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0. INTRODUCTION

...the shortest and best way between two truths of the
real domain often passes through the imaginary one.

— Jacques Hadamard
The psychology of invention in the mathematical field

These notes set out the “material of record” for the 2026-2027 module
MA3BS (complex analysis) at Warwick. We give solutions to all exercises
(except one) in Appendix A (starting on page 93). We also give a short
index of notation (on page 120) and a list of references (on page 121).

If you find any errors in the notes, or any possible improvements,
please inform me directly (at s.schleimer@warwick.ac.uk) or use the
anonymous form:

https://forms.gle/AnXkWf5DM8epZgF8A

Acknowledgements. I first learnt this remarkable subject when taking
courses from Donald Sarason and Curt McMullen at UC Berkeley.
Sarason’s book [15] gives a wonderful exposition of the topic for advanced
undergraduates. I have also spent many happy hours reading Ahlfors’
classic text [1]. T benefited from many enlightening conversations with
Ed Brambley, Jeremy Kahn, Diane Maclagan, Cagri Sert, and Peter
Topping.

[ am deeply grateful to the many students who have asked me ques-
tions and pointed out mistakes; I dedicate these notes to you.

Tool use statement. I used Sage 10.8 [17] to double check, numerically,
various contour integrals.

I wrote the first version of the notes, for the 2025-26 academic
year, without any AI. This year I used various Als as search engines,
as line-by-line copyeditors, and as occasional conversational partners:
replacements for my human colleagues, after they tired of hearing me
go on and on about Cauchy’s theorem. The Als,; in addition to flagging
up many many routine errors, spotted two more subtle problems:

e an orientation-plus-sign error in the definition of midpoint sub-
division (of chains), used in Proposition 9.1, and

e an incorrect identification of the Lie group corresponding to the
automorphisms of the extended plane that preserve the unit

circle, discussed in Definition 26.12
1
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In addition, an Al suggested the surprisingly (to me) simple proof of
Claim 12.2.

All other arguments are either from the literature (with citations),
recreations from my hazy memories of my undergraduate education, or
newly invented by me. All of the text was written, and all of the figures
drawn, by me. And all remaining errors are mine — please let me know
of any you find.

1. RECTANGULAR AND POLAR COORDINATES

1.1. Notation. We use the following:
e N=1{0,1,2,3,...} is the natural numbers.
e 7, Q, and R are, respectively, the integers, rationals, and reals.
e C={a+ib|a,be R} is the complex numbers.

We assume the usual algebraic properties of each of these.

We assume the usual topological and geometric properties of the
plane; this includes the idea of homeomorphism of subsets. When
convenient we will identify R with either the z—axis in R? or the real
axis in C.

We assume that the usual real-valued functions (cosine, sine, expo-
nential, logarithm, square-root) with their usual properties are available.
We also assume the usual analytic properties of real-valued functions of
several variables, giving references where needed.

1.2. Rectangular coordinates. Suppose that
z=x+1y
is a complex number. Then we define
REAL(z) =2 and IMAG(z) =y
to be the real and imaginary parts of z. We also define
Z=x—1y
to be the complex conjugate of z. We define
2| = V& +y?
to be the magnitude of z. Note that 2z = |2|?. Also, |z| = 0 if and only
it z=0.
Suppose that r > 0 is a positive real number. We define
B(zir)={weC:|w—z <r}
and
B(zir) ={weC:|w—z <r}
Thus B(z;r) is the open, and B(z;7) is the closed, disc of radius r
about z. (These are also called the open and closed balls of radius r
about z.) We call B*(z;r) = B(z;r) — {2z} the punctured open disc of
radius r about z. Similarly we call C* = C — {0} the punctured plane.
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Suppose that P is a subset of the plane C. The interior of P, denoted
P° consists of those points z € P so that there is some r > 0 with
B(z;r) € P. The closure of P, denoted P, is C — (C — P)°: the
complement in C of the interior of C — P. Said another way, the interior
of P is the largest open subset of P while the closure of P is the smallest
closed superset of P. The topological boundary of P is OP = P — P°:
the closure of P minus the interior of P.

We define

Clzir)={weC:|lw—z|l=r}
Thus C(z;7) is the circle of radius r about z. Note that C(z;r) is the

topological boundary of both B(z;7) and B(z;r). As a bit of notation

we take D = B(0;1) and S = C(0;1); these are the (open) unit disc

and the unit circle. We also use D* = D — {0} for the punctured unit

disc. We also define H = {z € C | IMAG(z) > 0}: the upper-half plane.
Suppose that Z is a subset of the plane. We define

N(Z;r)={w e C: |w— z| <r for some z € Z}

to be the open r-neighbourhood of Z. So N(Z;r) is the union of the
open r—discs about points z of Z.

1.3. Polar coordinates. Suppose that z = z+iy # 0. Thus 2?+y? > 0.
So we may form

C:L and S = y

Note that C? + 5% = 1. We say that 0 € R is an argument of z if
cos(f) =C and sin(f) =S
We define ARG(z) to be the set of arguments of z.

Exercise 1.4. Suppose that z € C* = C — {0}. Prove that ARG(z)
is non-empty. Prove that, for any argument 6, we have ARG(z) =
0+ 2nk | k € 7).

Thus the argument is a multi-valued function: a one-to-many relation
that is defined everywhere on its domain. This subtlety lies at the heart
of the theory of Riemann surfaces.

Immediately from the definitions we deduce that, for any z € C* and
for any 0 € ARG(z), there is a polar form:

z = |z|(cos(8) + isin(0))
As a useful bit of notation we write ¢ = cos(#) +isin(f). The addition
law implies that e+ = e,
Definition 1.5. Fix a positive integer n. Set w,, = €>™/". Then w,
and its powers are the nth roots of unity. &
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Note that the nth roots of unity form a cyclic group of order n under
multiplication.

