
Gromov hyperbolic metric spaces

Definition Let 8 0 A metric

space X is 8 hyperbolic if geodesic
triangles are d thin each side is
contained in a d neighborhood of the
other two sides

A metric space is Gromov hyperbolic
if it is d hyperbolic for some 8 0

From now on we will assume all metric spaces
are proper geodesic metric spaces unless otherwise
noted

Notation x y means a geodesic from x to y
Geodesic triangle's in a d hyperbolic space
Let Δ be a geodesic triangle with
vertices a b c

Let e a b Then d x a c a J
or d x Cbc d assume the former

b

Let y e
a c with d ax d a y

a
8 Then d x y 28

y c



proof 2 cases
b

b

and
a

a fi C
C

closeups and I

adf.p.atkartsert8

sad

day star 2g
restorsed

dlx.gl It r s 28

The internal points ofthe triangle are the
points a e bic b e a c and c e a b with

d a c d a b b

d bid d b a
dle.at da

a c

To seethey exist consider a triangle in 1R
with the same side lengths then draw

B
the largest inscribed circle

d A

A go
c

Then d a c d b c and d b c

are all 48 two ofthem are 28



If e a b and y e a c with
dla x dla y and d xy

28

then d x bic d and d y b c d
G

IIIy
b

If e and y e
a b

dand d ax d ca y

Then day 65
a iff

So we have the following picture
of a geodesictriangle
Draw geodesics join
points at equal distance
from corners

The blue geodesics have length 60
The red geodesics have length 245



Theorem Let f X Y be a quasi
isometry between proper geodesic
metric spaces If Y is hyperbolic
then so is X

Proof let 1 C K be the constants for f and
suppose Y is d hyperbolic

Let Δ be a geodesictriangle in X
with vertices a b c We want to show it is
8 thin for some d
8 will depend on 8,7 E K

ie For E a c we want to find y e
a b in b c

with dex g 8

Look at f O C Y

Y

There is a green geodesictriangle in Y
with vertices fla f b f c



Suppose we know that f a b and f a f b

stay a bounded distance apart ie

m m d s t a b f a b C Nm fca f b

and f a f b Nm Fca b

Then we can finish the proof
Y

i
if

Find p e f a f b we d fix p m Then find
q e f a f b w d p q d Then find z on f a b

with d q 2 m So altogether d f x Z 8 2m
Now z fly for some y

so It 2m d textfigs d x y c

ie dixg
81 118 2 Mtc



This argument depends on showing

To prove we will first show that geodesics
diverge exponentially fast

But theydon't necessarily
ey sesterce
However if theyget sufficiently far apart
they do

Theorem Let X be d hyperbolic e X
and 81 0 geodesics starting at
paramaterized by are length

Suppose that d 8 R 8 R 26 15
for some R 0

Then there are constants K µ such that
for all no

dear 8 Rtr r Rtr Kent

where dn p q is the length of the
shortestpath joining p and q that stays
outside BN x



Picture

lb Ken
iiiE II

Pr
since d r r 8 R 28 we know

both 8 R and 8 R are within 8 of
the geodesic from 8 Rtr to 8 Rtr

28th 28

t.iiifi.IE.ie
82

This in turn implies
d r Rtr 82 Rtr

So there is some n 0 s t 2 l p 2



If we take midpoints a times
we cut β into 2 pieces each

of length between and n we will use
the fact that all the midpoints are

outside Bpa X to estimate n

and therefore l p
First t

Rtr dlx mi Rt 28 d Rtr m

Rt2d 1

Nextmidpoint

ii
Ér

Rtr d x ma Rt38 d mma Rt 38
1



etc after n midpoints youget
r d x mn Rt mild 9

Rt Ntl St 1
so r ntl 8 1

so n 1 8 152

Then ICB 2 em K

Definition Let ICIR be a closed interval
A quasi geodesic embedding α I X
is called a quasi geodesic
ie A C s t

Ir sl Ca d air as A r s c

If a b is an edgeof our triangle in X
and 8 I a b a parametrization by
arc length then α for I X
is a quasi geodesic with image f

a b

So to show we want to show

quasi geodesics stayclose to geodesics



To prove this it is convenient to
assume quasi geodesics are continuous
But quasi isometricembeddings are not
necessarily continuous

