain a surface F’
with FF'=F' + F", w(F") < w(F), a contradiction.

=

(=

Perform regular switches along I — o to obtain an immersed surface F”.
Now, a regular switch at « on F’ yields F' and an irregular switch at «
on F’ yields a disk F" with OF" = OF, F" isotopic to F"" with

w(F"") < w(F), a contradiction.

|
Corollary 5.4. There exists an algorithm to decide whether or not a given
compact 3-manifold has compressible boundary.
Proof. Exercise.

|

Hence,

Theorem 5.5 (Haken: 1962). There exists an algorithm to decide whether or not

a given knot is trivial.
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Let K C S® be a knot. Then K is trivial iff it is isotopic to ). Let Mz denote
the exterior of K, i.e. Mg = S3 — intN(K).

Lemma 5.6. Let 1 be a meridian of ON(K). Then Hy(Mg) = Z is generated by

(1]

Proof. S® = Mg Upy N, N = N(K). The Mayer-Vietoris exact sequence gives us:
Hy(S%) — H,(ON) — Hy(Mg) @ Hi(N) — Hy(S?)

Now, H1(ON) = ([u], [A]) = Z ® Z where A € ON is a simple closed curve such
that [A][u] = 1. Now, [u] maps to zero in Hq(N), [\] maps to 1. Now, the map
H,(ON) — Hi(Mg) & Hy(N) is surjective and so we have:

(1,0) = a(is[p],0) + b(x, 1)
where [A] — (z,1). So, b =0 and 4.[u] = £1. So, i.[u] generates Hy(Mg) = Z.
|
Note: My is irreducible by Alexander’s Theorem.

Theorem 5.7. Let K be a knot in S3. Then the following are equivalent:
(i) K is trivial.
(ii) Mk = S x D%
(iil) OMk 1is compressible.
Proof. (i) = (ii) = (#i). Clear. (iii) = (¢). Let D be a compressing disk for
OMp. Let p be a meridian, A the latitude of K, i.e. A is a simple closed curve in
ON, [AN[g] =1, and A ~ 0 in Mg. Now,
[0D] = p[A] + qlu], (p,q) =1
but [0D] =0 in H;(Mg) and since
[A] — 0 and [p] — generator

in H1(Mg), ¢ =0, p = £1. Therefore, D is isotopic to A in ON. Therefore, there
exists an annulus A C N such that 04 = K U OD. Therefore, DT* = DU Ais a
disk in S2 with 0Dt = K. So, K is trivial.

Theorem 5.7 and Corollary 5.4 imply Theorem 5.5.
Question: Is there a polynomial time algorithm for this?
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6. DECIDING THE EXISTENCE OF INCOMPRESSIBLE SURFACES

Note: Let M be a closed orientable 3-manifold. Let G be a connected
non-orientable surface in M, then N(G) is a twisted I-bundle over G, and ON(G)
is a 2-fold orientation preserving cover of G.

Theorem 6.1 (Jaco, Oertel: 1984). Let M be a closed 3-manifold that contains
an orientable incompressible surface F. Then M contains such a surface that is
either fundamental or ON(G), where G is non-orientable and fundamental.

Proposition 6.2. Let M be a closed 3-manifold, F incompressible surface (not
necessarily connected) in M, which is of least weight among all disk-equivalent
surfaces in M. Suppose F = G + H with G, H normal. Then G and H are
incompressible.

Lemma 6.3. Let F = G+ H as in Proposition 6.2. Then no region of GUH is a
disk.

Proof. Let I' = GN H. Let D be a disk region in G, say. So, D yields a disk
D’ C F with 9D’ = +'. Now, there exists a disk D", a parallel copy of D in M
such that D" N F = D" = +"”. Now, since F is incompressible, v/ = 0F, F a
disk in F.

1:

|
D| g” E
|

Exercise (Compare earlier arguments: E cannot be a region, so we obtain a
cycle, et cetera).
2: Let D', D" be as above. Let E’ be a parallel copy of E with OFE' = ~/.

E‘ ‘E
5| o
E‘ ‘E

D' ¢ E: Replace E with D" in F. Then replace D’ with E’. Call the
resulting surface B. Now perform regular switches on G U H along
I' — v to obtain an immersed surface F’. Now, an irregular switch along
~v on F' yields B, and so B is isotopic to B’ with w(B’) < w(F), B disk
equivalent to F', a contradiction.

D’ C E: Replace E with D" to obtain F”' = (F — E) U D"”. Doing regular
switches along T’ — 7 yields an immersed normal surface F’, say. Now,
performing a regular switch at v on F’ yields F' and an irregular switch
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at 7 yields a surface with F”” as a component. So, by Lemma 3.5, F" is
isotopic to some F"’ with w(F"") < w(F). But, F” is isotopic to F, and
we have a contradiction.

Lemma 6.4. Each region of GU H is incompressible in M.

Proof. Let R be a region of (GU H)/T". let D C M be a disk such that

DN R=0D. Now, R C F, F is incompressible, and so 0D bounds a disk ¥ C F.
Suppose E ¢ R. Then E contains a disk region of (G U H)/T, contradicting
Lemma 6.3. Therefore, E C R and so R is incompressible.

PROOF OF PROPOSITION 6.2: Suppose F' = G + H and, without loss of
generality, assume |G N H| minimal over all G’ H' disk-equivalent to G, H with
F =G'+ H'. Now, G, say, is compressible, and let D be a compressing disk for G
with |D N H| minimal.

CrLam 1: DN H # 0.

Proof of Claim 1. Suppose D N H = (). Then dD is contained in some region

R C G. Therefore, by Lemma 6.4, 0D = OF, FE a disk in R C G. Therefore D is
not a compressing disk for G, a contradiction.

CramM 2: No component of D N H is a simple closed curve.

Proof of Claim 2. Suppose there is such a component. Then an innermost such in
D bounds a disk Dy C D. Now, 0Dy is contained in some region R C H, and by
Lemma 6.4, 0Dy = OF, E a disk in R.

DO | ——

Now, replace Dy with E and then we can isotop the resulting D’ to D" so that
|D" N H| < |DNH]|, a contradiction.
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So, DN H is a disjoint union of properly embedded arcs. So, we have the
following diagram:

D

where the corners of G N H are labelled r for a regular switch, and 4 for an
irregular switch as in Chapter 3.

