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↳EmmA : SUPPOSE (X,&x) ES G-ITERBOLIC . SUPPOSE X
.y,z+X

WITH dy(yiz) < E . SUPPOSE On R< dy(x,j) , dx (x,z)
LET pe(X,j] , ge [X,z7 WITH dy(X,p)= dx(x ,q) = R .

THEN dx(pg) < 20 +E P
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GUERGENCE

BPOSITION : SUPPOSE (X&x) IS 5-HYP , WITH E, 1 .

SUPPOSE CX,YI
IS A GEODESIC

,
suppose (4) IS A SER Of FOINTS

WITH do=X
, %N = Y , dyKidin) < E . FEX ze[X,y] .

SUPPOSE dy(E,Xi)> R FOR ALL i
.
THEN EXP(-3-) =N

Bof: WEFIX GEODESICS Vi = [E , <:7 , WITH Go =<z,X]

Un = [z,y]
E

RICTURE :
--

X=Goo X ·

Z

·

gy= In

THS
, dy(Xititi) = 28+E CLEMMAl

.

WE DEFINE GEODESIC

TRIANGLES AS FOLLOWS :

XNI4

CONNECT XO ,XN BY GEODESIC , *WIS
IF Xi ,Xj CONNECTED ,

AND IF#
1j-i1 2 *e 8

Z



SET R=LE AND CONNECT X: TO XR AND XRTO Xj
So THERE IS A SEQ of TlogIN/T + 1 GEOD ARCS of LENGTH
EF From z TO Some Wit .

So

R= dy (z ,xi) = 5 logzN + J + 25+E
= GlogzN + 35 +E

so EXP(E-3-) = N A

CMOLLARY : SUPPOSE (915) TS -HYPERBOLIC AND NOT VIRTUALLY

CYCLIC . THEN G HAS EXP. GROWTH

PROOF : IF e(G) = 1 THEN USEPROPOSITION - IF e(9) = @
-

THEN LEXERCISET #

③ QASI-GEODESICS

DEF! A -GEODESIC IS A QUASI-ISOMETRIC EMBEDDING

OF AN INTERVAL
,
RAY

,
OR LINE (of IR or of 4)

THEREM ISTABILITY I FOR ANY O
, X , C THERE IS D=D(GX ,C)

-

AS FOLLOWS SUPPOSE X IS G-HYP
·
SUPPOSE 2: (a ,b)-> X

Is A (x ,c) - QUASI-GEODESIC SUPPOSE B = [x(a) , <(b)] IS A
GEODESIC . TN : < < NxlB,D) AND BCNy( iD) .
CHERE WE USE I AS SHORTHAND FOR L (29 ,b) 1.

CTuE :
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PROOF. SUPPOSE geB MAXIMISEs [d(q,X) / ge B3 .

SET D= dy(g,2) . THUS BLNy (4 ,
D) .

PICK preB
SO THAT : dx(piq)= &(g) = 2D AND pLg< VALONG B.

EIR POR NOTWELLDEF, REPLACEBY(2)
,<(b) AS NEEDED]

LET op! r'E L BE Closest to pir .

& SPICTURE :

pl +

↑ - Di
-

-
dial i G ~ B((b)

i - 4D->
so dy(p' , r') = 6 D.

FIX al
,
b' so Cla")= p" ,

<(b)= r! So Id - all =X6D+C
CONCATENATE TO GET X = [pip']</(a' b'] * [r ! r]
TAKE THE CORNERS PIPYIr AND INTEGER POINTS TO

GET SEQUENCE Ed WITH N = X6D+ C+ 1D + 4 ,
WITH

<= P , di = q ,
AND WITH dy Kin)< MAX (1 , x+ C3

SET E= MAXY1 , X+ e3 . BY PROPOSITION

EXP(E - 3-2) = (6 +2)D + (+ 4 .

LHS GROWS EXP'LY
,
RIS LINEARLY. SO D BOUNDED

IN TERMS of 1 ,2, 5.
ERCISE: FINDD' so << Nx (B,D') .

#