We can get around this byproving that
there is a continuous quasi geodesic
that stays close to α ie

Lemma Given 2 a b a A C

quasi geodesic Then there is a continuous

7 2177C quasi geodesic β a b X
st

β a α a p b α b

β C Natc a α C Natccβ
and
If site a b then

l β sp
7 d pls pH Cl

for constants 7 C depending on 8 7,6

Proof let mine ank betheintegerpoints inCaib

at
c fans Tito

has any aing
b



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

Connect a to Cni ni to not and Mc to p
by geodesics β is pkt

differ Ithaca
2cal βz 2192 84deny PK βkt

Then l pi d nad ini 1.1 0
foralli

2
1 0

So β Nytcla
and Natch Him

To see that β is a quasi geodesic check
the inequalities

Note d α s p s 2 Atc s

So d pls pal d p s as t d test t d act β t
4 c d s α t

4 c 71s t1 C Is the
and 1s t A d s acts CA

d s pls d pls pct d pct t CX

Y Atc dlplss.pt CA

so d pls plt 1s t 4 Atc

15 11 C



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

It remains to prove ie we want
to hound the length of β from p

s

to β
t in terms of the distance from

β s to β
t

aye

I
ftp.cnn.noFins β't Int

d β is
C Lens 2 Atc

C t s 3

c f d β's pies c r 31 4

d pis p t c C 31 0

7 d pis pca C



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Theorem X a 5 hyperbolic space
x y

e X α a A C quasi geodesic
a αlbJ y 8 a geodesic from x to y
Then there is D DIX C s.to

8C ND a and α C ND x

P1 Lemma shows wemay assume α
is continuous and

latest Ad as C

8C Npa
viii

Idea Find z e 8 as far as possible from α

say distance
r show r is banded

by a fan D DITIC

Details



Find ze 8 with largest possible ball Brez
disjoint from α

L

www
mil

The green path stays outside Br z

youmightworry the geodesic from b to o entersBrez

But it can't

n.i.fi
ff

of
Now a a area so length of
green path

from u to vis

dx a r G t.br C

since dx air 68



So the length of the entire green
path is X.br C 2r

But the green path has length Ke
for some K µ since geodesics

diverge exponentially fast

Keur lengthofgreen path 67 2 r C

sine exponential functions grow
faster than linear functions

this means r D for some

constant D which depends on

K N C and km depend on 7,0 d



Still have to show α C Ny 8 ie given xe α
thereis ze8 s.t d x 8 DE D x0,8

Proof suppose not Let u u be endpoints

of an interval on α that leaves ND r

α

son α

21
Np8

ninthia

Decompose α α v9 v α

Let zes 2 is not close to anythy in
but by the first part it is close to
some point in α so it is close to

do or α or both

It starts close to do on the left then is close
to α on the right Since α and save continuonous
it is close to both at some e in between



proof 20,8 continuous d 814 20 continuous

4 8 continuous d 841 α continuous

t o I 814,20 0 t 118 d 814 α 0

So the graphs of two d 814 i cross

at some point t m

2914207

myoh

Let 2 8 m U s Ed 62 24 Ed

with d Z U dcz.az D

lk est Adks C X2D C

everypointof is within D D XD
from a point of 8
ie α Npi s



This theorem is what we needed to

complete the proof that hyperbolicity
is a quasi isometry invariant



Hyperbolic groups

since hyperbolicity is a quasi isometry
invariant we can define hyperbolic groups

Definition A finitely generatedgroup G is

hyperbolic if it has a hyperbolic Cayley graph

Examples

Finite groups 6 6,5 has finite diameter

FCS

6 FCS s is a tree In a tree

triangles are very thin b

aol.ro
in fact trees are 0 hyperbolic

272 is not hyperbolic for any 6
we can find a triangle T
whose third side is not

contained in a d
neighborhood of the
other 2 sides



Sg g 2 acts properly and compactly
on ID so is quasi isometric to ID which
has thin triangles so is Gromovhyperbolic

