MA3BS - Saul Schleimer Exercise sheet 4.

Please post on the Q&A forum if any of the problems have mistakes, or are unclear,
or can be improved. Thank you!

FEzercise 4.1. Suppose that U is a domain. Suppose that f: U — C is holomorphic.
Suppose that P C U is a polygon. Prove, using only euclidean geometry and Goursat’s
lemma, that f&P fdz = 0. |Of course this also follows from “Cauchy’s theorem for
regions”.| &

Ezercise 4.2. Suppose that U is a domain. Suppose that f: U — C is continuous.
Suppose that v: [0,1] — U is a contour. Suppose that € > 0 is a real number. Prove
that there are real numbers

O=tio<ti<ta<---<ty=1
so that, taking pr = (tx), we have

a) for all k the line segment [py, pr+1] lies in U and

fW’ fdz— Zk f[pkmkﬂ} fdz‘ <€

[That is: there is a piecewise linear approximation to 7 that, when integrated along, gives
a good approximation to f7 f dz. Note that we do not assume that f is holomorphic.] <

b)

Exercise 4.3. Suppose that U is a domain. Suppose that f: U — C is holomorphic.
Suppose that B = B(z; R) is a disc with B C U. Prove, using “only” the convexity of
the disc and Exercises 4.1 and 4.2, that |, op f dz = 0. [There are two more “lightweight”
proofs in the handwritten lecture notes. Of course this also follows from “Cauchy’s
theorem for regions”.| &

Exercise 4.4. For each domain U and each holomorphic function f, either find a primitive
F for f in U, or argue that no such primitive exists.

a) U=C and f(z) = 22 b) U = C and f(z) = EXP(z).
c) U=C*and f(z) =1/z. d) U =C* and f(z) =1/ EXp(2).
e) U=C* and f(z) = Exp(1/2). &

FEzercise 4.5. Define w = EXP(27i/6). Let H C C be the convex hull of the powers of w.
(So H is a regular hexagon inscribed in the unit circle.) Draw a picture of H. Equip H
with a triangulation consisting of four positively oriented affine triangles. Draw these as
well. Decorate the edges of each triangle with their induced orientations. Finally draw
the induced orientation on 0H. &

Ezercise 4.6. Suppose that U is a domain. Suppose that ¢?: A? — U is a singular
two-simplex. Fix € > 0. Prove that there is some N > 0 with the following property.
Suppose that MDY (0?) is the N-fold midpoint subdivision of 0. Suppose that o7 is a
singular two-simplex appearing as a summand of MID) (¢2). Then the diameter of the
image of o7 is less than e. &
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Ezercise 4.7. Suppose that U is a domain. Prove that the composition of boundary

operators
81 o 821 OQ(U) — Oo(U)

is the zero homomorphism. Deduce that the group of one-boundaries B;(U) is contained
in the group of one-cycles Z;(U). &

FExercise 4.8. Suppose that U is a convex subset of a real normed vector space V. Fix
n > 0 a natural number. Fix z, a point of U. Suppose that ¢ = o™ !: A" ! 5 Uisa
singular (n — 1)-simplex. Define CON(0): A™ — U, the cone over o with apez z,, as
follows:

c Zn, ife, =1
ON(0)(xg, X1, ..., &) = . :

( )( ’ ' ) Tn2n + (1 - xn)a(1f0$7t7 1:—B;n7 Tt 12;‘;>’ lf n # 1
Prove that CON(o) is continuous. &
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