Exercise 1.6. Suppose that z,w € C*. Prove that
|zw| = |z||w] and ARG(zw) = ARG(2) + ARG(w) &

Exercise 1.7. Suppose that z,w € C*. Suppose that 8 and 7 are
arguments of z and w, respectively. Prove the cosine law

|2 = w]* = [ + |w]* — 22| |w| cos(6 — n)
directly from the definitions and the addition law. &

With arguments and the cosine law in hand, we can identify the
geometry of C with that of R%

Definition 1.8. Suppose that a and b are complex numbers, with a # 0.
Suppose that f: C — C is given by z — az + b. Then we call f an
(orientation preserving) similarity. If |a| = 1, then f is an (orientation
preserving) congruence. If a = 1, then f is a translation. If b = 0, then
f is a homothety' about the origin. If @ is real and positive, and b = 0,
then f is a dilation about the origin. If |a| = 1 and b = 0, then f is a
rotation about the origin. &

Exercise 1.9. Show that SIM(C), the set of similarities of C together
with the operation of function composition, is a group. Show that each
subclass (congruence, translation, homothety, dilation, and rotation)
gives a subgroup. &
Suppose that U and V' are subsets of the plane. We say that U and
V' are similar if there is a similarity sending U to V. We make the
same definition for the various subclasses in Definition 1.8.
Exercise 1.10. Suppose that z,w € C. Suppose that z # 0 and that
|z — w| < |z|. Prove that w # 0. Prove, furthermore, that for any
0 € ARG(2) there is a unique n € ARG(w) so that |0 —n| < 7/2. <
We now prove that “the” argument is “continuous” on the punctured
plane C*.

Lemma 1.11. Suppose that z € C*. Suppose that ¢ € (0,7/2). Then
there is a 6 > 0 with the following property.

Suppose that w € C has |z —w| < 6. Then w # 0 and, for every
0 € ARG(z), there is a unique n € ARG(w) so that |0 — n| < e.

Proof. We take 6 = sin(e)|z|. Thus § is positive and less than |z|. So
|z —w| < 0 < |z|. By Exercise 1.10 we have w # 0 and there is a unique
n € ARG(w) so that |0 —n| < 7/2.
Since |z — w|? < §2 = |2|? sin®(¢) the cosine law gives us
|2 + |w|* — 2|z||w| cos(8 — 1) < |z|*sin®(¢)

IThat is, scaling-and-rotation. A clearer (but longer) name would be complex
homothety.
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Moving terms and simplifying gives
|2|? cos?(€) + |w]* < 2|z||w]| cos(§ — )
Subtracting from both sides gives
|2|? cos?(€) — 2|z||w| cos(e) + |w|? < 2|z||w]|cos(d — n) — 2|z||w| cos(e)
Thus
(] cos(e) — [w])* < 22| |w|(cos(8 — ) — cos(e))
The left-hand side is non-negative. Replacing it by zero and simplifying
gives
cos(€) < cos(f —n)

Since cosine is even, and decreasing on [0, 7], we deduce that |§ —n| <€,
as desired. O

2. CONTOUR INTEGRALS

2.1. Domains.

Definition 2.2. Suppose that U C C is non-empty, open, and con-
nected. Then we call U a domain. &

As suggested by Figure 2.3, domains can be quite wild.

J

FIGURE 2.3. A wild domain. Here U is the open rectangle minus four closed
sets: a dendrite (upper left), a spiral (upper right), a comb (lower left), and
a topologist’s sine curve (lower right).

Nonetheless, domains have several nice properties.

Exercise 2.4. Suppose that U is a domain. Prove that U is path-
connected by axis-aligned paths: paths that

e alternate between running parallel to the real and imaginary
axes and
e have finitely many corners. &
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Exercise 2.5. Suppose that U is a domain. Suppose that zy € U.
Prove that U* = U — {%} is a domain. &

Exercise 2.6. Suppose that U C C is a domain. Suppose that P C U
is compact and non-empty. Prove that there is a constant € > 0 so that
the open neighbourhood N(P;e€) is contained in U. &

2.7. Branches. With domains in hand, we give one solution to the
“problem” of multi-valued functions.

Definition 2.8. Suppose that U C C is a domain. Suppose that F' is
a multi-valued function on U. A branch of F is

e a domain V C U and
e a continuous function f: V — C

so that, for all z € V, we have f(2) € F(z). &

For example, ARG has a branch arg: H — R obtained by always pick-
ing arg(z) € (0, 7). Here, the continuity of arg follows from Lemma 1.11.

Definition 2.9. We define a multi-valued function on C* as follows:
SQRT(2) = {w € C* |w® = 2}
We call the elements of SQRT(z) the square roots of z. &

Exercise 2.10. Prove that any z € C* has exactly two square roots.
Suppose that B = B(zg;79) is a disc with 0 < ry < |z|. Prove that
SQRT has exactly two branches with domain equal to B.

We return to this topic in Section 21.4 where we construct holomorphic
branches of the logarithm.

2.11. Contours.
I keep a close watch on this heart of mine

I keep my eyes wide open all the time
I keep the ends out for the tie that binds
Because you’re mine, I walk the line

— Johnny Cash
I walk the line

Definition 2.12. Suppose that U C C is a domain. Suppose that [a, b]
is a closed non-trivial interval in R.?2 A contour in U is a piecewise C'!
function 7: [a,b] — U. That is, there is a finite sequence

(a=ty<t; <...<tp1<t,=0b)Cla,b

so that, for all k, the restriction v, = |[t, trs1] is continuously differ-
entiable. We call v, = v|[ty, tri1] a piece of v. We call the point ¢ a
breakpoint and its image y(ty) a vertex of .

2We also allow trivial contours where a = b. A trivial contour is a bit like the
number zero: absurd, but very convenient.
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We do not require the left- and right-hand derivatives to agree at
breakpoints.

Some authors (for example [16, page 19]) additionally assume that all
contours have non-vanishing derivative. We do not; instead we add the
hypothesis once (to Definition 11.1) and use it once (in Lemma 11.3).

Example 2.13. Take w = #g = ¢2™/3 3 third root of unity. We
consider the contour ~y: [0,3] — C given by:

1-t)-1+(t—-0)-w, 0<t<1
Y=< 2—t) w+(t—1)-w? 1<t<2
B—t) - w?+(t—2)-1, 2<t<3

This contour traces the boundary of an equilateral triangle with vertices
at the third roots of unity. So it has three pieces, its breakpoints are at
the integers, and its vertices are at the roots of unity. Note that the
right and left derivatives disagree at the breakpoints. &

Suppose that v: [a,b] — U is a contour. We say that ~ is closed
if v(b) = 7(a). (This is not the same as the topological notion of a
closed set.) We say that «y is simple if v(r) = v(s) implies that r = s
or {r,s} = {a,b}. (That is, simple contours are either injective, or are
closed and fail to be injective only at their endpoints.) The triangular
contour of Example 2.13 is both simple and closed.