Since 6 Tsg Ti Tt Sg T D

6 Sg is also hyperbolic

SL 2,2 acts on 1H properly but not
co compactly so can't use that to
decide whether SL 2,2 is hyperbolic

let D z 121 1 and Recz
Claim Translates of D cover HI

ie if we HI then we 8 z

for some 98 e SL 2,2 and Ze D

D

2 I 8

The quotient 8L 2 1H stab DMD FI
is called the modular curve

by algebraic geometers and numbertheorists



Proof

Claim For any w e HI there is some z 8 w

with ImCz maximal

pf G w 98T has imaginary part
Ém 2 This is Imcw iff
Icwtd1 ie ext d y
There are only finitely many integer
solutions to this inequality so

Im 98 w has a maximum m w

Now let z 98 w with Im z maximal

1
z

E d W Translate z to z

in the strip Reca

W by amatrix ok

to I

claim 12 If not then 8 Z
has imaginary part

Imff I Im z contradicting

maximality of Im z



Now inside 1H we can find a tree T that
is invariant under the action of SL 2,2and has compact quotient namely

T w m w 1 ie

these are the images of
ofthe bottom boundary of D

a a an An
2 1

So SL 2 T

SUN and SL 2 is hyperbolic
No



Properties ofhyperbolicgroups
How can you use the geometry of the

Cayley graph to prove algebraic
facts about G

theorem If G is hyperbolic then it has a

finite presentation

Idea let S be a finite generating set for G
We want to find R E F s such that

anyword w in the generators that
evaluates to the identy eg is

a product of conjugates of elements of R
Since w eg it gives a loop in 6 6 6,5

Key In a hyperbolic space long loops
have short segments that are not

geodesics where short depends only on 8

Not true if 6 GS is not hyperbolic
Eg Look at 6 2 lo oil In a

kxk square every segment of

length k is a shortest path
ie a geodesic



Here's a precise statement

Proposition If w is any loop in a d hyperbolic
Cayley graph 6 it has a segment of
length 88 that is not a geodesic

The theorem follows Let R be the set of all
words in S that evaluate to ee and have
length 168 this is a finite set
Then w contains more than half of a relator
If d w 16 8 it is a relater Otherwise

288
W Draw a geodesic

eg of
88

Then has length 168 so is in R

Then w URI W

with w shorter than w and we can

continue until w is a product of conjugates

of relators



To prove the proposition

suppose all segments of a path that have

length 88 are geodesics
Let 8 be a geodesicbetween the endpoints
andXz of T

Lemma E Nos 8

so if is the loop w it is contained in Boolean
But if w has length 168 and all
segments of length 88 are geodesics
then w leaves Boglea

Proof of lemma Let z be a point on T

L

If T is a geodesic then d 2,0 8 so wearedone

consider the triangle with vertices x 1 Xa Xa
In fact
If d t x2 d 8H Xa then d Z 841 28



If o isnot a geodesic draw geodesics Xo z and

mark points p p on them at distance 48 front

z

Z cuts T into two pieces T from X to Z

and T from z to y
Mark points ai on Ti at distance
48 from 2 along so the segment a to a is

geodesic

idiina

9T depi ai
228

so dip s c

88 28 28 48
d Pip 28 so d pi 8 48 so

d Z 8 58 and we are done



To provethe claim we'll induct on the length ofthe Ji
If Ji has length 88 it is geodesic
so d piai 225

If suis not a geodesic cut off another 40
piece at a point w

y

This is the same picture we had before but with
shorter pieces and o from w to z is alreadygeodesic

Fi 48 z

so by induction d r c 28
so d ais d ane d r c

88 25 65
So d ai X z 8 and d ai pi 25 to

The proposition wejustproved can also
be used to show that a hyperbolic group
has only finitely many conjugacyclasses of
finite order elements see Exercise sheet



Dehn functions
Suppose G is hyperbolic and let

G SS R be a presentation

If w e F s with w L in G
then w IT hrin for ri e R

TheDehn function of SIR measures the size

of k as a function of Iwl ie

Def The Dehn function d 22 27
is

max min K w brind e
wise weeo

Also called the isoperimetric function
sayshow many 2 cells in the Gayleycomplex

you need to fill in a loop of length
in the 1 skeleton Gayley graph

For the presentation we constructed R
wards of length5168 we showed the total
number of relators you need for a word
oflength e is e

ie d is linear d altb a 1



It turns out the Dehn function
for any presentationof a hyperbolicgroup
is linear and in fact this
characterizes hyperbolic groups