CLAIM 3: There exists a component of D/(D N H) with at most one é-label.
Proof of Claim 3. Let n = |D N H|. Then D/(D N H) has (n + 1) components.
Also, there are 2n i-labels and 2n r labels. Therefore there exists a component of
D/(Dn H) with at most one i-label.

Let Dy be such a component.

Case I: There exists a Dy with no i-label. Do all of the regular switches on
I'=GN H to obtain F.
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Regard Dy as a disk in M with Dy N F' = 0Dy. Since F' is incompressible,
0Dy = 0F, E a disk in F. For v a component of GN H, let 4 be the image

of vin F. Let
I = U 5.

7y comp’t of GNH

Note: F/T = (GUH)/T. Consider ENT. By Lemma 6.3, F/T" has no disk
regions, and so £ N lisa disjoint union of properly embedded arcs. Let Ey
be an outermost component of E/(E N f‘) Now, 0Ey = a U, B C OF,
a C I.
subcase i, £y C G: Isotop D by pushing 3 along Ey to «, and slightly
beyond to obtain a D’ with |D’' N H| < |D N H|, a contradiction:
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subcase ii, £y C H:

Perform boundary surgery on D along Fj to obtain D' U D". So, D',
say, is a compressing disk for G and |D' N H| < |D N H|, a contradiction.
Case II: There exists a Dy with exactly one i-label.

regular

- =

switches

-~

Let v be the component of G N H corresponding to the i-label in Dy.
subcase i: Suppose 7 is 2-sided in G and H. Then there exists an
annulus Ay C M with Ag N F =98Ay =4 =+"U~". Note: F is 2-sided
in M, and Dg and Ag lie on the same side of F'. Therefore v meets 0Dy
only at the corner corresponding to the i-label. So, regard Dy as a disk
in M with

DoNF =0DyNF =34,

andDoﬂAozaDoﬂAOZE



NORMAL 45

d,€ arcs.

So, 6 Ue = 0Dy. Let N(Dg) = Dy x [—1, 1] be a neighborhood of Dy
such that
N(Do)NF =6 x [—1,1]
and N (Do) N Ay =¢e x [—1,1].
Let D = Dy x {£1}, 6* = § x {£1}. Let

w= (" Uy ' =NE)ustus

dt  d-

s

Now, w is a simple closed curve in F', and w = 92, where € is the disk
Q= (Ao — N(¢)) UD$ UDy

and QN F = 92 = w. Since F is incompressible, w = OF, F a disk in F.
Suppose N(J) C E.

d+

=
o} g

Then +/,~" would bound disks in F', and so F would contain a disk
region, a contradiction. So N(6) € E. Then A = EUN(4) is an
annulus in F, as F' is orientable. Now, 0A =~'U~" and so T'= AU 4y
is a torus. (Ezercise: Why not a Klein Bottle?). Now, Dy is a
compressing disk for 7', and so we may isotop F' so that

N(0) C N(e) = Ap. Let A=A — N(5), Ag = Ag — N(g). We perform a
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disk replacement in order to obtain Fy = (F' — A) U Ag. Now, Fj is
incompressible and, performing regular switches along all components of
I' except v yields an immersed normal surface F’. Performing a regular
switch at v on F’ yields F, and performing an irregular switch at v on
F’ yields a surface which has Fj as a component. Therefore we may
isotop Fy to Fy with w(F1) < w(F). Since Fj is disk-equivalent to F,
this contradicts the minimality of w(F’).

subcase ii: Suppose v is 1-sided in G and H. Then we have y = 0B, B a
Mobius band. Let Ay be the annulus parallel to B and proceed as in
subcase (i).

N

Ao

PROOF OF THEOREM 6.1. Let F' be an orientable, incompressible surface, w(F)
minimal among all disk-equivalent surfaces in M, and normal. Suppose F not
fundamental. So, F' = Zle G;, G; are fundamental, and so

F= Zfﬁ G; = G+ H, G fundamental. By Proposition 6.2, G is incompressible.
If G is orientable, then we are done. If G is non-orientable, consider

2F = 2G + 2H,

and note that 2G = IN(G) is an orientable surface. So, since w(2F) = 2w(F') and
w(F) is minimal in the above sense, w(2F) is minimal in the equivalence class of
2F as F is orientable. By Proposition 6.2, 2G is incompressible.

Theorem 6.5. There is an algorithm to decide whether or not a given closed
irreducible 3-manifold M contains an incompressible orientable surface.

Proof. By Theorem 6.1, if M contains an incompressible surface, then it contains
one that is either fundamental of ON(G), G non-orientable and fundamental.

Now, find all fundamental surfaces Fy, ..., F,. Let
o F; if F; is orientable
¢ ON(F;) if F; is non-orientable

and let M; = M/F!. Now, F/ is incompressible in M if and only if OM; is
incompressible in M;, and this is a decidable condition. Now, 0M; is compressible
if and only if there is a fundamental compressing disk, and we’re done.
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Theorem 6.6. Let M be a closed irreducible, atoroidal 3-manifold. Let g > 2.
Then M contains only finitely many isotopy classes of orientable incompressible
surfaces of genus g.

Proof. Let F be an incompressible surface of genus g in M. Then F = Zle F;,
F; fundamental (and connected). Choose F in its isotopy class to have minmal
weight. By Lemma 6.3, we can assume that no region is a disk. So, no F; is a
sphere. Similarly, 2F = Zle 2F;, F; 2 P? i=1,... k. So, x(F;) <0,
i=1,...,k. By Lemma 6.4, F; is incompressible, ¢ = 1, ... , k, and similarly, 2F;
incompressible. Since M is atoroidal, F; 2 T? and 2F; 2 T2, i.e. F; 2 Klein
Bottle.

So, x(F;) <0,i=1,...,k. Since there are only finitely many fundamental
surfaces, for a given e > 0, there are only finitely many (Fy, ..., Fx), F;
fundamental and Zle X (F;) = e. So, there are only finitely many incompressible

k
F= Zi:1 F;.
|
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7. HAKEN MANIFOLDS AND HIERARCHIES

Definition. A hierarchy for a 3-manifold M is a sequence M = My, Ms, ... , M,
where M; 1 = M;/F;, F; a properly embedded orientable incompressible surface

in M; and M,, = | | B®s. A partial hierarchy is a sequence as above without the

assumption that M, = | | B®’s.