Example 2.14. Suppose that ~: [0,b] — C is given by () = .
e If b = 7, then ~ is simple but is not closed.
o If b = 27, then 7 is simple and is closed.
e If b = 37, then + is not simple and is not closed.
e If b = 4m, then v is not simple but is closed.
In each case the contour has only one piece. &

2.15. Integrals: definition and examples.

Definition 2.16. Suppose that U C C is a domain. Suppose that
v: [a,b] — U is a contour. Suppose that f: U — C is a continuous
function. We define the contour integral of f along ~ as follows.

[ | F) A (1)

If v has multiple pieces then we break the right-hand side into the
corresponding finite sum of integrals. &

Here is our first, and most important, example of a contour integral.

Example 2.17. Suppose that U = C* is the punctured plane. Suppose
that ~y: [0, 27T] — U is given by v(0) = €. Suppose that f: U — C is
given by f(z) = 1/z. Then we have:

271"1' 2
/fdz-/dz / d@—@/ df = 2mi &
0
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In Example 2.17 the contour “winds” once (positively) about the
origin. (We give a precise definition of “winds” in Definition 3.7.) And,
as it happens, the integrand has a pole — a particular kind of singularity
— at the origin. (We give a precise definition of “pole” in Section 17.9.)
If we change the nature of the pole then the answer changes.

Exercise 2.18. Suppose that U and v are as in Example 2.17. Suppose
that k is an integer. Suppose that f,.: U — C is given by fi(2) = 2*.
Compute [}, = f7 frdz.

Moving the contour and integrand by the same amount does not
affect the integral. More interestingly, in this particular case, shrinking
the contour also does not affect the integral.

Example 2.19. Suppose that w is a point of C. Suppose that U =
C — {w} is a punctured plane. Suppose that r > 0 is real. Suppose that
v: [0,27] — U is given by v(0) = w + re®. So +'() = ire”. Suppose
that f: U — C is given by f(z) = 1/(z —w). Then we have:

2w .. 10 2m
/fdz:/ e :/ ”e.edezi/ do = 2ri
~ N ZTW o Te’ 0

If k # —1, and if we replace f by (z — w)¥, then as in Exercise 2.18 the
integral vanishes. &

If we move the contour so that it does not wind about the origin,
but leave the integrand unchanged, then the integral again vanishes.
However, the proof is more delicate.

Exercise 2.20. Suppose that U = C* is the punctured plane. Suppose
that ~: [0,27] — U is given by () = 2+ €. Suppose that f: U — C
is given by f(z) = 1/z. Give a direct proof that f7 fdz=0. &

All of the above are shadows of one of the main results of this module:
Cauchy’s theorem (Theorem 14.15).

2.21. Integrals: linearities, deformations, and orientations. The
contour integral is linear with respect to the integrand, as follows.

Lemma 2.22. Suppose that U, v, and f are as in Definition 2.16.
Suppose that g: U — C is a continuous function. Suppose that p,q € C
are complex numbers. Then we have:

L(p-f+q-g)dz=plfdz+qlgdz O

This has several applications.

Exercise 2.23. Suppose that U and ~ are as in Example 2.17. Suppose
that f is a Laurent polynomial over C: a finite sum f = > az*
where m < 0 < n and all of the a; are complex. Prove the following.

/fdz = 27ia_q &
.
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We can also understand what happens when we shrink a round
contour.

Exercise 2.24. Suppose that U is a domain. Suppose that f: U — C
is continuous. Fix w in U. Suppose that § > 0 is real with C'(w;d) C U.
Define v: [0,27] — U by 7(6) = w + §e’. Now define

[5 = L —f(Z) dz

211 y 2= W

Prove, with w fixed, that I5 tends to f(w) as 0 tends to zero. &

The contour integral is also linear with respect to the domain of
integration, as follows.

Lemma 2.25. Suppose that U, v, and f are as in Definition 2.16.
Suppose that c is a point of [a,b]. Define v, = 7|[a, c] and v, = v|[c, b].

Then we have:
/fdz:/fdz+/fdz O
¥ Ya Vb

This has an immediate consequence.

Exercise 2.26. Suppose that 7: [a,b] — C is a contour. Then

/ dz = ~(b) — 7(a) o

~

The contour integral is (almost) independent of parametrisation, as
follows.

Lemma 2.27. Suppose that U, v, and f are as in Definition 2.16.

Suppose that §: [c,d] — [a,b] is piecewise C'. Suppose that v o § is
again a contour. Suppose that d(c) = a and 6(d) =b. Then we have:

/705fdz:/7fdz

If, on the other hand, 6(c) = b and 6(d) = a, then

Loéfdz:—Lfdz

In the first case we say that v and v o § have the same orientation.
In the second case we say that they have opposite orientations.
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Proof of Lemma 2.27. We compute as follows:
/ ) fdz= ' (7(6(w))) (v 0 0) (u) du Definition 2.16
~o
= [ f(v(6(w))7 (6(w))d (u)du  chain rule
= [ f(v(t)~/(¢)dt substitution
= [ fdz Definition 2.16

If ) reverses the endpoints then we instead obtain the following.

/706fdz:/b“f(7(t))7’(t)dt:_Lfdz -

2.28. Arc-length. Suppose that ) is a geometric quantity such as
arc-length, angle, area, and so on. Then the element of () is the
differential we integrate to obtain (). In Definition 2.16, we have already
encountered the element of (change of) position:

dz =dx +1idy

The name is explained by Exercise 2.26.
A more substantial example is the element of arc-length |4, page 28]:

ds = +/dz? + dy?
We use this as follows.

Definition 2.29. Suppose that U C C is a domain. Suppose that
v: [a,b] = U is a contour. We define the arc-length of - as follows.

L(v)z/\/dl‘”dﬁ:/ Y/ (t)] dt %

Example 2.30. The upper half of the unit circle is parametrised by
7(0) = €% for § € [0, 7). Since this has unit speed, we have the following.

L<v>=L¢M=/0”\v'<e>|d9=/0”d9=w

The upper half of the circle is also parametrised (with the opposite

orientation) by
26 1 —+¢2
t = _—
ALt) (1+t2’1+t2)
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for t € [-1,1]. Computing, we have the following.

:/mz/l 7)) de

(1—12) (2t)2
/ \/1+t2 Ao

:/1 (EGE SV/(1—12)2 + (2t)2dt

1
2
= / dt so substitute ¢t = tan(0)
1412
w/4
= / 2d0 =~ &

—m/4

As the above example suggests, the arc-length integral is independent
of parametrisation.

Lemma 2.31. Suppose that U and v are as in Definition 2.29. Suppose
that 6 [c,d] — [a,b] is piecewise C' and bijective. Suppose that vy o ¢ is
again a contour. Then we have L(y o d) = L(7).