They is hyperbolic if and only
if it has a linear Dehn function



Subgroups of hyperbolic groups

A IS G is hyperbolia it cannotTheathtain
a copy of 22

Theorem B If G is hyperbolic and infinite
it has an infinite order element

Theoreal If G is hyperbolic with

infinitely many ends it contains
a copy of F2

Let G be a hyperbolic group Theorem A
follows from

Preposition If ge G has infinite order
then g has finite index in its
centralizer Cags

Proof Let he Ccg ie hg gh
Choose t large enough so that

d 1 gt 5 d t n



Let 8 be a geodesic 1 to gᵗ
a geodesic 1 to gᵗh hgt

y midpoint of
d hr in gEgᵗh

Ld
r yd

a xd

8 5d
1

g
since l T 4d y is not close to
the interior points of either triangle

sothere are ue 8 ve hr s t d a
gd r g 65 so d a r 125

hr in gEgᵗh
c

T Y
1 60

8 U

g

f suppose we know i g is a

quasi isometric imbedding

Then we proved g l ist stays a bounded
distance from 8 ie FK i j

st d gi u K

dings r K



hr adf.in.gEgth
T Y

a

I

Egi
g

so d gi hgt 2kt 125

d 1 hg
i

2kt 128

So the coset h g enters B 21 125 t

But Bakazo 1 is a finite ball and the corsets
of g in Csg are disjoint so only finitely
many of them can intersect B2k 28

We just proved they all do
So there are only finitely many ofthem

Corollary If G is hyperbolic it
does not contain 22

Pref the centralizer of any ge272 is
at least all of 22 and doesn't havefinite
index in 22

We still need to prove



Proposition suppose geG has infinite
order Then the map IN G sending
n g is a quasi isometric embedding

Proof Since g has infinite
order g

leaves every ball
around 1 in the

Cayley graph 6

We need to find A C s t

C delings As C

The RH inequality is just the triangle inequality

let A diag t.fi f f.g

Then dings As

The hard part is the LH inequality all g A C

We will show
There is N such that for any k 0

d 1 gNʰ k

in fact N 3 i gieB.mg t works



Ida del g 1

d 1 92N 2

g etc
d 1 gkN h

Then for Nkes Ntik

4
2 9 g can onlygo a banded

distance back into Bk

ie For any s write s kN j with j N

and let m yay
d I g

then d i g all gk d gkNghNJ

del gʰN del gi
k m

Isf m In Itm

To prove E we will first bound howmany gi are
in Bee for a given k

Intuition Suppose gieBe For t large
a geodesic quadrilateral with ventures 1 gi gᵗᵗᵗ
is
very thin

at the center

8 i
go IF gittBk go g8

gᵗBk



so you expect the top and bottom midpoints to be
at most k apart ie a x y k

Since G acts freely on 6 midpoints of the geodesics

g 8 are alldistinct Since they all lie in Balx
there are at most 2k 1 ofthem

ie i gieBae 2kt

But your count may beoff becauseof 8
Here is a formal argument

Fix k and choose t so that d 1 gt 8kt 128

gi 8
5

1 gᵗ
By gᵗBe

Draw geodesics 8 from 1 to g from g'toget
So that 8,5 andgir to gatherwith geodesics

1 gi and gt gtti form two triangles T andTz

g gig gᵗ
sk
t T1 T2

gid
J

Boe gᵗBu



Because d I g is much larger
than k the theaters of T are

close to Bk

8 gig get

1 ifJ

Be gᵗBk

So points near the middle of and that
are the same distance from gt have
distance 68

Similarly points near themiddleof T andg's
that are the samedistance from g are at most 68apart

Let midpointof m midpointof T and y modptofg't
gᵗg fi

1
ft

Bk gᵗBk



Let y
e r bethe point with d g yi d gigi

x E 5 the point with dlg't d gtx
and yi e 8 the point with d gt yi d gigi

gᵗg
1 in
BK gᵗBk

Then dly m g gᵗ d gigi

similarly d x m Yale so d x y k

l.fi

dfyi.fi and d y y are both 68
so d YiYi 128
ie Yi is in the union of 2kt

balls of radius 125

yd

II



Let C vertices in Biz
This says Yi is one of 2 1 C

points
since the yi gix are all distinct
there are at most 29 1 C elementsgi
with gie Be