ANALOG IN DIMENSION 2

Let F be a compact surface. A hierarchy for F is a sequence F = Fy, ..., F,
where F;11 = F;/v;, i an arc or simple closed curve in F; and F,, = | D?3s.

Any compact surface F' has a hierarchy if F' 2 S? and, in fact, if we always choose
~; so that

1. v, is not a simple closed curve bounding a disk in Fj,
2. 7, is not a simple closed curve parallel to a component of JF;,
3. 7y; is not an arc parallel into OF;.

Then the sequence Fj, ... terminates with F,, = | | D*’s (Exercise).
DIMENSION 3

In dimension 3, the definition given does not garauntee that the process
terminates.

EXAMPLE: Let M be a handlebody of genus k + 1
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The surface F' C M as shown in the figure is incompressible, and M/F is a
handlebody of genus 2k:

DY

But, of course, a handlebody does have a hierarchy:

Recall:

Definition. A compact 3-manifold M is Haken if M is irreducible and contains
an 2-sided incompressible surface.

Remark. We could allow M to be non-orientable and require the F; above to be
2-sided incompressible surfaces. But, (exercise), if M is a closed non-orientable
3-manifold, then H; (M) is infinite, and so M contains a closed 2-sided
incompressible surface. So, every closed non-orientable 3-manifold is Haken.
Now, if M has a hierarchy, then M =2 B3 or M contains an incompressible
surface. Also, if F' is incompressible in M, then M/F is irreducible if and only if
M is irreducible (exercise). Conversely, we have

Theorem 7.1. A Haken 3-manifold has a hierarchy.

Definition. Let G be a group. A K(G,1) is a path connected space K s.t.
m(K) =G and m;(K)=0,i>2.

For example, St is a K(Z,1).

Lemma 7.2. Let X be a path connected finite simplicial complex and let
v :m(X) — G be a homomorphism. Let K be a K(G,1). Then there exists a
map f: X — K such that ¢ = f. : H1(X) — H;(K).

Proof. Let X be the (i)-skeleton of X. We define f inductively on X®). Let T

be a maximal tree in X (M. Let ko be a basepoint of K. Define f(T) = k. Let At
be a 1-simplex in XM —T. So, ¢V represents an element [¢()] € 7 (X). Define
f on oM such that [f(c™M)] = p[cV] € 71 (K, ko) = G. This defines f on X1,
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Let ¢(® be a 2-simplex in X. We have f defined on 9o, Also,

[00P] =1 € m(X). Therefore, [f(00?)] = (1) = 1 € m(K). Therefore, f|g,e
extends to f : 0 — K. So, f is defined on X (2.

Let 0® be a 3-simplex in X. We have f defined on 6. Now, my(K) =0
implies that f|g @ : 90 — K extends to f:0®) — K. So, f can be defined on
X®) and so on.

|
Lemma 7.3. Let
be an exact sequence of finite dimensional vector spaces. Then
1
dim(kery) = §dimVV.
Proof. We get exact sequences
0—-Vi—-Vo—..-—V, skerp—0
and
0—-imp—-V,—- >V -0
Therefore, by Lemma 2.4,
dim(ker @) = | Y7, (~1)idim Vj|
dim(im ) = | Y7, (~1)idim V|
and so dim(ker ¢) = dim (im ¢). But, dim W = dim(ker )+ dim(im ¢).
|

Lemma 7.4. Let M be a compact orientable 3-manifold. Then, with field
coefficients,

dim(ker(H1(0M) — Hy(M))) = %Hl (OM).

Proof. Since we are working with field coefficients, H*(M) = H;(M), and by
Lefschetz Duality, we have H;(M) = H3~(M,0M) = H3_;(M). So, in the
Homology long exact sequence of the pair (M,9M),

0 — H3(M) — Hs(M,0M) — Ho(OM) — Ho(M) — Hy(M,0M) — H1(0M)
= Hy(M) — Hi(M,0M) — Ho(OM) — Ho(M) — Ho(M,0M) — 0
we have:
Hy(M) = Ho(M, M)
H3(M,0M) = Ho(M)

H2(OM) = Ho(OM)
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Hy(M) = Hi(M,0M)
and
Hy(M,0M) = H (M)

and so our sequence can be rewritten:

0 — Ho(M,0M) — Ho(M) — Ho(OM) — H(M,0M) — Hi(M) — H(OM)

% Hy (M) — Hy(M,0M) — Ho(OM) — Ho(M) — Ho(M,0M) — 0
Now, by Lemma 7.3, dim(ker ¢) = % dim H1(0M).

Remark. The same proof shows that for a compact orientable (2n+1)-manifold,

dim(ker(H (OM) — Hy(M))) = %Hn(aM).

Corollary 7.5. Let M be a compact 3-manifold, ) # OM # | |S?’s. Then Hy(M)
is infinite.

Proof. Take Q coefficients. Then dimH;(0M;Q) > 2. Therefore
dimH; (M;Q) > 1. Now, by the Universal Coefficient Theorem,
H(M;Q) = Hi(M;Z) ®Q, and so Hy(M;Z) is infinite.

Lemma 7.6. Let M be a compact 3-manifold, o, 8 simple closed curves in OM
such that o h B| = 1. Then [a], [8] are not both of finite order in Hi(M).

Proof. Attach handlebodies to all components of M other than the one, say F,
which contains o and . Attach a handlebody V of genus genus(F) — 1 to

F— Jif(a U @) along OV — D?. This gives a compact 3-manifold N with ON =2 T2,
a, 3 C ON. Now, [a], (] both of finite order in Hy (M) implies that [a], [3] =0 in
H,(M;Q), which means that [«],[8] =0 in H1(N;Q), and so

H,(ON;Q) — H1(N;Q) is zero, contradicting Lemma 7.4.

Lemma 7.7. Let M be a compact 3-manifold.

1. If Hy (M) is infinite, then M contains a non-seperating connected surface F
that is either incompressible or S2.

2. If OM has a component of genus greater than 0 (in which case Hy(M) is
infinite, by Corollary 7.5), then F, as in (1), can be chosen to satisfy
[OF) # 0 in Hy(M).
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Proof. 1. Since M is compact, Hi(M) is finitely generated. Therefore, Hy (M)
infinite means that A1 (M) = Z @ .... So, there exists an epimorphism
Hy (M) — Z, and so we get an epimorphism ¢ : w1 (M) — Z :

Hy(M) Y/

S A

w1 (M)

Now, S' is a K(Z,1). Therefore, by Lemma 7.2, there exists f : M — S*
such that f, = . Homotop f to be transverse to x € S1. Then f~1(x) = F*
is a two-sided surface in M.

