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Lecture 8
Last time
-

: / Saul Scheiner• Sphere Theorem (statement)
-

• Normal maps and classes .

- 11-

Corky lof spheretheorem) : suppose Ms is closed
,
conn ,

oriented . If STZCM) # I then either
G) M is a connect sum or

G) ME 42ps or 8×5'

Mod : Jk is not so important in the theory of
three -manifolds

. ST
, really is important .

The disk theorem (which sort of follows from the
techniques we've been developing ) controls some

ofT
'-

⑦ PLATA : suppose f :S→ CM,k) is a normal map

Define tf= f-
' IK") ; is a finite graph in S .

Define ltf)= Eisen, length D)

Define A (f) = (wtf)
,
lef)) ordered lexicographically

This is the Ph area • •
- •\THIS [existence] , •/; ,

Fey cm ,k ) . Suppose EF0 •
•
µ,

B a normal class of maps
•

Then there is some fete that is normal and

realises inFLA I get , g normal } .

P¥ : set A. = ehff "
.

" - 3
. Define gef



to be straight if g. is normal and for every
Jeff

" '
we have GL8) is straight in the

containing the K
"! we restrict①such g.

Fix a m-himishgseqei-e.no
Cgn) new ate ofseraighrl maps with A.=A →As
Cfrom above) . Note we have WK70 so that

wlgnl EW

llgn) =L } for all n .
In any face A

'

of K we see at most (E)
arcs of gals) (we are assuming

A
'

embeds in M )

and each such arc has length at most L .

Define Rn=pgn .
So

gn It has bounded

combinatorics and length .
Claim : For some open set UCM ,

with K%U
,

we have gals) n U - 0 for all n) .
proof : suppose not

,
Then there is a vertex vtk

"

an edge eek
"' and points xnegnls) so that

④7 Xnee and

④ xn→r .

Recall gn is normal so 8- Rn is a union of
dishes

.

So Th B connected
.
So gnlth) is .

* connected
,

* contains xn
,
and

* has at most (1) of# faces of K") edges .



They in the hyp metric on ke) - K I

gnlth) has bounded diameter [Ruth : The metric
on k - K" may not

be complete .
. but that

is not a problem- I Apply the
"

dog on leash
"

principle: so far so
larsen , said ¥¥¥.ir?gI:Ianomis contained in rto this)
starts . So gn is linker)

null- homotopic , a contradiction %aa.sn
So there is some compact set ack"
so that

, for all n , we have gncth)cQ .

Pass to sobsequences to arrange
④ THE Tm ( Bom as graphs ) for all men

say In = Too for all n .
Pass to further subse.gg so that

④ for all pe Too , gulp )→ gas Cp)
some point . [suffices to deal with
pe The

Thus we have gas :S→ on,k) and for large
^

, Gn
= go Chonotoptc.) fuse straight line

so gas
C- To homotopy I
-ll
-

Finally , A- Logo) = hmm, Acgn) - Aoo as desired .

This proves Thm 5.3.[Existence
't
%



lemma-5.tl : suppose f :S→ Chek) is straight and

minimising in its homotopy class
. Suppose aetf

"

let-

÷÷÷÷:÷÷÷¥:*:
•
Then f is balanced at a :

That is : II.cos ;) =0
-
.

÷:*: :*:S?
where all Oi a TV2

•

. •

¥÷
.

•

-p
-

Proof
,-

we use a variational argument :
more feat of by distance h (verysmall )
The length of too :) increases by
- cos i) .h t 043

[That is
,
curvature only contributes to length it

second order . . -I 0

At the minimum length •¥- in
the first order terms cancel , so 240×91=01
-H-

ICDFacesofstraight.mn# :

sup . f :S→Hk) straight. tf=f" LK
") .

Note



cos - tf Component) is a disk . we

homolope f to ensure

④ if fact =3 Ctriangk)
then file is a linear triangle .in I
if 104=4 Cgnad )
then we choose a diagonal ccc

and make f- Cd) straight
/

T
let C-D= du C

" and require

flc
') , flc

" ) be linear triangles .
Choose diagonals consistently . Now we have
corollary : suppose f :S→ Mak)

giT→¢n,k ) are PL minimal .

:c:S:*:÷
Then there are open sets

④
at U

, bellif "

¥÷÷±÷:]
④ flu) -_ g. 14) or
4) giv) meets both sides of flu) .

*I¥⇒
. www.aim

Proof : Let die Tf , picfg be the adj edges .

to 9 ,
b in S

,
T respectively .



Let ee k" ) be the edge containing flat (b)
Let Oi

, o be the angles of ai , pi with e
For a contradiction suppose f is above g
* %:*?:[auiff.IEand ⑦ is 0i for some ¥ 8

Thus It cos Coi) > I
-

4¥!-

¥•÷÷?÷¥¥. III Freed"fId%uadtyp ÷:{ ±:• .

.gr#..FIIIY:YInrithediagonats*

tµy¥¥¥¥¥Y¥md
so contribute to let) (and also the angles Oi etc ) .
--

④DBjointnessofmihinalsvrfacespie-wre.atthe

:±÷:÷X
- arcs in surface
s decrease

length
up one dimension :

surfaces in 3-mfd

Def : A map of :S'→ m is essential if it is
not nitthomotopic .

Recall , any disk surgery of an ess . map f gives
maps f

'

, f
" at least one of which is ess.



temma-s.si suppose fig :S
'
-CMD are lead

area and essential . suppose f.g both
1-1
.

Then either ④ f-CS9 = gcse) or
④ fl n gcse) = 0 .

--

Proof
④ suppose fsg#0 and f- transverse to g.
0117SµfngK

"? so fix c a compt
of the intersection .

c is simple so cuts

f- Cs) into disks D.D
' and cuts g into

disks E.E
'
.

D

Define ACD) ⇒ CWCD)
,
LCD)) T ¥7

just as for closed surfaces .¥←E8
suppose AlDs=mh{ Is"¥IfI¥'s} ④

f-
Before In

,
h
'
:5- ⑨ ie) immersions with

h (5)= DYE , to
'
=D : E

'

suppose In B ess
. (at least one is

, by above).
Normalise

, singer , straighten h to obtain h*.
If we reduce wth) then as ACHE Alf)=Ag)
we have At < Ath) # .

Exercise : 415 ) n Ai has no loops .

In %i¥C2D sp¥gm¥
" #

ore .
-