So for every k there is some number eck 3C k
st d 1 gecks k where ilgieBro

Since d I g i dog we also knew eck k
act g

so elk 3Ck

Weclaim for all k d 1 g k

Prof supposenot re there is some k with

d 1 gecko ko e with 31

For any k write elk m 3C hotj with j 30k

Then d 1 g d 1 gm
b

d logs
m ko e

g.MY gs

M ko M E C

Since elk ng we can make e de and
therefore m arbitrarily large



So for k large enough mko met c mko
So

dll.ge ma He 3
c k

contradicting the definitionof elk



Infinite order elements of hyperbolicgroups

Theorem B If a hyperbolicgroup
G is

infinite it contains an element of
infinite order

To prove this we use the concept of conetype
of an element in a Cayley graph

Definition
let 6 6 Gs be a Cayley graph
and ge G The cone type

c g is the set of words 0 such that

debgr d I g Ilo

Ie if r is a geodesicpath from 1 to g
it's the set'g paths starting at g suchthat the concatenation 8 v is a geodesic

1 nov

5 72 4,0 com has core types
10,0 is all geodesicpaths
C 1,0 is all geodesic

paths from10,0 to offfemin with m o

CCI D is all geodesic paths
in the first quadrant



Notice that isometries dontpreserve coretype

2 F has 5 cone types CCI all geodesics plus

dha b

data Fat Ft Tcas
5

Note clg onlydepends on the last letterof g

Proposition A hyperbolicgroup has onlyfinitely
many conetypes

P
e claim that the core type of g isdetermined by the tail
T g u e Bartz I do g a d b g

since Bertz is finite this implies there are only
finitely manypossibilities for T g so for cly

so supposeT g Tlg To show dg dg we

will induct on the length elo

If 1101 0 this is trivial so assure 110



So assure l v 1 and suppose ve dg
Write v us with s e S l a L r 1 so

by induction we cg

g 1 bluepaths are geodesic

t.EE

Suppose g'us is not a geodesic Draw a

geodesic w from 1 to glus mark ew with
d t X d ig 1

If hew all a delig
then d h g 60

1 digix 68 1268 2

So a geodesic 2 from g to x is inTeg

hw d 1 x d x w dll g I dfx.ws d ligi at 1

dlx.ws a 2 a I



Tlg Tly zeT g all gz dll g
Let r be a geodesic from 1 to gz
Then the path T.ws has length

all g elult dll gus
contradicting the fact that the pata gas is a geodesic

Corollary If G is an infinitehyperbolicgroup
it has an elementof infinite order

Proof sine G is infinite and balls in 6 6,5
are finite we can find arbitrarily long
geodesics starting at 1
Choose one that is longer than the number

of core types it must contain two vertices
with the same cone type 8

d bar da e d o
Since 8 is a geodesic or is in the

core type of u



Since u and ur have the same conetype
is also in the one typeof an

t.IE rsod

l uv2 d l a 2 eco
so v2 is in the core typeof a
So v2 is also in the core typeof ur

t.eu
so d 1 uv3 d t u 31 a

etc d 1 urn d i n n du for all n

since d t un del aun d 1 a

as ma U has infinite order



Free subgroups ofhyperbolicgroups

Theorems A hyperbolic group with infinitely
many ends contains a copy of Fs

Idea use 616,5 as a ping pong table ie

find A B 66,5 such that B A
and

a B A
b A C B

Inspiration elements a ESL 2,2 with trace 2

have an axis αa and a acts on Hl by
translating along a picture in ID

i is
For 1m 2N everything in the unshaded
area below is taken into the red shaded
area by am

i Ja
as in

as

i
ai and ai are points at a
and the red regions are
N neighborhoods Vail andUnlad
of these points Let A Unlan u Un a a



If b has an axis with different endpoints
i
a

bi bi let B Wb oVn bi
r n

then for N largeenough An B
and for m large enough w̅ b o
akMB A k 1
b A C B

so a and b generate a free group

We want to show there is a similar picture
for a hyperbolic group acting on its
Cayley graph