Exercise 2.32. Prove Lemma 2.31. &

2.33. The M L—inequality.

Definition 2.34. Suppose that U is a domain. Suppose that f: U — C
is continuous. Suppose that v: [a,b] — U is a contour. Then we define:

/!fdz\ /|f DI (1) dt 3

Exercise 2.35. With hypotheses as in Definition 2.34, prove that

S[y|fdz| &

We now have an easy but extremely useful bound: the M L—inequality.

fdz
.

Lemma 2.36. Suppose that U C C is a domain. Suppose that~y: |a,b] —
U is a contour. Suppose that f: U — C is continuous. We take

M = max{|f(y(t))| - t € [a, b]}

/fdz

Exercise 2.37. Prove Lemma 2.36. &

Then we have:

<M L(v)



12 2026-11-09

3. VARIATION OF ARGUMENT

Customer: I’d like to have an argument, please.

Receptionist: Certainly sir. Have you been here before?

Customer: No, this is my first time.

Receptionist: I see. Do you want to have the full argument,
or were you thinking of taking a course?

— Monty Python
Argument Clinic

3.1. Argument and arctangent. Define the element of argument by:
rdy —ydx

iy

This can be derived by differentiating tan(f) = y/x.

do =

Definition 3.2. Suppose that v = (7;,7,): [a,b] = C* is a contour.
We define the variation of argument of ~, about zero, as follows:

V(W)Z/Idy—ydx :/b LBn®) - w®%O

22+ y? (B[

For example, the variation of argument about zero for the upper
half-circle (oriented anti-clockwise) is 7; the variation for the whole
circle is 2.

Lemma 3.3. Suppose that v: [a,b] — C* is a contour. Suppose that
§: [e,d] — [a,b] is piecewise C. Suppose that v o § is again a contour.
Suppose that 6(c) = a and §(d) = b. Then we have V(yod) =V (y). If,
instead, §(c) = b and §(d) = a then V(yod) = =V (v). O

The proof is similar to that of Lemma 2.27 and we omit it. The
next proposition is another step in the direction of finding holomorphic
branches of the logarithm (Section 21.4); this should be compared to
Lemma 1.11.

Proposition 3.4. Suppose that y: [a,b] — C* is a contour. Suppose
that 0, € ARG(v(a)) is an argument. Then there exists a unique
piecewise C' function 0: [a,b] — R so that

e 0(a) =46, and

o (t) = |7(t)[e?® for all t € [a,b].
For this function 0, we have V() = 0(b) — 0(a).

Proof. Induction on the number of vertices reduces the general case to
the case where there are no vertices in the interior of 7. So we assume

that v is C'. For s in [a, b] we define v, = 7|[a, s]. Next we define
dy —yd
0(s) = 0, + V(7s) = 0q +/ e A ek

x? + y?
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We deduce from the definition that V() = 6(b) — 0(a). We also deduce,
from the real fundamental theorem of calculus, that 6 is differentiable
(as a real function of s).

We define 7(s) = |y(s)|. We now claim that v(s) = 7(s)e?® for all
s € [a,b]. To prove this, consider

Differentiating h we find that h'(s) = 0 for all s.
Exercise 3.5. Check this. &

Also h(a) = 1; thus h(s) = 1 for all s. This implies that v(s) =
7(s)e?® for all s.

Suppose that 7: [a,b] — R is another such function. That is, n(a) =
0, and y(t) = r(t)e™® for all ¢ € [a,b]. We deduce that 0(t) — n(t) is
continuous and also lies in 27Z for all t. Thus 6(t) — n(t) is constant.
However 0(a) —n(a) =0, so n = 6, as desired. O

Lemma 3.6. Suppose that ~y: [a,b] — C* is a closed contour. Then we
have V (v) € 27Z.

Proof. Recall that v(b) = v(a). Pick any argument 6, € ARG(v(a));
apply Proposition 3.4 to build the function §. We deduce that ¢?®)
@ The addition law and periodicity tell us that V() = 8(b) — 0(a)
lies in 277, as desired. Il

Definition 3.7. Suppose that v: [a,b] — C* is a closed contour. We
define

WIND(v) =V (v)/27

to be the winding number of v about zero. &
It follows from Lemma 3.6 that the winding number is an integer.

Remark 3.8. Suppose that zo € C. Suppose that v: [a,b] = C —{z} is
a contour missing zo. Then we define V' (v, 2y), the variation of argument
of 7 about zp; it is the variation of argument of ¢ — ~(t) — 2y about
Zero.

Suppose that v is closed (and, again, misses z5). Then we define
WIND(7, 20), the winding number of « about zp; it is the winding
number of ¢ — 7(t) — zo about zero. &

3.9. Element of the logarithm. We end this section with three more
examples.
The element of radius is:

rdx +ydy

dr =
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This can be derived by differentiating > = 22 + y%. Suppose that
v: [a,b] = C* is a contour in the punctured plane. Then integrating
the element of radius over « gives the difference |y(b)| — |v(a)|.

The element of logarithmic radius is:

dr  wdr+ydy

T a2 4y2
This can be derived by differentiating log(r). Integrating this over -, a
contour in C*, gives the logarithm of the ratio |y(b)|/|v(a)l.

Finally, the element of the logarithm is:

@ oyidp =L
r z

This differential has already appeared in the solution of Exercise 3.5.

4. HOLOMORPHIC FUNCTIONS

4.1. Limits in C. Suppose that U C C is a domain. Suppose that z
is a point of U. Suppose that g: U — {29} — C is a function. Then we
write

lim g(z) =c¢

z—20
if, for all real € > 0 there is some real § > 0 with the following property:
if 0 < |z — 20| < 0 then |g(z) — ¢| < e.
Note that it is not enough to consider sequences tending to zy along
a particular line, or finite collection of lines. Instead, we must allow z
to tend to zp inside of a shrinking sequence of (punctured) discs.
We now have the central definition of these notes.

Definition 4.2. Suppose that U C C is a domain. Suppose that
f: U — Cis a function. We say that f is holomorphic if, for all zy € U,

the limit
lim f(z) = f(20)

Z—r20 Z — ZO
exists. &

We denote the limit of the difference quotients, at zo, by f’(z0). Since
f is holomorphic in all of U, we obtain a function f': U — C. We call
f' the complex derivative of f. Note that we do not assume that f’ is
continuous.

Exercise 4.3. Suppose that U C C is a domain. Suppose that
f: U — C is holomorphic. Then f is continuous.