CLAIM: Some component of F'* is nonseperating in M.

Let v be a simple closed curve in M such that f.[y] generates 7 (S!) = Z.
F* has a neighborhood N(F*) = F* x [-1,1], and x € S* has a
neighborhood homeomorphic to [~1, 1] such that f|yp«) is given by

(x,t) — t. Make vy rh F*. We see that the algebraic intersection number

v e F* = f(v) e x = £1. Therefore, there is a component F' of F* such that
v e F is odd. So, F' is non-seperating.

Now, if F'is compressible, then surgering F' along a compressing disk gives
F’. Some component of F' is non-seperating (exercise). Hence, we
eventually get F' connected non-seperating and incompressible or S2.

2. By the hypothesis, there exist simple closed curves a, 3 C M such that
|aoh 3] = 1. By Corollary 7.6, [«], say, is of infinite order in Hy(M).
Therefore, we can choose our epimorphism 1 : H1 (M) — Z such that
¥la] # 0. Then we have F* = f~1(x) asin (1). Now, c e 0F* = f(a) ex # 0,
since fi[a] # 0 in Hy(S') = Z. Therefore, there exists a component F of F'*
such that ave F' # 0. If F' is compressible, surger F' along a compressing disk
to get F' and we have c @ OF' = a e OF, as OF = OF'. Therefore there exists
a component F{ of F’ such that o e F{j # 0. Eventually, we get a connected
incompressible surface F' with o @ 9F # 0. Therefore [0F] # 0 in H1(OM).

Corollary 7.8. Let M be a compact irreducible 3-manifold with Hy(M) infinite.
Then M is Haken. In particular, §) # OM # | | S?’s implies that M is Haken.

Let M be a compact irreducible 3-manifold. Let h(M) denote the maximum
number of pairwise disjoint, pairwise non-parallel, closed incompressible surfaces
in M. By Theorem 2.6, h(M) is well-defined.

Lemma 7.9. Let M be a compact irreducible 3-manifold with OM # (). Let F be
an incompressible surface in M such that F' is

(a) a compressing disk for OM, if OM is compressible, or
(b) a connected surface with [0F] # 0 in H1(OM) (as in Lemma 7.7) if OM is
incompressible.

Then
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(a)
(b)

Proof. 1. Let Fy, Fs, ..., F, be a collection of disjoint, non-parallel closed

incompressible surfaces in M/F, with n = h(M/F).

(a) Fi,...,F, are pairwise non-parallel in M. Suppose F; and F; are
parallel in M. So, there exists W C M such that 0W = F; U F; and
W = F; x I. Now, F;, F; are not parallel in M/F, and so W N F # 0.
Since F' is connected, F' C W. But, OF C OM, and W N oM = (.

(b) F; is incompressible in M. Exercise. (Suppose not. Let D be a
compressing disk for F; in M. F; incompressible in M/F implies that
DN F # (. Now use the fact that F is incompressible to obtain a
contradiction.)

(a) and (b) imply that h(M/F) < h(M).

2. Let S be a component of M such that S NOF # () after being pushed

slightly into ntM. S is incompressible in M, by hypothesis. Now,
h(M/F) < h(M) follows from:
CLAIM: S is not parallel in M to any F;. Suppose to the contrary. Then
there existsa W C M, W = SUF;, W 2 S x I, and SN F # () by choice of
S. So, since F is connected, F' C W. But, [0F] # 0 in H1(O0M), hence

[OF] # 0 in Hy(S). Therefore, H,(S) — Hy (W) is not injective,

contradicting that W = S x I.

(M/F) < h(M) (in fact h(M/F) = h(M) (exercise))

> >

ProOOF OF THEOREM 7.1. Let F be an orientable, closed surface in M,
Fy,... ,F, the components of F. Define c¢(F) = Y7, g(F;)?, where g(F;) is the
genus of F;. Let F’ be obtained from F by surgering along an essential simple
closed curve v C F. Then ¢(F’) < ¢(F).
It is enough to prove the Theorem for M Haken with OM # ). For such M, define
a(M) = (h(M),c(OM)), ordered lexicographically. We proceed by induction on
a(M).
a(M) = (0,0): Therefore 9M = | |S?’s and M irreducible implies that M is a
disjoint union of B3’s.
a(M) > (0,0): Let F be as in Lemma 7.9. Then, by Lemma 7.9,
a(M/F) < a(M). By induction, M/F has a hierarchy. Therefore, M has

one too.

EXAMPLE: Let M be a handlebody, F a disjoint union of B?’s:
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So, M has a hierarchy of length 1 as M/F = B3.

EXERCISE. Every Haken 3-manifold M has a hierarchy of length less than or
equal to 37 47 27

Let K be a knot in S3, Mg = S® — intN(K) the exterior of K. Now the

OM = T?. Hy(M) =7 is generated by [u],  a meridian of K. Now, we have a
map 71 (M) — Z induced by f : M — S such that f|aar = S x S! is projection
onto the first factor.

o

Hy (M) Z

~ S

7T1(M)

As before, we get f~1(x) an orientable incompressible surface F, and OF is a copy
of the latitude in OM, X. Extending F slightly into N(K) we obtain F* C S3
with 0F+t = K. F* is a Seifert surface for K.

ExaMPLE. Let K be the trefoil, F' as pictured.

Since K # (), F is an incompressible Seifert surface in Mg as F 2 T? — D?. In
this case, My is actually an F-bundle over S*.

M/F=8 _NF)=S*-©x=H

where H is a handlebody of genus two, and by the above example,
H/(D;y U Dy) = B? where Dy, Dy are disks as above. So,

M, M/F=H, H/(DUD,)=B3

is a hierarchy for M.

EXAMPLE. Let T be a standardly embedded torus in S3, $% = V1 U V4, V; a solid
torus, i = 1,2, and let K be a knot in T. Now, we can choose N(K) such that
N(K)NT is an annular neighborhood of K in T. Let A=T — N(K)NT, an
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annulus. Then Mg = V3 Uy V.