If G has infinitelymany ends it is infinite
so has an element g of infinite

order

we know the map IN 6 sending in g is a

quasi isometric embedding we want to define a

a limit go ofthis sequence and a neighborhood Vp go

We use the Gromor product for this

Def let x y w be points in a metric space
The Gromov product x y w is defined by

x y w d wix d wy d x y



Example In a tree

g
x

In general Redpoints are the

w g
interior points

Def A sequence x 3 ie IN converges to

write x 3 a if

for every R 0 there is N such that i j N
Xi Xi w R

Example ris are points on an infinite
geodesic ray

in 6 starting at w

with d w ri α

pW
if it is 54

Then
Cri row Min dWpi dew Pp so ri

Does x y w depend on the choice of w



Lemme Gag w d w x y x g not 28

Proof The second inequality is true because at
least one of d x w or dly w is 20

For the first choose to x y with d wit d wix.gs
Then
d w t d wit dlw t

dlw x d x t day dly t

ty dux day d x y
x g w

x 3 is independentchoice
of w

Suppose a w We want to compare

Au and Ca X w Let r be a geodesic
from to Xj Xi

8

Xjw̅



Xi Xj a d U 8 d a w d w 8

d a w Xing w 28

So if Xi Xi a a Xi Xi w too
and conversely

Now I want to define a point at a to
be a sequence X 3

But different sequences can converge to
the same point

ii
So define Xi yi if

Xi Yi w a as i a

Want to say this is an equivalence
relation and define a point at a

to be an equivalence class

But If X is not hyperbolic this may not
be

an equivalence relation
example in the Exercises



Proposition If X is hyperbolic then is

an equivalence relation

Reflexive and symmetric are obvious To prove
the proposition we just have to verify transitivity
i e Suppose Xi a

y 3
a z 3 a

yis andEy3 Z 3

To prove Xi z 3 we need to understand the relation
between Xi Yi w Cyi Zi w and Xi zi w

Intuition In a tree there are 3 cases

depending on which of X Y or z is closest
to w

Z
X

Ff y EffzX

Worf y
f

x g w y z w X Z w

in all cases x 2 w min x y w ly.tw



In a hyperbolicmetric space the picture is just
a slightly fatter version of this one

yw

z

Emma In a 8 hyperbolic metric space

x g w Min x.z w Czy w 38
for any x y z w e X

Proof Consider geodesic triangles with
vertices w x y and x y Z and let

Wiy 2 be the internal points of Δ wxy
ᵗ

y it

No y

t

y
One of d y w d x w

is 228
W

x One of d w Exiz dew yz
is 8

So X y w 38 min d w x z d w y z
min Xiz w Cy 2 w



Proofof proposition Since x t w
a and

y z w
a the lemma shows x y w ie

Xi y

So now our points at infinity are well defined
we'll call them boundary points x ed 6

We next claim that gi a We know
i n

g is a quasi isometric embedding

Preposition Suppose Xi are the vertices of a a c

quasi isometric embedding IN X Then there is
an infinite geodesic ray p and a constant K K x48
such that Xi C Nk p and p C Nk Ex 3

If Choose a geodesic Ti from w Xo to Xi
for each i

is

An infinite numberof Ti agree on B w since B w is

finite Let p be the first edgeofanyof these toAn infinite number of the ti that contain p agree
on Balw

let p be the first two edges of anyofthese Ji



continue passing to subsequences of the to define

Pi Pa Psc
and let p Upi This is an infinite geodesic rayWe know quasigeodesicsstaycloseto geodesics ie
There is a constant K dependingonlyon 5,7 and C
such that