The following observation is “trivial” but also very useful.

Lemma 4.4. Suppose that U C C is a domain. Suppose that f: U — C
1s holomorphic. Fix zg € U. Define p: U — C by

pl) = {0 i

f(x)—f(z0) f’(zo) z # 2

zZ—20
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Then p is continuous.
Exercise 4.5. Prove Lemma 4.4. &

Remark 4.6. With Exercise 4.3 and Lemma 4.4 in hand, the very
beginning of the theory of complex analysis exactly follows that of real
analysis in one variable. Taking appropriate care with the choices of
domain, we have the following:

e constant functions are holomorphic;

e the identity function f(z) = z is holomorphic;

e sums, products, and compositions of holomorphic functions are
holomorphic and the derivatives obey the sum, product, and
chain rules; and

e ratios of holomorphic functions are holomorphic (away from the
zeros of the denominator) and the derivatives obey the quotient
rule.

We deduce that polynomials P, Q) € C[z] are holomorphic, as is the
rational function P/@), away from the roots of Q. &

As a special case of the last point we have an exceedingly important
example: the function f(z) = 1/z is holomorphic in the punctured
plane C*.

Example 4.7. As a non-example, consider f(z) = z. Its derivative at
zero, taken along the real axis, is 1. Its derivative at zero, taken along
the imaginary axis, is —1. Thus f(z) = Z is not holomorphic. (It is
sometimes called “anti-holomorphic”.)

Exercise 4.8. Suppose that U C C is a domain. Suppose that
f: U — C is holomorphic. Suppose that v: [a,b] — U is a C' contour
with no internal breakpoints. Prove that the derivative of f o, at ¢, is
F'(y(@8) - (8).
Exercise 4.9. Suppose that U C C is a domain. Suppose that
f: U — C is holomorphic. Suppose that f/(z) =0 for all z € U. Then
f is constant. &
As an application of Lemma 4.4 we show that holomorphic functions
are differentiable as functions from R? to R2.

Lemma 4.10. Suppose that U C C is a domain. Suppose that f: U —
C is holomorphic. Then, for any w € U, the total derivative D, f is as

follows:
_ (rcos(f) —rsin(0)
Duf = (r sin(0) TCOS(Q))

Here r = |f'(w)| and, if f'(w) # 0, then 0 is any argument of f'(w).

Proof. Applying Lemma 4.4 at zo = w we have f(z) = f(w)+ f'(w)(z —
w) + p(2)(z —w). So the total derivative D, f (a two-by-two matrix
with real entries) acts exactly as multiplication by f’(w) does. O
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So D, f, when it is non-zero, is a homothety (scale-and-rotation).
Thus f, away from the zeros of its derivative, is conformal: it preserves
signed angles.

4.11. Power series.
At this point you’re probably
thinking “I love this equation
and wish it would never end!”.

Well, good news!

— xked
Taylor Series

We quickly review the theory of power series.

Definition 4.12. Suppose that 2y is a complex number. Suppose that
(ax)ren is a sequence of complex numbers. Then we write

Z ar(z — 2)"

keN
for the power series with centre zy and coefficients (ay). We write
fa(2) = > 00— ax(z — 2)* for the n'™ partial sum. We also define

1
— =1 1/k
7 im sup |ag|

k—o0
We take R = 0 or R = oo when the limit superior is infinite or zero,
respectively. We call R the radius of convergence of the given power
series.

Ahlfors [1, Theorem 2, page 38| attributes the following to Abel.

Theorem 4.13. Suppose that zy, (ar)k, fn, and R are as in Defini-
tion 4.12. Suppose that R > 0. Fiz any r with 0 < r < R. Then:

e The power series converges absolutely for all z in B(zo; R).
Let f be the resulting function on B(zo; R).

e The partial sums f, converge uniformly to f on B(zo;7).

e The function f is holomorphic in B(zy; R).

e [ts derivative f'(z) has the power series

Z kap(z — 20)"
k=1

which again has radius of convergence R.
e The function f has complex derivatives of all orders at zy; its
kM derivative is f*)(z0) = k! - ax. O

We omit the proofs; they are identical to those in the one-variable real
case. See |2, Theorems 9.20, 21, 23; pages 234-237|, or [14, Theorems 3.9,
10, 16, 19, 21; pages 44-52|, or |6, Theorems 10.3, 6; pages 184-186|.
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If f is as in Theorem 4.13, and if r has 0 < r < R, then we say that
f has a series expansion in B(zo;r). The algebra of functions and of
power series “agree”; as follows.

Theorem 4.14. Suppose that zy is a complex number. Suppose that
r > 0. Suppose that f,g: B(zo;7) — C are functions. Suppose that f
and g have series expansions in B(zo;r) with coefficients A = (ag)x and
B = (by)g, respectively. Then:

e f and g are equal if and only if A and B are equal.

e h = f+ g has a series expansion in B(zo;r) with coefficients

f g has a series expansion in B(z;r) with coefficients

h
C' = (cu)n where
=Y b
k+L=n

e Suppose that m is a non-negative integer. Suppose that f =
(z—29)™-g. Then:

w — 0, fork <m
b bi_m fork>m

e Suppose that f(zy) # 0. Suppose that h = 1/f. Then there is
some S > 0 so that h has a series expansion in B(zy;S) with
coefficients C' = (c,,), where

apco =1 and, forn >0 Z arce = 0 Il
k+4=n

We again omit the proofs; they are again identical to those in the
one-variable real case. See |2, Theorems 9.24, 26; pages 237-240], or [14,
Theorems 3.18, 55; pages 49-50, 71-72|, or |6, Propositions 10.15, 16;
pages 190-192].

Remark 4.15. Suppose that U is a domain. Suppose that f: U — Cis a
function. Suppose that zy € U. Suppose that 0 < r, s. Suppose that f
agrees with a power series F' on B(zp;r) and agrees with a power series
G on B(zp;s). Then, by the first conclusion of Theorem 4.14, the series
I and G have the same coefficients. Thus, following Definition 4.12, we
have ' = G. We also find that r, s < R, the radius of convergence of
F.

In words: when a function has a series expansion in a disc about a
point, the expansion depends only on the point, not on the radius. <

Exercise 4.16. Give the series expansion about zero for the function
f(z) =1/(1 + 2?). Determine its radius of convergence. &

Exercise 4.17. Give the series expansion about zero for the function
f(z) =1/(1 + z + 2?). Determine its radius of convergence. &
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We define the complex versions of the exponential and the trigono-

metric functions as follows.

