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E)triangulation
Def ? The shot n-sim#×
In = { xetR

" '

I xi 70 and I
'

, xi = A }
Picture

n
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Bet : suppose A. A
'

are model simply Copies of A)
suppose f.f

'

are faces Colin n- 1) . A face pairing
of :f→f ' is an isometry. [Convention : ft f

' I

Def : An n.d.mil triangulation T=EAi , 0g }
is a collection of model simple and face pairings 5.1.
④ If 8 is a face pairing so is 0

- to

Examine : The boundary of A
"

,
is a tiring . ofI

'

Def : The realisation of T is the space

IT1 = #Ai/%f didmoiondte.FI gen by %
Notary : we write CM

,
T) to

say
T is a

triangulation of M CHEM) .

- -



Notation : Let Tck' be the k-seke-fobmofT.ee the
image in IT1 of the union of the model

b-don't simpldas
Notation : If f is a model facet let

off : f- → IT be theahgkstiemapzxaup-es.CA10A
"

1=8"'
Exercise⇒

n% .⇒
"

.

⇒*

¥ .
The donje of ④ • Exercise
a tetrahedron * * da

-

s
.

•
:S?

② ¥• .

EX¥ : In example (4) draw T"' in IR3E 8- fpt}
Definition : F4 1MT) .

An isrlopy F.MxI→M
B skeletal if for all k ,

t we have Felt
")=T

'"

[For example Fe IT" = Id I.
ttef : suppose 8cm is prop embedded [m got?
Suppose T is a thing of M . we say S is

take to T if it is transverse to Tae'

for all k . Conclude i If f is a model face
them off

'

at is a bit din't submanifold off.
cartoon : TIM Det :

f- -



④ Normal←rfa→ :
Definition .. Suppose I is a tot . suppose Dad
is a prop . emb

desk
,
transverse to the skeleton

we call D narwhal if it is steel
. isotopic to a

There are fourthreelinear disk .

.
. #¥µ types of trilguad

triangles. quad
Def : A surface so f) is normal it
4) Sam is prop and

② S transverse

•

to Ig and

②) for every AET we have XIICS) is a

finite cell. of normal disks .
• • EX : This

*
s

EX : the

' blue surf *Jaffa green surf
•
, •

-
•

s is ha s is a.÷i÷÷t÷÷÷ am. . . .am
• • disk

. ¥¥*
sip • forty I
- -

-

④ I-bwYs : suppose F is a surface and

p
: IT
,
→ 22=9113 is a homomorphism .

we build the three mainifdd Tp : this is the.

Ide over F with monogamy p .

I- Tp That is
, if he F is a simple

p t, closed curve there p"G) I
F A

'
or M
'
as peat = -11 or - I

@mutvscmo.bn)
(respectively )
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green B

:

"

the fibers
.iii. ÷:÷

there TES'xD? It
?
- D
'

in IRS
and draw its

.

orientation I.bundle
-9-

Def : If F is a surf define por:X ,
EJ→ FIB

by paid = + I iff a. is orient
. preserving .

Before T=Tpori to be the orientation I.bride.
Exercise ④Suppose T is the ori

. .
I-bond overp?

That is this manifold ? what is its boundary
what is the double of T across 0T ? LP7H P31
Exercise: As abide with T the ori. I-bond
over HE ? Also what geometries can you

7get by giving two copies of T.,
Ovation : what is the corresp . between
home . of it , CF) and I-bundles over F ?
Any : I- bundles Cup to bundle isomorphism)



are in bijection with homo p :X , (F)→EI 13 .

Question : what is known about "minimal triangulation
'

(fewest tetrahedraI

Answer : o tots gives 0
k tets gives finitely many 3- mfds

this is called maker am_phxty o.CM) 7
These are known up to a E 8 or so

Excise : Find all M3 that have 4M) ←minted number
= I
--

opens : thx pig .
End duped) ( Efim.IE?1FIII

[fgj : deep .gs) = continued fraction length of
Hp C- 3) .

]÷
-

Question : what is the
"order

"

of structures
on manifolds ? Land many more !]

Angry : Top o pls c
'
o ed ?mqµo Alg.-It
-

Question : what is the relation between

triangulate and Ph ?

Anger : most people say these are the same !

But if you are being careful : PL means has

a triangulation where all vertex links are PL
n- 1 spheres .
--

T④ttnken-kyrfinrhenesj.Theofmssvppo@CMTIisafriaeg.as -mfd .
suppose t= # of model tetrahedra . Suppose



So LMTI) is normal . Then S has ⇐ 20 t

distinct skeletal isotope classes of connected
components .
Proof : For each ✓ET

" add a small copy

¥¥¥Eh%m9¥u::s¥¥¥
of XIILS) include at least one of o

turley

at CRT) along
link

;II¥w? III. along .

The result in A is a collection of
blocks :*) tips ← prod .

* products ⇐#
* * blocks

, €E¥÷⇒ itto
Note that A Laffer cutting )

has tip

some product blocks ,
H tips and

one or two feet blocks.
Call a normal disk of A - n EXECS))
bag of it meets . a non- product block .

There are at most 10 bad faces in A
Cutter cutting ) . So there are at most 10-1
bad faces in total .
Say a component s

'
as is good if s ' only



I1¥11 %:¥I ⇒
lot bad components .

Suppose sks is a good µ tip

component . Define Ncs ') LF
to be the onion of all product

sad

blocks meetings! NCS ') is an I. bundleovers'

%
s
'

Note 8=5
" iff Nest is twisted .

If not twisted all s
'

, S9S
"

are skektalty
isotopic . Finally we form the union of all

NL8) ( for des) *his is again an I-bundle .

There are at most t armpits of this muon .

¥-4 Each component of this 5- bundle
- contains at most 2 skeletal isotope

classes .µ -

→ \ I l

build non - triang manifolds?
Andrej : See cannon and

Edwards papers on -11
-

the doubterspension theorem , and
trace citations

.

.
. . . .

.

Consider PH8=p = s%* Note
P B - INS?

Take the svsp . of P ,
twice

. p