N

Now, A is incompressible in M. (exercise) (In the pictured example,
H,(A) — Hy(V2) is multiplication by 3, and Hi(A) — H; (V1) is multiplication by
2)
So,

M, M/A=ViuVy, | |Vi/Di=B}UBS
is a hierarchy for M.
EXAMPLE. Let K, K> be knots in S3, with exteriors My, M. Let
M = M, Uy My, g : O9M; — 0M> some gluing homeomorphism,
OM; =0My =T C M. K; # 0 implies that OM; is incompressible in M.
Therefore, T is incompressible in M. My, Ms irreducible, T incompressible implies
that M is irreducible. So, M is Haken, and has a hierarchy M, M/T,... if g is
chosen so that g(p1) = A2, g(A1) = pa. Then, (exercise) Hi (M) = 0.

Remarks. M Haken and closed implies that 71 (M) is infinite. So, we may pose
the question:

If M is a closed irreducible 3-manifold and 71 (M) is infinite, is M Haken? This
would be nice!

Answer: NO.

Let K be a knot in S, M = Mg. Now, we may perform Dehn Surgery on K: Let
M(a) = M Uy V, V asolid torus, « an essential simple closed curve in 9M. We
glue V and OM together in such a way that « is sent to the boundary of a
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meridian disk of V.

Ezercise: M(«a) depends only on the isotopy class of a. Also, if M («) contains an
incompressible surface, then either M contains a closed incompressible surface not
parallel to M, or « is a boundary slope—i.e. there exists an incompressible
O-incompressible F' C M with OF consisting of copies of «.

ExXAMPLE: Let K be the figure eight knot. It can be shown that M does not
contain a closed non-boundary-parallel incompressible surface. Now,

Theorem (Hatcher). For any My, there exist only finitely many bounday slopes.
So, for K the figure eight, M («) does not contain an incompressible surface. Also,
Theorem (Thurston). The figure eight knot has My hyperbolic.

So, M(«) is hyperbolic for all but finitely many . So, M(«) 2 H3/I", and so the
universal cover of M («) is H® = R3. Therefore, m1 (M () is infinite and M («) is
irreducible. Hence, for all but finitely many «, M («) is irreducible, m (M («)) is
infinite, and M () is not Haken.

Open Question: Let M be a closed irreducible 3-manifold with 71 (M) infinite.
Does M have a finite sheeted covering that is Haken?
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8. THE DIiSK THEOREM

Theorem 8.1 (Disk Theorem, originally stated by Kneser). Let M be a compact
(orientable) 3-manifold, F an incompressible component of OM. Then
m1(F) — w1 (M) is injective.

Remarks.

1. An equivalent statement is: Let M be a compact 3-manifold, F a
component of OM. If there exists f : (D?,0D?) — (M, F) such that
flop2 : S — F is not homotopic to a point, then there exists an embedding
g: (D?,0D?) — (M, F) such that g|sp> — F is not null-homotopic.

2. The assumption that M is compact is unnecessary (exercise).

3. The Disk Theorem is sometimes called The Loop Theorem-Dehn’s Lemma
(or The Loop Theorem (inaccurate) or Dehn’s Lemma (also inaccurate)),
and was first proved by Papakyriakopoulos in 1957. We will give a proof
based on one by Johannson (1992) using hierarchies.

4. We can assume that M is irreducible. Let M, F be as in the Disk Theorem.
Let S be a maximal independent system of 2-spheres in M. Let M’ be the
component of M/S that contains F. Let M’ denote M’ with B3’s attached
along the sphere components of dM’. Now, M’ is irreducible (excercise).
Now, since F' is incompressible in M, F' is incompressible in M’, and so
incompressible in M. If m1(F) — m (]T/[\’) is injective, then 71 (F) — 71 (M)
is injective (exercise, Make f : D? — M transverse to S, pull back, do a disk
exchange.).

Let M be a compact irreducible 3-manifold with M # (. Let M = My, ..., M,
with M;+1 = M;/F;, F; an incompressible, orientable surface in M;, be a
hierarchy for M. Recall that M;/F; = M; — N(F;), N(F;) = F; x [~1,1]. Let
T; C OM, 41 be the trace of OF; in OM;41, T; = OF; x {—1,1}.

EXAMPLE. Let M = V; Uy Vi, V; a solid torus, A the (p;, ¢;) annulus in 0V},
1 =1,2, e.g.

Let M1 = ]\47 F1 = A. Let M2 = M/A = V1 U‘/Q. Then F2 = 8A1 LI@AQ. Let
Fy = Dy U Dy. Then let M3z = My/Fy = Bi” L Bg, and then I's looks like:
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Definition. A hierarchy is good if
1. F; is O-incompressible in M;,
2. |0F; NT;] is minimal among all d-incompressible F; satisfying (a) or (b) of
Lemma 7.9.

Lemma 8.2. Let M be a compact irreducible 3-manifold, OM # 0. Then M has
a good hierarchy.

Proof. Let F; be a surface satisfying (a) or (b) of Lemma 7.9. Then, if F; is
O-incompressible, then we are in case (b), and d-compressing F; yields F} with
[OF!] = [0F;] € H1(0M;). So, some component of F) satisfies (a) or (b). So, we
can assume that that F; is d-incompressible. Now force (2) to hold.

Definition. A Haken 1-complex in a surface S (possibly with 0) is a set A C §
such that A is expressed as J;_, A; where A, is a disjoint union of embedded

o
arcs and circles, each circle is contained either in int S or 95, 9A; C J,_; A; and
meet just so:

D,

Dj
We call n the depth of A. A face of A in S corresponds to a component R of
S — N(A), where N(A) is a “small” neighborhood of A. An edge of A in S is a
component of some A;, an is said to have index i.

Let M be a compact irreducible 3-manifold, 0 M incompressible in M, with a
partial hierarchy. We define a Haken 1-complex (a.k.a. boundary pattern)
I; € OM;, 1 <i < n,inductively by 'y =0, T';41 =T, UT;, 1 <i <mn, where F;
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is chosen so that OF; is transeverse to I'; C OM;. So, every x € I'; has a
neighborhood in 0M; homeomorphic to either

or

~— . —

X X

Lemma 8.3. Fach face of Ty, in OM,, is incompressible in M,,.