Definition 4.18. We define

o0

EXP(z) = ) %
Cos(z) = Z(—l)”énn)!
SIN(2) = Z(—l)n% &

These agree with their real siblings when restricted to the real axis
in C. The family resemblances extend much further.

Lemma 4.19. The complex exponential and trigonometric functions
have the following properties. (Here z and w range over C unless
otherwise stated.)

Cos(0) =1 and SIN(0) = 0.

Cos(2r) =1 and SIN(27) = 0.

Cos'(z) = — SIN(z) and SIN'(2) = Cos(z).

Cos*(z) + SIN*(z) = 1.

Exp(iz) = CoS(z) + i SIN(z).

Exp(0) =1 and Exp(27mi) = 1.

EXP/(z) = ExP(z).

Exp(z + w) = ExP(z) ExpP(w).

The addition laws:

Cos(z +w) = Cos(z) Cos(w) — SIN(z) SIN(w)
SIN(z + w) = Cos(z) SIN(w) + SIN(z) Cos(w)

Cos(z + 27) = CoS(z) and SIN(z + 27) = SIN(z).

All periods of CoS and SIN are multiples of 2.

EXP(z + 2mi) = EXP(2).

All periods of EXP are multiples of 2mi.

Exp(z) # 0.

For all w € C* there is some z € C so that EXP(z) = w.
Exp(—z) = 1/ EXP(2).

EXP is a surjective homomorphism from the group (C,+) to the
group (C* ), with kernel (2miZ,+). O

Exercise 4.20. Prove that all zeros of the complex cosine and sine are

real. &

Exercise 4.21. Prove that the complex exponential takes “rectangular
coordinates” (in its domain) to “polar coordinates” (in its codomain).
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That is, it takes horizontal line segments to radial ones and vertical line
segments to arcs of circles (centred on the origin).

Suppose that 0 < a < b are real numbers. Sketch the closed rectangle
R with vertices at log(a), log(b), log(b) 4+ 2mi, and log(a) + 2mi. Sketch
the image of R and its boundary under the complex exponential. <

In view of the above, for w € C* we define
LoG(w) = {z € C| EXP(z) = w}
So the complex logarithm LOG is a “multi-valued function”, like the

argument ARG.

Lemma 4.22. Suppose that w € C*. Then we have:
LoG(w) =log(|w|) + i ARG(w) O

5. TRIANGLES

Eqli [l'universo] é scritto in lingua matematica, e i caratteri son
triangoli, cerchi, ed altre figure geometriche, senza i quali mezi é
impossibile a intenderne umanamente parola; senza questi ¢ un
aggirarst vanamente per un oscuro laberinto.

— Galileo Galilei
1l Saggiatore

5.1. Segments. Suppose that p and g are complex numbers. We use
the notation

p,a) ={(1=t)p+tq|t €0,1]}
to denote the line segment between p and gq. The segment is a set.
However, we also treat it as a contour using the linear parametrisation
t— (1—t)p+tqg=p+t(qg—p). Note that [p, q] and [¢, p| are identical
as sets but have opposite orientations as contours.

Example 5.2. Suppose that p and g are complex numbers. Then we

have: .
/ dz:/(q—p)dtzq—p
[p,q] 0

This is a special case of Exercise 2.26. &

Example 5.3. Suppose that p and ¢ are complex numbers. Then we
have:

1 1 o _ 1.5
/[p’q]ZdZ:/o (p+tla—p))a—p)dt = pla—p)+5(a—p)" = 5@ ~p’)

&

In fact, if v: [a,b] — C is any contour, then

[ #dz = 5602 = @)

~
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This will follow from Lemma 7.8 once we have the concept of primitives
in hand.

5.4. Convexity. Suppose that K is a subset of the complex plane. We
say that K is convez if, for every p,q € K, the line segment [p, ¢| lies
in K. As a first example, the plane itself is convex.

Exercise 5.5. Prove that both B(zp;7) and B(zo;r) are convex. <

Suppose that S is a set of complex numbers. We define the convex
hull of S to be the intersection of all convex sets containing S.

Exercise 5.6. Prove that the convex hull of S is convex. (This justifies
the name. We also deduce that the convex hull of S is the smallest
convex set containing S.) &

Definition 5.7. Suppose that p, ¢, and r are complex numbers. The
triangle T = T(p, q,r) is the convex hull of {p,q,r}. By Exercise 5.6
the line segments [p, ¢|, [¢, 7], and [r, p| lie in T'; these are the sides of T.
We call p, ¢, and r the vertices of T. We define the polygonal boundary
JT to be the contour given by traversing the segments [p, g|, [¢, 7], and
[r,p] in that order and with those orientations.

If p, ¢, and r lie in a line in C then we call T a degenerate triangle. <

Lemma 5.8. Suppose that a, b, p, q, and r are complex numbers. Take
f(z) =a+bz; take T =T(p,q,r). Then we have:

fdz=0
or

Proof. Lemma 2.22 implies the following.

/(a+bz)dz=a/ dz+b/ zdz
ar or ar

Lemma 2.25 implies the following.

/dz:/ dz+/ dz—l—/ dz

or [p,q] lg,7] [,p]

/ zdz:/ zdz+/ zdz—l—/ zdz
oT [p,q] [q,7] [,p]

Examples 5.2 and 5.3 give the following.

Asz=<q—p>+<r—q>+<p—r>=o

2
Thus the integral of f(z) = a + bz about 9T is zero, as desired. O

| 2ds= gl =)+ 0 = )+ P =) 0

Remark 5.9. Lemma 5.8 generalises in many ways. As one possibility,
suppose that f € C[z] is a polynomial. Suppose that ' C C is a triangle.
Then faT fdz=0.
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As another possibility, fix R > 0. Suppose that f: B(0; R) — C is
given by a power series. Suppose that the triangle T lies in B(0; R).
Recall (from Theorem 4.13) that the partial sums f,, converge uniformly
to f on closed subdiscs. Uniform convergence allows us to interchange
the integral and the limit, giving |, or S dz = 0.

We can also generalise the contour from the boundary of a triangle
to any closed contour in B(0; R). All of these statements are eventually
superseded by Theorem 14.15. &

5.10. Orientation.
And should not I spare Nineveh, that great city,

wherein are more than sixscore thousand persons

that cannot discern between their right hand and
their left hand; and also much cattle?

