MA3BS - Saul Schleimer Exercise sheet 5.

Please post on the Q&A forum if any of the problems have mistakes, or are unclear,
or can be improved. Thank you!

Egercise 5.1. Suppose that v: [-m/2,7/2] — C is defined by v(0) = 2(i + ¢”).

a) Sketch v and indicate its orientation.

b) Compute the contour integral w %.

c¢) Carefully justify your answer, giving labelled sketches as needed. &
FEzercise 5.2. Recall that EXp: C — C is the complex exponential. For any z € C we
define: )

Exp(tz) — 1
fz) = / Exp(tz) — 1 dt
0 t

Prove that f: C — C is well-defined. Compute f(0) and f(1) (the latter to five decimal
places of accuracy). Prove that f is holomorphic. O

FExercise 5.3. Suppose that U C C is a domain. Suppose that z; is a point of U. Suppose
that f,g: U — C are holomorphic. Recall that ORD(f, zy) is the order of vanishing of f
at zg. Prove the following.

a) ORD((z — 2)", 20) = N for N > 0 an integer.
b) ORD(f - g, 20) = ORD(f, 20) + ORD(g, z0).
¢) ORD(f + g, 20) > min{ORD(f, zp), ORD(g, 20) }. &

Exercise 5.4. Suppose that U C C is a domain. Suppose that Z C U is isolated in U.
Suppose that K C U is compact. Prove that Z N K is finite. &
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