Proof. Let D be a disk in M,, with 8D C ;%, a face of T',,. Let F; denote the trace
of F; in M,. So, R C F}, for some 0 < i < n. So, D gives rise to a disk D C M;,
with 9D C F;. Now, F; is incompressible in M; and therefore 9D bounds a disk F
in F;. If ENT,, # 0, then some component of some OF}, j > i, lies in E. This
contradicts the fact that F} is either a compressing disk or incompressible.
Therefore, £ C R, and so R is incompressible in M,,.

Corollary 8.4. If M, = | | B3’s, then each face of Ty, in OM,, is a disk (or a
2-sphere).

Lemma 8.5. Let M = M;,... , M, be a partial good hierarchy (same as above
without assumption that M,, is | | B®’s), with OM incompressible. Let D be a
properly embedded disk in M, such that |0D h T, =p <3. Then D is isotopic
rel O to a disk D' C OM,,, where D' looks like:

p=0 p=2 p=3

Proof. p=0: By Lemma 8.3, 9D bounds a disk D’ C R, where R is the face of

I',, containing 0D. Since M, is irreducible, D is isotopic to D’ rel 0.

p=1: This case is impossible. Consider the local picture about an arc « in I';,
containing x = 9D N T',,. On one side of the arc lies a region R; C F; and on
the other, R; C F‘j, i # j. So, 0D /% must be contained in R; and R;, which
is impossible.

p=2: Let ¢,&’ be the edges of I',, containing the two points of 8D NT,,. Let
a, B be the two arcs in 0D with da = 98 =90DNT,. Now, e C T;, ¢’ C T},
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say. Suppose ¢ < j. Then 0D C 0M,41 and meets T} in one point, a
contradiction. So, i = j. Now, we have the following picture:

boundary of M

Since F; is 0-incompressible in M;, there exists a disk F C F; with
OF = aU~,v=0FENJIM,.

boundary of M

Case I: F; is a disk: Boundary compress F; along D to obtain F}, F/’.
Now, one of F}, F!’ is a compressing disk for dM. So, we can’t have
[yNT;] #0# |y NT;|, by the minimality of |0F; N T;|. Therefore,
~NT; =0, say. Therefore, 3 U~ is contained in a region of T';, say
R C 9M;, and bounds a disk, (essentially D U E). Therefore, by Lemma
8.3,3Uy=0F', E' adiskin R. Let D'=EUEF’, (T, Nint D) = 0.
Now, D U D’ is the boundary of a 3-ball in M,, and so D is isotopic in
M,, to D’ as desired.
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Case II: F; is not a disk: If yNT'; # 0, then F/ = (F; — E)U D is
incompressible and J-incompressible (exercise) and
|OF NT;| < |0F; NT|. Now, [0F;] = [0F]] + [0F]'] € H1(0M;). But, F/
is a disk. Therefore, (since we are in situation (b)), OF; bounds a disk
in OM;. Therefore, [0F]] = [0F;] # 0, and this contradicts our choice of
F;. Therefore, y NT; = §). Now, the rest of the argument follows as in
Case L.

bl

Let 8 = 1 U By C OMy. Now, Fj O-incompressible in M}, implies that
there exists a disk £ C F}, such that 0F = aU~, vy = EN0OMjy.
If yNT, =0, then BU~ is a simple closed curve in M}, meeting I';, in one
point, a contradiction. Therefore, |y NT| > 1.
Suppose |y NTg| > 1, then as in the case p = 2, we get F}, with
|OF, NTx| < |0F, NTk|, and F} still satisfies our minimality conditions
(exercise). So, [yNTy| =1.
Now, fU~y =9(DUE) and |(BU~) NTk| = 2. Now we reduce to the case
p = 2 to obtain disks £y C F;, Ey C Fj that look like:
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Now, D' = E U E1 U Ej is the desired disk.

|
Corollary 8.6. Suppose M, = | | B3’s and ~y is a simple closed curve in OM,,
such that |y NT,| =p <3. Then v bounds a disk D' C OM,, as in Lemma 8.5.
Proof. M,, =| | B®s and so v = 0D, D a disk in M,,. Now apply Lemma 8.5.

|

Lemma 8.7. Suppose M, = | |B3’s, 6 a loop in OM,, such that |§ hT,| =p < 3.
Then 0 looks like:

R R
R 1 2 R2 R3
a
a, a, 2 ag
Rl %al
p=0 p=2 p=3
Proof. M,, 2| | B®’s implies that each face of T, is a disk.

p = 0: Clear.

p=2: 0 =ay Uag, a; an arc (not necessarily embedded) contained in a disk
face R;. Now, each «; is homotopic rel 0 to ;, an embedded arc in R;.
Now, v = 51 U B3 is an embedded loop with |y NT',,| = 2. The result now
follows from Lemma 8.6.

p = 3: (exercise, similar to p = 2)

Definition. Let A C D? be a Haken 1-complex with 9D? C A, A = JI_, A;
with Ag = dD?. The order of a face R of A is the number of corners in OR:

= corner
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A p-gon of A is a face of order p. An elementary reduction cell D for A is a p-gon
of A, p=10,2,3:

A reduction cell D for A is a p-gon face of a Haken subcomplex of A, p = 0,2, 3:

p=0

Lemma 8.8. Let A be a Haken 1-complex in D?. The A has a face of order
0,2,3.

Proof. We proceed by induction of the number of edges of A.

1 edge: Here A = Ay = 9D?, and we're done.

more than 1 edge: Let ¢ be an edge of maximal index. Then A’ = A — ¢ is
a Haken 1-complex. By induction, A’ has a face D of order 0,2,3. If ¢ € D,
then D is a face of A. If ¢ C D, then e determines a face of F of A of order
0,2,3,F CD:
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p—a

Remarks. Let M be a compact irreducible 3-manifold, M # @ incompressible.
Our goal is to show that 71 (OM) — 71 (M) is injective, i.e. and

f:(D?,0D?) — (M,0M) has f|sp2 =~ * in OM.

Let M = My, Ma,... , My =2 |_|B3’s be a good hierarchy with M;; = M,;/F;,
1<i<n, Ffy=0M. Let X =J_, F; C M. By a small homotopy, make f
transverse to X. Then, f~1(X) = A is a Haken 1-complex in D? with

A; = f~1(F;). In particular, Ay = 9D?.