— Jonah 4:11

King James Bible

Suppose that v and v are complex numbers. We define their cross-
product as follows:
u X v = IMAG(uw)
If we identify C and R? in the usual way we obtain the usual cross-
product. We use this to give a simple definition of “handedness”; for
one reference among many, see |7, page 3|.

Definition 5.11. We define @: C3 — R as follows:
Ou,v,w) =uXv+vXWw+wxu

Suppose that (u, v, w) lies in C*. We say that the ordered triple (u, v, w)
is an anti-clockwise triple if O(u,v,w) is positive. It is clockwise if
O(u, v, w) is negative. Finally, it is degenerate if O(u, v, w) vanishes. <

For example, the three cube roots of unity, in the usual order

17_14_@'@7_1 —Z'ﬁ
2 2 2 2

form an anti-clockwise triple.

Exercise 5.12. Suppose that a, b, u, v, and w are complex numbers.
Prove the following:
o O(v w,u) = O(u,v,w)
O(v,u,w) = —O(u, v, w)
. (’)(u v,w) = 0 if and only if u, v, and w are collinear.
° O(au+b av + b, aw + b) = |a|2 (u, v, w) &

Definition 5.13. Suppose that p, ¢, and r are complex numbers.
Suppose that T'= T'(p, q,r) is a non-degenerate triangle. We say that
T is positively oriented if (p,q,r) is an anti-clockwise triple. Otherwise
T is negatively oriented. &
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Remark 5.14. Tt is a pleasant exercise to show that O(p, ¢, r) is twice
the (signed) area of the triangle T'(p, q,r). We do not need this fact, so
we leave the proof to the interested reader. &

Exercise 5.15. Suppose that L is an oriented line in C. Define what
it means for a point w € C — L to be to the left of L.

Suppose that 7' = T'(p, q,r) is a positively oriented triangle. Suppose
that L is the oriented line in C containing [p, ¢|]. Prove that all points
of T'— L are to the left of L. &

Suppose that T'= T'(p, ¢, 7) is a non-degenerate triangle and zo € T°
is any point of the interior. Remark 3.8, and a computation, imply that
WIND(OT), zp) = +1 as T is positively or negatively oriented.

5.16. Midpoint subdivision of a triangle.
Definition 5.17. Suppose that T'= T'(p, ¢, 7) is a triangle. Let

P=I(+r)2 d=0+p/2 r=(@p+q9)/2
be the midpoints of the sides of T'. We define four subtriangles of T as

follows:

P=T(p,7".q) Q=T("qp)

R=T(q,p,r) S=TW,q, 1)
The collection MID(T') = {P,Q, R, S} is the midpoint subdivision of
the triangle T'. &

The triangles P, @, R, and S are all similar to 7' (under scaling by
one-half and, for S, a half-turn) and all have the same orientation as 7T
So all four smaller triangles are positive, negative, or degenerate as T'
is. For a labelled sketch, see Figure 6.4.

Suppose that v: [a,b] — C is a contour. Recall that L(y) is its
arc-length (Definition 2.29). We use D(v) for the diameter of ~:

D(y) = max{[y(s) = y(t)[: 5,1 € [a,b]}

Lemma 5.18. Suppose that T is a triangle in C. Suppose that P, Q,
R, and S are the four triangles of the midpoint subdivision MID(T).
Then we have

SLOT) = L(OP) = L(9Q) = L(OR) = L(25)
% D(IT) = D(OP) = D(8Q) = D(R) = D(9S) u

Remark 5.19. Suppose that L = [a, b] is a line segment. We define
MiD(L) = {[a, (a + b)/2], [(a + b) /2, b]}

Note that midpoint subdivision of a triangle “induces” the midpoint
subdivision of its boundary segments. The internal segments produced
by the subdivision have opposite orientations (in pairs). So these cancel
against each other when we take contour integrals. Said another way:
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“taking boundaries commutes with midpoint subdivision”. In symbols,
we might write this as (MID(T")) = MiD(9T).

One version of this is proved in Exercise 6.6 and another in Sec-
tion 8.20. &

6. GOURSAT’S LEMMA

Voici une démonstration du théoréme de CAUCHY, qui me parait un peu
plus simple que les démonstrations habituelles. Elle repose uniquement
sur la définition de la dérivée et sur cette remarque que les intégrales
définies [dz, [ zdz, prises le long d’un contour fermé quelconque, sont
nulles.
— Edouard Goursat
Démonstration du théoréeme de Cauchy

6.1. Integrating to zero around triangles.

Definition 6.2. Suppose that U C C is a domain. Suppose that
f: U — C is a continuous function. We say that f integrates to zero
around triangles if, for every triangle T C U, we have

fdz=0 &
oT
We state and prove a result of Pringsheim, correcting a result of
Goursat, improving upon a result of Cauchy. For references, and an
overview of the history, see [5].

Lemma 6.3. Suppose that U C C is a domain. Suppose that f: U — C
1s holomorphic. Then f integrates to zero around triangles in U.

That is, “holomorphic functions integrate to zero around triangles”.

Proof of Lemma 6.3. In the proof we will use the following notations.
Suppose that v: [a,b] — U is a contour. We define I(v) = f7 fdz. As
in Definition 2.29, we use L(7) for the arc-length of . We again use
D(7) for the diameter of the image of ~.

By Exercise 4.3 we have that f is continuous. We now fix a triangle
T =T(p,q,r) C U. We must prove that

I(0T) = fdz=0
oT
Suppose that P, @, R, and S are the triangles of MID(T'), the
midpoint subdivision of 7' (Definition 5.17). As the other cases are
similar or easier, suppose that 7', and the boundaries of the smaller
triangles, are oriented as in Figure 6.4.

Claim 6.5. I(3T) = I(OP) + I1(0Q) + I(9R) + I1(dS)

Proof. We apply Lemmas 2.25 and 2.27 and the combinatorics of Fig-
ure 6.4. O
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%

FIGURE 6.4. The midpoint subdivision of T". We label the vertices of all of
the triangles. We also decorate the edges of the four smaller triangles with
their orientations.

