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1. INTRODUCTION

Groups are algebraic objects, consisting of

e aset G and

e an operation G x G — G, written (a,b) — a-b
satisfying three axioms:

(1) There is an identity element e € G satisfying e-a =a-e =a for all a € G.
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(2) Every element a € G has an inverse ! satisfing a-a ' =a"!-a=e.
(3) Elements satisfy the associative law, i.e. (a-b)-c=a-(b-c) for all a,b,c € G.

But this algebraic definition hides the fact that groups are closely tied to geometry. The basic
observation is that the symmetries of a geometric object form a group, with the operation of
composition.

The goal of geometric group theory is to understand a given group GG. The method is to
e find a geometric object X on which G acts as symmetries, then
e study the geometry and topology of X to learn about algebraic properties of G.

This idea is as old as the definition of groups, but has become more and more developed and
powerful as time has passed. Here are some of the key figures in the history of geometric group
theory:

1.1. Evariste Galois (1832).




Galois introduced the notion of a group while studying field extensions. The groups he studied are
now called Galois groups.

1.2. Felix Klein (1872).

Klein had the opposite goal from what we stated above: he wanted to understand geometric spaces
(Euclidean spaces, projective spaces, hyperbolic spaces, etc.) by using algebra to study their
symmetry groups. This is known as Klein’s Erlangen program. It helped to establish the deep
connections between geometry and group theory.

The symmetry groups Klein studied were continuous groups, in fact the groups are themselves
manifolds (i.e. they are Lie groups).

However, the main focus of geometric group theory is on discrete groups. This means they have
the discrete topology, i.e. every element is both open and closed.

Example 1.1. the real numbers R form a Lie group under addition. The subgroup Z of integers is
discrete. The group Z can be thought of as a discrete subset of the line or as a group of translations
of the line.

1.3. Henri Poincaré 1895.




Poincaré defined the fundamental group of a topological space, showed the universal covering space
of a closed surface can be identified with the hyperbolic plane, and identified the fundamental group
of the surface with the deck transformations.

1.4. Max Dehn 1911.

Dehn studied groups by looking at generators and relations between the generators. He asked three
algorithmic questions that are still basic questions in geometric group theory. Namely,

(1) The Word Problem: Is there an algorithm to decide whether or not a product of generators
is the identity in the group?

(2) The Conjugacy Problem: Is there an algorithm to decide whether or not two words in the
generators are conjugate in the group?

(3) The Isomorphism Problem: Is there an algorithm to decide whether or not two groups given
by generators and relations are isomorphic?

In 1912 Dehn gave algorithms that solve these problems if you know your groups are fundamental
groups of surfaces. He did this by realizing the surface group as symmetries of the hyperbolic plane,
then using hyperbolic geometry.

1.5. Albert Svarc 1955, John Milnor 1968.




These two independently studied what are now known as quasi-isometries between metric spaces;
these are maps that preserve the metric approximately, but not exactly. They proved the Svarc-
Milnor lemma, which is sometimes called the Fundamental Theorem of Geometric Group The-
ory.

A group can be made into a metric space, by choosing a generating set, then defining the distance
between a and b to be the minimal length of the element a~'b as a word in those generators. The
Svarc-Milnor lemma says that a metric space with a sufficiently nice group action is quasi-isometric
to the group itself.

1.6. John Stallings 1982.

Stallings introduced ingenious topological methods for the study of free groups and their automor-
phisms.

1.7. William P. Thurston 1970’s.

Thurston studied 3-manifolds by studying their fundamental groups and their action by deck trans-
formations on their universal covers. He conjectured a complete classification of 3-manifolds ac-
cording to the geometry of their universal covers. This classification was proved to be correct by
Perelman in 2000. It included a solution to a famous conjecture of Poincaré, which says that the
only closed oriented 3-manifold homotopy equivalent to the 3-sphere is the 3-sphere itself.
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1.8. Misha Gromov 1987.

Gromov is primarily a geometer, who promoted the idea that one should consider groups as metric
spaces, using the word-length metric described above. He injected a large number of geometric
ideas into the study of finitely-generated groups, for example he defined notions of negative and
non-positive curvature that make sense for groups. He proved in particular that negatively curved
groups (now called Gromouv hyperbolic groups) have many strong algebraic properties. Although
geometric group theory has historical roots in all of the work mentioned above, its emergence as a
distinct field of mathematics can be attributed to Gromov’s work.

2. COURSE TOPICS

e Free groups and ping-pong

e Brief review of fundamental groups and covering spaces
e Cayley graphs

e Group presentations and presentation complexes

e Quasi-isometries

e The Svarc-Milnor Lemma

e Brief review of the hyperbolic plane

e Surface groups

e SL(2,7).

e Definition and examples of Gromov hyperbolic groups
e Properties of Gromov hyperbolic groups

e Definition and examples of CAT(0) groups

e Properties of CAT(0) groups
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