Definition. Let A be a Haken 1-complex in D? as above. Let D be a reduction
cell for A. Let N(D) be a regular neighborhood of D in D2, thus

(A—DNND)=((A-D)noD) x I
We say that a Haken 1-complex A’ is obtained from A by a reduction along D and

D
write A --» A/, if:

1. A’ = A outside N (D)
2. In N(D), A’ is as follows:
p =0 Every edge of A’ that meets N (D) has index greater than i:
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D

The edge of index i seperates N(D) into two disk D;, D; as shown.
Then every edge of A’ that meets D; has index greater than j, and
every edge of A’ that meets D; has index greater than 4, and the
original edge of index j disappears.

D

The edges of index ¢ and j seperate N (D) into three disks D;, D;, D.
Then every edge of A’ that meets D; has index greater than ¢, every
edge of A’ that meets D; has index greater than j, every edge of A’ that
meets Dy, has index greater than k, and the edge of index k disappears.

Note: We allow D N 9D? # (), in which case D; = . The motivation for this
definition is the following. Let M be a compact irreducible 3-manifold, dM
incompressible. We have a good hierarchy M = My, Mo, ... ,M, 1 = | | B®’s,
M1 = M;/F;, Fy = OM. Let X = ||, F; = “Haken 2-complex” in M. We also
have a map of pairs, f : (D?,0D?) — (M,0M). By a small homotopy of pairs,
make f transverse to X. Then f~!(X) = A is a Haken 1-complex in D2

A; = f~YF;). Now, fix fo : (D?,0D?) — (M,0M), and let

F={A=f"YX)| f:(D*0D? — (M,0M), f ~ fo as pairs}
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Lemma 8.9. Suppose A € F, A # Ag. let D be an elementary reduction cell for
A. Then there exists A € F such that A 2, A,

Proof.p = 0 Define a function g by g = f outside N (D), and on N(D), g is
obtained by “pushing f(D) into, and then slightly off of, F;.” Now, let
A’ = g~1(X) and then A’ € § and A --» A’

£ (X) g™ (X)

9(D)
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p =2 By Lemma 8.7, f(D) looks like:

Fs s>

Feor>i

9(D)

Define g ~ f as maps of pairs by “pushing f(D) through F; U F};,” and let
A =g HX).
p = 3 Exercise.

Call T a subgraph of A, i.e. a union of edges of A (not necessarily a subcomplex).
Let a;(T") = # of edges of T' of index i. Define ¢(T') = (a1(T), aa(T),... , a,(T)),
lexicographically ordered. Let D be a reduction cell for A, and define Ap to be
the subgraph of A: Ap = ANintD, e.g.
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D Db

Let € be an edge of A, e C D, 9 = 0D. Then ¢ determines (at least one)
reduction cell F for A, E C D.

D
Lemma 8.10. Suppose A EL AL Then c(A) < e(Ap).

Proof.

o>

Now, a,(A) < a(Ap), r <1, ay(Ay) < ay(Ap). Therefore, c(A}) < ¢(Ap).

Note: Take D = D2. Then Ap: = A — Ag and ¢(Ap2) = ¢(A).

Lemma 8.11. Suppose A € §, and let D be a reduction cell for A. Then there
exists A" € § such that A NN

Proof. We proceed by induction on ¢(Ap). Suppose ¢(Ap) =0=(0,...,0).
Then D is an elementary reduction cell and by Lemma 8.9, we are done. Now,
suppose ¢(Ap) > 0. So, there exists an edge ¢ C D, de C 9D which gives rise to a
reduction cell E C D. Clearly, ¢(Ag) < ¢(Ap). Therefore, by induction, there

exists A” € § such that A A By Lemma 8.10, ¢(A’) < ¢(Ap). Once again,
by induction, there exists A’ € § such that A” 2, A’. Now, A 2, A’ for:
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[
PROOF OF THE DISK THEOREM: Pick f, : (D%, 0D?) — (M,dM). We

will show that fo|gpz ~ . Choose A € § with ¢(A) minimal.

c(A) = 0: Then fo ~ f as maps of pairs with f(D?)N(U;-, F;) = 0. Therefore,
f(0D?) € R= D?, aface of I',,;1 C OM,,41. Therefore, f|gp> =~ x € OM.
c(A) > 0:

e
boundary of B

Then there exists an edge € of A with de C OD?. So, ¢ defines a
reduction cell E (of order 0 or 2) for A. By Lemma 8.11, there exists A’ € §
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such that A -2 A, By Lemma 8.10, c¢(A’) = ¢(A2) < c(Ap2) = ¢(4),
contradicting the minimality of ¢(A).

Now, the Disk Theorem and hierarchies can be used to show:

Theorem (Waldhausen, 1970). Let M be a Haken 3-manifold. Then 71 (M) has
solvable word problem.

For arbitrary 3-manifolds, this remains open.
The Disk Theorem also implies:

Theorem (Loop Theorem). Let F be a component of OM, M a compact
3-manifold with 71 (F) — 71 (M) not injective. Then there exists a simple loop
v C F such that [y] # 1 € mi(F), but [y] — 1 € w1 (M).
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Problems.

1. (Nothing to do with topology). Consider the following semigroups S given
by generators and relations. The elements of .S are equivalence classes of
words in the generators (e.g. aabcddeaabbce), where two words are
equivalent (represent equal elements of S) iff one can be obtained from the
other by a finite sequence of substitutions using the given relations, i.e. if
r1 = ro is a relation, then, in a word wich contains r; as a subword, r; may
be replaced by rs.

E.g. in the third example:

abed = acbd = cabd = cdb = cd.

In each case, find an algorithm to solve the word problem in S, i.e., to decide

whether or not two given words are equivalent.

(a) la,b: ab=bal

(b) la,b,c,d: ac = ca,ad = da,bc = cb, bd = dbl

(¢) la,b,c,d: ac = ca,ad = da,bc = cb,bd = db, ca = ¢,db = d|

(d) la,b,c,d,e: ac = ca,ad = da,bc = cb,bd = db, eca = ce, edb = de, cca =

ccael

2. Let S be a listable set, and let ~ be an equivalence relation of S. The
elements of S can be classified up to ~ iff there exists a listable set S’ C S
such that S’ contains exactly one element from each ~ class. The ~ problem
is solvable iff there is an algorithm to decide whether or not two given
elements of S are ~.

(a) Show that if the ~ problem is solvable then the elements of S can be
classified up to ~.

(b) What about the converse?