j i Xi Nk Tj
and Tj E Nk Xi is

This implies Xi Ndp and pc NK 3

Let N d t Xi tk and choose i such
that if p N

1

rs

Let r nearestpoint to Xi on Jj so d Xi r 13

Then d t r d t x K so r e p n
c p

ie Xi Ny p

If y e p then yes for some j so Xi i j
d x y K ie p C NK 3

Corollary is a and 3 p i

Prof



We have the following picture
I S

i hi 1
pFj

Xi X min Xi ri Xj rib
min xi.ro u Xj rjI Cri rj w3

Now

Xi ri w d w iris 28 d w Xi K 25

Since Xi is a quasi geodesic d w Xi a

So Xi ri w d w iris 28 d w Xi K 25

and ri.rs w min d w ri d n r

min dlw.x.tk d w xp k

Therefore Xi Xi w and 3 Sri

Furthermore ri pli since d w ri and d w pros
both a Be



So we
may define go g i o

Next task show go g
ie gi g

i

We know there are geodesic rays ptand p and a constant K

g

P
g

1
I Pt

digipt K d g p K
and d pth Eg's K and d p

k
g is K

I want to find an axis twg.iea hi infinite path α such that every
segment

is a geodesic and a constant K
such that α Nk gis and g 3 New

α I 9 I 9K 183

g g
182



ie I want to avoid the following picture

Ias gi and gis go to the
Ig g same point at

Proposition there is a bi infinite
geodesic ray

α such that i go
and ti go

Prof let α he a
geodesic from g tog with

midpoint Mi

Look at the geodesictriangle with vertices
g gi and

t.it

fi



Since this triangle is isosceles Mi
is the interior point on the side g

i

g
so

all my gigi 25
d 1 g d ligi d gigi 125
d ligi d 1 gi d i g 28

g iswithin Kofte geodesic

t.deffe.Igeifrm1togfdd
l x 7d l gi k
d x g del gi K

so d 1 g diligi d i g 2k
d ligi d ligi d ligi 2k 25

so all my 24 45 4 25

So the midpointof every 8 is in Bresll
So an number of mi are the same

call it m

t.fr



Passing to further subsequences we may
assume the 8 agree on B m

then on Balm etc Let an 8in Bncm
so M E α C α C

Set α U i Any segment of α is in

some 8N so this is a bi infinite geodesic
and there is a constant K such that
gi C Nk a and α E Nagi

Corollary go go

proof there is arbitrarily large i such that

the geodesic from g to gi passes
through M

ee

so gi gi m 0 so

gi g
i



To play ping pong we need another

infinite order elementh whose axis has
endpoints ha ha different from g a

The existence of such an h follows from
the fact that G has infinitelymany ends
so the centralizer of Lgs is not all of G
Let he Grags
We may assume neither g nor h is a

proper power If gigok or h hot with
Keo replace gby go h by no

Assume in addition that G is torsion free
this is not necessary but simplifies the argument
Then h has infinite order and

gh hg g he high
for some kid 0

We need to show go he

Lemma For any Ro there are at most finitely
many pairs p q with d g 48 Ro

Proof Suppose there are infinitely many
such pairs Since Bp.lt is finite



amongthem we can find infinitely many pairs
pi q page with Pi ps qi 85

ng
P g

1 fro far Ro

4 nz

i e d 1 gPb Ro for all i

Finiteness of Bp 1 now implies that
for some it

grip JP 5

495 qi gpi ps 7

so 4 5 Ei and gpi Pi are

non trivial and commute

so ghang
So to prove g the it suffices to prove
the following Lemma

Lemma If go he then for someRoso

there are a manypairs pig with d g Ro



Proof Let p and s be geodesic
rays starting at 1 within distance
K of Egis and 3h _Then

Pa go he to

Let Pi and Oi denote the vertices on p and
T at distance i from 1 We
claim that d pi ri d for all i

If not fix N with dlpn.tn D 28

Then pi g Ed 1 pi.TN Ntd
for all i j N

PN
PP p

t.IE r

This contradicts our assumption that

f To ie pi til a

For each i there is at least one g
within distance K of pi and
at least one h within distance Kof To

