
Introduction to three -manifolds 2021-03-17
- ( lecture 9Last-the : o Existence of Pt Saul Schleicher

minimal surfaces -
• Balance condition at vertices
• Begin proof of disjointmess.
- - --

Question : what is a reference for the problem

{ pit , → 722} I {I- bundles over F z

up to bundle room } -

A.ns.gr : will post ref to this kind of problem on webpage .
- 11-

ID Fixcfcoro.tolems.tn/Cord-ury: suppose f :S→ CM
,
K) and g : T→ CM ,

K) are
PL minimal

. Suppose aes, bet with tea)=g (b)
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Then there are open sets

the.EE#IfwithaE4btV so that either

a) flu)- gu) or
④ 84) meets both "sides

"

of flu)
Pian :
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T but only in G. Tg

CID Disjoirlness of-
This relies on the

"

exchange and round off
"

trick

and the "Meeks- Yau
"

trick
.

Pithy : ¥ An exchange



hemmas.sn : suppose fg :8→CMk) are lead
area and essential

. Suppose both are one- to -one
Then either Cil f ngls

'

)=0
Iii ) f- Is)=glsY

proof : suppose fng#¢ .

Casey : suppose f-wansv.to g and fngsk
"'=D

Done last time . use exchange and round off .
Cases : suppose not . So we see either
intersection in → -

intersection in

the
;

-swim I t.EE#-e
✓

→

We reduce to the previous ease using
"MY

" trick
.

Apply small skeletal isotopes to f- and g to obtain

f
'
, g
' [ straight] Now & ,g

'
areas in case 1 .

with wtf) -wtf
'
) and htt

'

)allf) +E

w (g) =wlg ') llq ' )at Ig) te.

If Ing
'
= ¢ then we contradict corollary [say , ble

g is locally
"

above
"

f- I .

"⇐

÷i¥÷⇒i ."
map h :S

'
→Cmik)



Note wth) E wtf) =wCg)
However we may have llh) > ltf)=llg)
[by at most EI . So let Qi be the

angles of h about e. there we have
4i = max { Oi , ¢i3 [ the angles of t.GL
because h is Carl flat glb) ) below both fig .
So h is not balanced and we can reduce

t.io?.:deI::I*F#ff.nvertex down to reduce 11h)]
.

-

--

Q.com : Wheredo we see the 15.5
.

conclusion fCs7=gls
'

) of lemma ?
ANY : Define E4H = f-

'

lfng )
Its = g-

'

Cfng )
Either &A)=5 and we are done or E!
has a vertex on its

"

boundary ?
Picture of Itf) .
-

°

Exercise :

Give the details
.

F-

CIDTsirens .

-heorw (sphere] suppose M is closed conn three mfd .

Suppose M contains an essential sing . two -sphere
Then it contains an embedded ess two -sphere .



€7Abitofdg.topology-o.lemma-e.su/opoceM3iscptand oriented . Then
the kernel of the induced homomorphism
i* ! It, Cams → t.CM) has rank onehalf
that of ff, COM) . [This requires "three-dimensionality ?

If: Exercise . Miri Poincare duality 1
Proposition : suppose this opt and IT

, IMIEII
Then ④ all armpits of@M are two -spheres .

E) Them) is gem by LS3 forS com
Also compel

kmm#. : suppose this opt and IT
, 1M¥11

Then §jms3 = 0 . If om is zero in the %
Examples : 53 - u small three - balls has IT,III.
-n-

⑦ proofofspheoetheorem-iG.mn M dosed
connected three manifold with JTZCM)#II.
Fix K a triangulation of M . Fix fist-71Mt)
Assume f is PL min among ess sing two-spheres.
[so f is normal

, straight] .

Historiae : The issue for attempts to[prove this was trimmed
.

Before II. A)= sixes
. I there is some

"
hocus of non - injector.bg

" yes
' with ×⇒y , fatty,}



eased : suppose frs self transverse and
f-LID misses K

"'
.

This 2T is a union of transverse curves in S?

1%18%1: Ima
disk . Let Ncc)

be an e-neigh of ft) . Define N= YN4) .
Retire
-

:

€¥¥" F#¥.A
'

→ A
'

Note that N def retracts to fcs) so
8
,
CN7E ST

,
Cfcs)) .

⑦ the Cpapakyriakopoilos 19577
The brace of thetower
-

!

Set f. =f
.
No=N

,
Mo = M

.

So 52↳ No e Mo
--

ainbhgtour : we are given
5↳ Nec men

If I , CNN III set m=k
,
we areat the top .



tf¥i set Mh# Nah mm. cover.

Lift for to a map fI :S
'
→NIE Ma .

Let Na, be an Leven smaller) reg neigh
of Ids) in Mati . Finally restrict the
range to

obtain fax is→ Next
Theory

> Nac Mk = Else ,
-ftp. New , I Msei =NE-.¥: : :

A o
O o

I ←

s N
,
c M

,
= NOT

to =5- No c No = M

Rink :
"

projecting fee down gives f. = f.
Etihad B. composing the covers and inclusions]

f¥p : The tower is finite : I
,
CNNJEII .

PI : Note Is =# ftp.) is a finite graph and

Ethic I're .
So The sequence (Iia)

stabilizes

[Exercise: Prove the aboveI
If In, = In their Nest,→ Na is
a homotopy equivalence # .

[Again ExerciseI



step-son If fn is one to one then n=0 .

It : G=TiCNn→ ) is the deck group of
Mn→ Nn→ .

Pick 8 c-G non - trivial
.

Define gn=8ofn .
so gn , fn are evils .

and transverse . Apply 5.5 and do a disk

smojery if fnngn is non -empty .
so get

a smaller area map h : s2→M . #
Thus ofnngn = of and this holds for all 8e
G- 113 .

This fn- i was one- to - one # .

8*3 : fn is one - to - one .

With tn , Nn.mn as above : All components
of oNn are two - spheres , bk IT , CNN ) III.
Note [ tis c- IzCNn) is non-trivial federate?
Se : As {G31 scones compel} generate %lNn)
there are at least two non-trivial spheres
in that collection .
Suppose for contradiction that fn is not 1-1

.

we

Note w(oNn) Eswlfn) = 2wtf) #
ONN

Also lldNn) I 2114)tE=2l toe

straightening reduces LC0N by a chef amount
so lldNE) a 211ft .



Thus
,
one of the at least two less . amp-4

of own order has smaller weight
or has some weight and smaller length .
This contradicts the minimduty off .
Casey : Either f is not self - transverse or
Etf) meets K"! Apply Meeks -Kau : perturb
f. to by in case 4 but at cost of increasing
lif) by small amount .

Now proceed as in

cases of 5.5 . When I = S
'

then

f. is a double cover of a pro's . plane.µ
Main ingredients
-

:

4) PL min . surfaces [Taco - Rubinstein]
a) Exchange and round -off , and MY tricks
(3) the tower LPapakgriakofsoulu.SI ?