(c) What about the converse in the case where S is the set of closed PL
n-manifolds and ~ is PL homeomorphism?

3. Let P = (X : R) be a finite presentation of a group G. Let W be the set of
wordsin X and let T={we W :w=1} C W.

(a) Show that T is listable.
(b) Show that the decidability of T' depends only on G.

4. Let P be the presentation (a, b : aba = bab,a® = b3). Find a sequence of
Tietze transformations taking P to the empty presentation (@ : ) (of the
trivial group).

5. Let F be a surface in a closed 3-manifold M. Show that F' is incompressible
iff each component of F' is incompressible.

6. Let S?2XxS! be the twisted S%-bundle over S', i.e. the identification space
5% x I/{(a(z),0)Vz € S?}, where o : S? — S? is the antipodal map. (Note
that S2? x S! has an analogous description with o replaced by the indentity
map.) Prove
(a) S? x S! and S?xS! are prime;

(b) M irreducible implies that M is prime;
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11.

12.

13.

14.

15.

16.
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18.

19.

20.
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(c) M prime implies that M is irreducible or homeomorphic to S2 x S* or
S2x St

Let F be a 2-sided incompressible surface in a closed 3-manifold M. Show

that M is irreducible iff M/F is irreducible. What if F' is 1-sided?

Show that uniqueness of prime factorization for closed 3-manifolds is false in

general. (Hint: consider S? x S and S?xS?.)

Let K be a knot in S® and let My = S® — intN(K). Show that M is

irreducible. What about links L C S3?

Show that a handlebody is irreducible.

Let M be an irreducible 3-manifold which contains a 1-sided P2. Show that

M is homeomorphic to P3.

Let M — M be a covering projection of 3-manifolds. Show

(a) M irreducible = M irreducible

(b) M irreducible = M irreducible.

Give an example where M is prime but M is not.

Give an example of a closed 3-manifold M with 71 (M) finite such that M

contains an incompressible surface.

Let M be a closed 3-manifold, and S C M a 2-sphere, realizing M as a

connected sum M;#Ms. Show that if 71 (M) # 1,7 = 1,2, then

[S] # 0 € mo(M).

A link L in S? is split if there is a 2-sphere S C S3 — L, seperating S into

two 3-balls By and Bs, such that L N B; # 0,7 = 1,2. Show that there is an

algorithm to decide whether or not a given link in S® is split.

Show that, assuming the Rubinsteing algorithm for recognizing S3, there is

an algorithm to decide whether or not a given compact 3-manifold is a

handlebody.

Use the theory of normal 1-manifolds in surfaces to show that RP? contains

a unique essential simple closed curve, up to isotopy.

Show that for each g > 1, there is an algorithm to decider whether or not a

given closed irreducible 3-manifold M contains a closed incompressible

orientable surface of genus < g. What about genus = ¢7

Every knot K in S® bounds an orientable surface F. The genus of K is the

minimal genus of such a surface. (Thus K is trivial iff genus K = 0.) Show

that there is an algorithm to compute the genus of a knot.

Let M be a closed triangulated 3-manifold. A maximal system of normal

2-spheres in M is a normal surface S in M such that

(a) each component of S is a 2-sphere;

(b) no two components of S are normally parallel (i.e. correspond to the
same vector x € Z7});

(c) if Sp is a normal 2-sphere in M disjoint from S, then Sy is normally
parallel to some component of S.

Show that such a system may be constructed algorithmically in any

3-manifold M that does not contain a projective plane.
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Let M be a 3-manifold with boundary, and let S be a 2-sphere in int M.
Show that a simple closed v in M bounds a disk in M iff it bounds a disk
in M/S.

Let F be a connected, incompressible, boundary-incompressible surface in a
handlebody. Show that F' is a disk.

Let F be a surface properly embedded in a 3-manifold M, and let F’ be
obtained from F' by boundary surgery along a disk. Show that F
incompressible implies F’ incompressible.

Let F be a connected incompressible surface in a 3-manifold M such that
OF is contained in a torus component of M. Show that, if F is not an
annulus, then F' is boundary-incompressible.

Let M be a compact, irreducible, triangulated 3-manifold. Show that if M
contains an incompressible torus, then it contains one that is either
fundamental or N (fundamental Klein bottle).

Let M be any manifold. The double of M if dM = M Uy M', where M’ is a
copy of M, and g : 9M — OM’ is the identity map.

Let M be a 3-manifold with @M incompressible, and let ' C M be a
properly embedded surface. Show that F' is incompressible and
boundary-incompressible in M iff dF is incompressible in dM.

For any diagram D of the unknot, let p(D) be the least number of
Reidemeister moves required to transform D to the trivial diagram (with no
crossings). Define f:Z; — Z4 by

f(n) = max{p(D) : D a diagram of the unknot with n crossings}.

Show that f is a computable function.

Let M be a closed 3-manifold, having a triangulation with ¢ 3-simplices.
Since, for a given ¢, there are only finitely many such manifolds M, there is
a function f: N — N such that dimH; (M;Zs) < f(t). Find an explicit such
function f.

Assuming Alexander’s (3-dimensional Schoenflies) Theorem and Dehn’s
Lemma, show that every torus in S3 bounds a solid torus.

Let M C S be a connected compact 3-manifold with M a disjoint union of
k tori. Show that there is a k-component link L in S® such that M is
homeomorphic to S — IntN(L).

Can you find an example of M as in the previous exercise such that not all
components of S3 — IntM are solid tori? Such that no component of

S3 — IntM is a solid torus?

Let M be a compact 3-manidold with OM a torus, and let M=MU V,
where V is a solid torus, glued along their boundaries. Assume that M is
irreducible. Let F be a closed incompressible surface in M , isotoped so that
F NV consists of n > 0 meridian disks of V', where n is minimal. Show that
F=FnNMis incompressible and 0-incompressible in M.

Let P be a compact, connected planar surface, i.e. a 2-sphere with the
interiors of a finite (non-zero) number of disjoint disk removed. let
P=Py,...,P, besuch that P,11 = P;/a;, where «; is an essential arc in
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P;, 1 <i < n,and P, is a disjoint union of disks. Show that if P is not a
disk then |P,| < |OP].

Let M be a handlebody of genus 2. Can you find a connected, orientable,
incompressible surface F' (with boundary) in M, other than a disk? If F' is
such a surface, what can you say about x(F)? About |0F|?



