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Last time

[SaulSchleicher ]
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% • Triangulation
• Normal surfaces
• I- bundles
• Haben -kneser finitemess

.

④

-H-11-

⑧ Reinach HK fehrkness gives an upperbound .

but does not give examples. Cat least not obviously )
spheoetheoref.ae suppose zlM) # In .

Then
, for

any triang K of M , CM , K) contains a east ,

normal essential two - sphere .
-a-

①⇒ Existence of connect sum decamp
- --

:

Tearing : Fix on cept , conn) three-mfd .

Then there
is a constant him) so that if s is an ihdep
sys . of two spheres then IS1E him) .

Proof : EX k a triangulation of M with t

tetrahedra . If S is mdep . then there is some

S
'

normal uhdep system with 181=81 .
This him) I 20T by HK finitemess .
--

Fax the ihdepsys S . Isotopes to be transverse
to K . No component of S lies inside

any
A? there are our complexities 4h order
of importance)



4) wt = weight ofs = Isnk
"' 1

faces of key
o¥s

lpcs) = loops of S in €ndG) = not-disks fs ⇐④
= sum of keg . Euler char) of

*

*⇐kf: number
non - disk components of XfCs) ¥¥.÷:÷÷?÷I¥¥¥? § ←

Ingrates
.

Note : If lp or not so then S is not
normal .

③ suppose nd so
.
Let Peta be the

offending component .
Exercise : There is a disk surgery of

P in 1
This reduces ndcs) ftthd : Alexander's arm]

SE9 * q
o_0

a %¥o¥o§o § .
p
'

O_0 ] -7=-4 -x. is a

-4=4 ¥ → ¥ It
¥→ If so nd decreases!

--

Question : why doesn't wt or lp increase?

Answer ? The surgery is inside A.
-H-

Note : by Lemma 2.6 after disk surgery and deleting
a sphere ( if necessary) we have a new systems

'

Thus we may assume XI is a call . ofdisks .



② Suppose dp 70
..
Pick an inner

loop cat some face of K . ⑥ofc
So C bounds a surgery -

disk Def In
and done as above

.

4) Suppose some face As has a

"

beat

arµLet e be an outer most bad are u c

Let D be the disk Cbigon ) cut Ann %*out of A
'

by C
.

We perform an e is

ambient isotopy on S
, moving C across D.

Picture
g-

.

/ -
- =

-
--=n--_

"Earmuffs
"

"

Taco shell
"

wtf
')=wt -2

.

This gets rid of all bent arcs . Finally suppose
that some component c of has

length at least five. t that is look
picture
- at XI not

.

¥t÷¥÷÷÷::¥÷:÷:Sleast twice
.
This goes

D a baseball more as
above.



Conduct : we find a ohdep says. S
' with

184=151 and s' has no long normal
curves

,
no heat arcs

,
no loops, no non - dishes.

Thus s' is normal
. ¢

Corollary : suppose M apt conn . Then M has

a decamp ME #,Mi as a fmrhe conn .

sum of prime manifolds .
-f-

Question : Brl disk surgery increases the #of spheresby
one ?

Answers : Yes, so we throw one of them away .
- K-

TEDv-niqueness-ETheorem3.tn/-: suppose M is closed
,
corn

,
oriented

.

suppose ME II. Mi = III. Nj , with all Mi ,Nj
prime and not S? Then 4=1 and

Cather reordering) Mi=Ni for all i.
Lorient presently home .)proof : suppose all spheres oh M separate
( so all Mi

,
N ; are owed

,
no copiesof des:)

Suppose Sam realises the first decamp ME#Mi
suppose cm is a two sphere cutting of NYERI, - Is
Isotope s to be Transverse to € .

Cast : so f- of
.
So pick cash-21 innermost

on II. let DCI be the disk bounded by C.



Cartoon
-

:

m

÷÷÷¥÷÷
ME MY C bounds

a pair of disks
in S .

Pick one of these say E . So DUE bounds a

punctured B3 in MY . [M, B irred]

a

Tags:L.rs
along D and✓ get new system

s
' that still realises ME#Mi and

⇐ n also III.
-

Casey : snI=¢ .

carry some component sics lies in N?
Since N

,
is ironed

, Si is parallel to 27
and some MIEN, as desired.
Casey: El lies in some Mio . similar .

*



Suppose now that M contains non -separating
two spheres .
Let & be a mail system , realising
ME to Ny [Question : Do we need to also

cut open the six factors ?I
let s be a system of r spheres so
that M - ncs) is conn and all spheres
in M - a are separating .

That is :

Mets'x5)# CEI.mil
We now find a sequence of disk surgeries
S⇒ s

'

#
s
"

# S
" '

. - -
. → son)

so that Is
"'
n Is NT21

we deduce that GNj3 also has r copies of
s
'
xs?

Remaihs-toshow-o.NL - n E M - n
*D)

*¥z?¥¥
Must understand how cutting along s
"commutes

" with surgery along D.
Define UH4= M - CnGop) and think.
This finishes the proof of Existence and uniqueness#



Question: what goes wrong in dim 4 ?

Angry : well the uniqueness fails .- perhaps
the "

slides
"

are more dangerous than they
appear?

¥0Xfaas skip !

⇐Dteegaardsphgs skip !
④① PL-mminalsmfaas-o.TK Meeks - You proof
of the sphere theorem relies on the theory
of monitors in room . 3-mfds. Here the
existence results are delicate . Instead we'll use
a

"combinatorial
"

version where existence is
a simple compactness argument .
--n-

Totally general set up : ⑦→ Is

¥:÷¥%÷.

I *I:÷÷:*
maps are embeddings

'sf-M
we now produce a thug ofnormal-maps.FIK

a Triangulation with ng emb for allA.
Suppose f- is→M is a map . Homage f- to
be Transverse to KM for all K .

Define : wtf) = I f-
'Ck"') I

hemma-s.tt?M,k.f,S as above
. After homotopy

we may assume

4) f is kastweight in homotopy class .



(2) for each fed A M k we have
.
for each

component c of f-
'CoA) ,

either fee) is
a loop in a face of fle) is a normal
e.me of tenth ← "

÷:*:*:*
am embedding.
--

Question : Is there a sphere theorem in higher
dimensions?

A-naner.io In din n> 5
,

a generic map of
a surface s → M

"
is an embedding .

So indeed etts of 8dm ) can be
"cleaned up

"

Question : No , no , we care about In - i CM
")

.

Answer : The 3-devil proof will not generalise . - - .

I'll guess there is no corresponding statement.
Idea : Take N to be an n - a drink spherical ÷
④ form (NES"Yp ) and define M=NxsI①
[ for us , consider P4S

' ] .
Better ! Set 4=8×5? Show X irreducible . But ask)
is non-trivial due to the Hopf map . Exercise