Therefore we can find infinitelymany distinctpairs

g no with d gP no 2K 28
8
4,4 I Pitik Pg

drink



We now have Now we need the

neighborhoods

g g x ̅ha ha

Lemma FRO s L min
the geodesic g h intersects Bp I

Proof g 3 a quasigeodesic FR s.to

Hi n i n d g I g Ri

t.IE I

Choose p et d GP his 2R.to
a

dex g 5it

iitf

Then d 1 gm.hn dllsgf.de



Lemma For any e

Let Tigx nearest point on gi to
Make the choice invariant under G action

Iffx

Define tax similarly
Claim For some M 0 either d 1 Tax LM

or d 1 Tax M

IgX g

1

n

prod

i
d 1 Tax d bp d p Tincx

d lip d p p
do p d pot 2d



Now we can prove the theorem

Let X x Tyx gm d 1 gm M

dcl Tn x M

X x Thx h d 1 h M

HE
ei's in Xs

g

4 a

Xze X2 d 1 In X2 M

d 1 Iga M

Tg 99 2 9mTg x2

d 1 Igg d 1 gm d 1 Tax
del gm M

similarly xeX
d 1 In Chixe d Isbn M

So if un n are bigenough all gm d 1 n 2M

so gmXzCX
and h X C X z



So can play ping pong
and see gm h Fz



What is known about Hyperbolicgroups G

We shoved

If G is infinite it has an elementof infinite
order

The centralizer of an infinite order element g
is a finite extension of g
which implies G doesn't contain 22
If G has more than 2 ends it contains
a copy of Fz
G has only finitelymany conjugacy classes
of finite elements in the Exercises

G is finitely presented in fact
has a finite presentation with a

linear Dehn function

Other things people have proved
The Dehn functionofanyfinite presentationfor G is linear
If G has a subquadratic Dehnfunction
then G is hyperbolic
If G has more than 2 ends it contains
an infinite normal subgroup H
with infinite quotient GH
G is really not simple



G has solvable word conjugacy and
isomorphism problems
The isomorphism problem is

particularly difficult to solve was first
proved by Sela for torsion freehyperbolic
groups

The homology H G is finite dimensional
for all i this generalizes the
fact that G is finitely presented since

finitely presented G have finite dimensional
HalG

If G has more than 2 ends then
the number of elements oflength n

in any finite generating set grows
exponentially with n

A random presentation gives a

hyperbolicgroup
for a suitable

notion of random

More information abouthyperbolicgroups
can be found in Gromov's original
article or in Bridson Haefliger's book







BU H H

Bugurtha
weight

fraud
BV Hx offittledisk operad

0

Formality of BV quad has a problem

BV Kosaldelquod
DBV spueofBV trees
Trees

deina quo
istrial

vertices trees dearated ofBV
weight 0 fadedgaph

weight RUE algebra degreesof
quentors I Kosal delay

Hy
LD free operator

page



Koszal daily

DBU save
eulacher

BV in dead
weights

cart H DBU BV

Teanactlcaples that capital
Ht hadlekeygp

explain weight filtration genetically

How can youhire such a cuple
conceited but differential retains sue

weights
UMHERE

Ftfiltata on 0s
difference between guided upends If 1,9a lie graph grad

fuatedgraphs of leaves II dg 2



total ofleaves

non tree



For any e X let

TgX a nearest point on gi to x

there are only finitely many choices
Make them equivariantly ie set

Tg gkx g TgX

gitkg
I I

fix
Define the X similarly

Lemma There is Mso such that eiter
Ill Tyx M or d 1 Thx M

Proof
X 9

t.EE ECfh r

tiaed1 thX dCl p d p x

R 38 dlp Tpp
Rt 35 38 R 68

M



Nd Let A x Tgx gⁿ d 1 gm M

B x tax h dcl.hn M

Then e B A by the lemma

let e B Tg gmx gMygx

ie all tax M

d 1 Tggx d 1 gmtgx d 1,9m d 1 Igx

all gm M

so for in large enough d 1 Iglgx M
gry e A

Similarly for n large enough xeB h e A

Cgm h generate a free
group



Still need to justify he go go
We know Fa gatag h aga has a order
since g does

Simplifying assumptions hg gh and

in fact gᵗh heg for any kid 0

Lemma VR f Not n N
d g hi Ro

gm

If not
FLIR Tero

many quadruples he

nik.mil with nem le I set d g hk Ro
ad d g he

Ro

d 1 g hk Ro
and d 1 gmhe Ro

for some ntm Kel

g
h g he

ple e gm 4ᵗʰ andgm commute



So x ̅ makes a good ping pong table
Gilen g h with gᵗ nᵗ

Far sufflaneN

g

a

grace
UNBCA

2gMN F

If G 2 or contains 2 as a subgp of fate inex
ie is virtually 2

then G is hyperbolicbut doesn't contain Fz
and if G is finite it is hyperbolic
These are called elementary hee groups

That A hyperbolic group is either cyclic or

contains an Fz

Jacques Tits proed a lineargroup egmatrix group
is either virtuallysolvable or contains on Fz

This is now called a Tits alternative
So hyperbolicgroupssatisfy a verystray Tits

alternative


