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↳ THE FUNDAMENTALRESERVATION Of GEOMETRICGROUP THY

B : Suppose X IS A METRIC SPACE
.

SUPPOSEG ACTS

ON X BY ISOMETRIES
.
THE ACTION IS COCOMPACT
-

IF THE QUOTIENT SPACE GLX IS COMPACT
.
THE

ACTION IS PROPERLY DISCONTINUOUS IF FOR ALL KEY
-

Compact WE HAVE EgEG/Kngh#93 IS FINITE.
THE ACTION IS GEOMETRIC IF X IS PROPER, GEODESIC

AND GAITS COCOMPACTLY AND PROPERLY DISCONENCOUSLY

E: ACTING ONR IS GEOMETRIC

R ACTING ON R IS COCOMPACT BUT NOT PROP.DISCONTIN

G ACTING ON PLGIS) IS GEOMETRIC IFF S IS FINITE

LIF : SUPPOSE P :XP IS A GEOMETRIC ACTION . DEFINE

X=GIX AND

dy, ((x) , <yj) = ENFGdx(gx ,hy) (g,h+4)
EMA : () THE INF IS REALISED .

() (X ,dx1) Is A GEODESIC METRICSPACE . THE

METRIC TOPOLOGY EQUALS THE QUOTIENT TOPOLOGY.

PROOF: EXERCISES . It
-

EA <MILNOR- "VARCI SUPPOSE G:XG IS A GEOMETRIC

ACTION . THEN
-

-

6) G IS FIN GEN AND

() FOR ANY FIN GENSET ScG ,
FOR ANY XOEX ,

THE MAP

g+ g%o IS A QUASI-ISOMETRY FROM (G,ds)To (X,dx)



PROOF : SET X1=X .
LET INJEX' BE THE CLASS of X .

-

SINCE X' COMPACT IT HAS BOUNDED FLAMETER
,
SAYK.

FIX Xo X .

CLAIM : G.Xo IS K-DENSE IN X.
-

PROOF : FIX ANY yeX .
So dy ((xo] , (y]) <K .

So

THERE ARE g , LEG WITH dx (g .xo , h -y) = R.
so dx((h :y) ·Xo ,y) = K. A

SUPPOSE he D .
FIX PEODESIC C = [Xo , h

:Xo]
.

LET ( :)t BE THE END-AND INTEGERO POINTS

of X. # ↑
-quixpo xoYo Lek

hiNo
13.Yo NW1Xo

So HAVE (hi) <G WITH ho= "g ,
hw = h AND

d (i ,hixoK . So dy (hixo , him,X) = 2K+ 1·

SO FOR ALLi HAVE dy (40 ,(h: hit)-Xo) =2k+ 1
.

B=By(o ,[K+1) IS A CLOSED BALL So COMPACT.

so S=EgeG/BngB] IS FINITE . THIS IS THE
DESIRED FINGEN SET FOR G. (1) .

BY LEMMAT2OLS-01-22] ALL WORD METRICS ONG ARE

COMPARABLE . SO SUEFICES TO PROVE (9
,%)+ ( ,dx)

IS AQUASF-ISOMETRY,

Suppose gEFIS) IS A GEOD. WORD FOR (a ,5) .

Suppose g = g ,9293--gn
For gitS ,

n= 1gls

so ........
94

Xo 9.92Xo 9. --In-1-Yo



IS A PATH IN X .
So dy (4o , g .Xo)< (2K+ 1) · Igls.

FERCISE : 1glg= &x(Yo , g .Xo) + 1

[HINT : CONSIDER C = [X0
, g.XoI El

②MARTES//EXERCISE -
1) WITH E THE FREE GROUP of RANK 1: Fr IS QI TO Fr
FOR ALL Min,2.

[OR COULD USE FINITEINDEX SUBUPS...I

2) SUPPOSE g > 2.
THEN D,CSg)QI To H?

MORE GENERALLY
,
IF M IS A CLOSED

,
CONN

,
RIEMANNIAN

n-MANIFOLD
,
THEN I

, (M) IS RI TO i TUNIX . COVERI

3) Suppose H < G FIN INDEX. SUPPOSE S.T ARE FIN . GEN

CETS FOR 1 ,4 .

THEN in : (H ,d) -> (4
,%) IS QI . @

Allow G=H.

4) SUPPOSE H IS FINGEN BY TS RESPECTIVELY
.
THEN

i : (H ,d+)-> (h ,ds) IS QI-EMBEFF HIS UNDISTORTED.

#g)IS QI TO Fr IFF g
= n=

⑤ CYLLIC SUBGROUPS ARE UNDISTORTED
-

THEREM : SUPPOSE (PS) IS 5-HYP·

SUPPOSE gE4 IS NOT-

FORSION
.
THEN I-G IS A QI EMBEDDING

n + g2 [ <g) IS UNDISORTED].
PROOF : RECALL (p(g) IS QUASI-CONVEY ,

SO IS FIN
-

GEN
,
SAY BY T<C

> 19).

ERCISE(C, ()) = n ((t) IS THE CENTRE
teT

of C, (g) , AND IS QUASI-CONVEY . SO Z=E(
, (g)

IS ABELIAN
,
IS FENGEN

,
IS UNDISTORTED

So ZE TRAC? SO I*Z IS FIN INDEX.



So<Z <DIS UNDISTORTED . So k=1

[As =(g)Z It

↑