Exercise 6.6. Give a more detailed proof of Claim 6.5. &
Taking absolute values and applying the triangle inequality, we have
[1(0T)| < [1(OP)| + [1(9Q)| + [I(OR)| + [1(0S)]
Set Ty =T. Pick T to be any one of P, ), R, or S so that
[1(0Ty)| = max{|[(aP)], [1(Q)], [I(OR)], [I1(0S)|}
We deduce that
10)] > {|T(0Ty)
LOT}) = %L(&TO)
D(OT}) = %D(@To)

We repeat the above process of subdivision indefinitely. This gives
us a sequence of triangles (7,,)7°, so that, for all n, we have T, C T,,.
Also:

1
(0T wi1)| 2 7 H(9T5)]
L(0T)s) = %L(@Tn)

1
D(0T,11) = 5D(OT;.)

Exercise 6.7. The intersection of the T}, consists of a single point. <
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Let zy be that point. Induction gives us, for all n:

10T,)] > - |TTy)
L(OT,) = %L(@TO)
D(OT,) = %D(@TO)

Recall that f is the given holomorphic function. We take p: U — C
as in Lemma 4.4. Thus p is continuous, vanishes at zy, and satisfies

f(z) = f(z0) + ['(20) (2 = 20) + p(2) (2 — %)

Fix any € > 0. We deduce that there is a 6 > 0 so that B(zg;0) is
contained in U and for w € B(z;0) we have |p(w)| < €. Since the
triangles (7},) nest down to z there is some n so that 7), is contained

in B(zp;0). We now compute:

1(0T;,) = |t definition of I(9T},)
= [ 1o+ 7o)z = 20) + p(2)z = )] Lemma 4.4
_ /8 7o)+ PG = )zt [ p(e)(z ) de Lomma 222
- /a A= 20)dz Lemma 5.8

Now, the maximum of |p| on 07, is at most e. The maximum of |z — z|
in 07, is at most D(9T,,). Thus, by the M L-inequality (Lemma 2.36)
we have:

11(0T,)| < €- D(OT,) - L(0T,) = 4% - D(9Ty) - L(Ty)

Thus:
()| < ¢ D(OTy) - L(OTy)

Since € > 0 was arbitrary, we deduce that 1(0Tp) = 0, as desired. [

Exercise 6.8. Suppose that U C C is a domain. Suppose that
f: U — C is holomorphic. Suppose that R is a rectangle in U. Orient
the boundary OR anti-clockwise. Prove that [, opt dz=0. &

That is, “holomorphic functions integrate to zero around rectangles”.
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7. PRIMITIVES

Far out in the uncharted backwaters of the unfashionable end of the

western spiral arm of the Galazy lies a small unregarded yellow sun.
Orbiting this at a distance of roughly ninety-two million miles is an

utterly insignificant little blue green planet whose ape-descended life

forms are so amazingly primitive that they still think digital watches
are a pretty neat idea.

— Douglas Adams
The Hitchhiker’s Guide to the Galaxy

7.1. Piecewise-linear paths. Suppose that p,q € C are complex.
Suppose that a < b € R are real. We define the affine contour from p
to ¢ by
N b—t t—a
)= y— Pt —a

More generally, we say that a contour v: [a,b] — C is piecewise linear
if there are finitely many breakpoints (t)~_, C [a, b] with tq = a, with
ty < try1, with ty = b, and with all pieces ~|[ty, tx41] affine.?

7.2. Polygons. Suppose that P is a non-empty, compact, connected
subset of C. Suppose that P°, the interior of P, is dense in P. Suppose
finally that the topological boundary 0P is the image of a simple, closed,
piecewise-linear contour. Then we call P a (simple) polygon.

Suppose that v, is a piece of P (as in Definition 2.12). Suppose
that zp is the midpoint of 7y. Choose € > 0 small enough so that
B(zp;€) NOP is a single diameter of B(zy; €) and is contained in . So
one component of B(zg;€) — 7o lies in P° and the other does not. (This
requires the hypothesis that P° is dense in P and that zy lies in the
boundary.) We orient ~, so that the component in P° is to the left of
7o (as in Exercise 5.15).

This induces an orientation on all of 9P. We call this the orientation
of OP induced by v,. Note that this is independent of the choice of €
(as long as it is sufficiently small).

We now decompose P into a minimal possible collection of segments
(Bk), starting with the one containing ~vo. We call the () the sides of P.
We order these so [ follows 5 in OP. We call the resulting contour
the polygonal boundary of P. Finally we define py via {px} = Br_1 N B.
We call the p the vertices of P.

As a special case, non-degenerate triangles are polygons. More
generally, any convex hull of finitely many points (at least three, not
all in a line) gives a polygon.

Exercise 7.3. Show that P can be obtained as a finite union of triangles
(T})¢ so that:

e cach T} is non-degenerate,

3This should be called “piecewise affine”, but nobody says that.
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e distinct T, and Ty have disjoint interiors, and
e distinct 7T, and Ty are either disjoint, meet in a single vertex, or
meet in a common side.

Suppose that (7}), is such a decomposition of P. We orient all of
the T, positively (Definition 5.13). This induces the anti-clockwise
orientation of each contour 07;. So by Exercise 5.15 each triangle is to
the left of its sides. We now “walk” around the boundary of P

e starting at any triangle meeting an interval § of 0P containing
20,

e going from triangle to adjacent triangle, and

e always keeping 0P immediately to our right.

By our convention, the side of the first triangle meeting 8 agrees with
the orientation on /3. Induction (and walking about vertices) implies
that any side of any T}, that lies in some side of 0P, receives the same
orientation from both. Thus the orientation given to 0P above did not
depend on the initial choice of 79. We say that the orientation of 0P
is tnduced by P; it is also called the positive orientation and also the
anti-clockwise orientation.

Equipped with these definitions, we can give a motivating special
case of Theorem 9.2.

Exercise 7.4. Suppose that U C C is a domain. Suppose that f: U —
C is holomorphic. Suppose that P C U is a polygon, with polygonal
boundary 0P oriented as given above. Prove that |, ap fdz=0. &

That is, “holomorphic functions integrate to zero around polygons”.
7.5. Basic properties of primitives. Here is our next definition.

Definition 7.6. Suppose that U C C is a domain. Suppose that
f: U — C is a function. Suppose that F': U — C is holomorphic.
Suppose that I/ = f. Then we say that F is a primitive for f in U. <

Here we are following the terminology of [12, page 170] and [15,
page 78|. Another name used for f dz is “exact differential” |1, page 107].

Lemma 7.7. Suppose that U C C is a domain. Suppose that f: U — C
1$ a function. Suppose that F,G: U — C are both primitives for f.
Then F — G is constant.

Proof. Note that F' and G are holomorphic and thus so is F' — G
(Remark 4.6). We have

(F-G)=F-G=f-f=0
So Exercise 4.9 implies that F' — GG is constant. O

We require the following version of the “fundamental theorem of
calculus”.
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Lemma 7.8. Suppose that U C C is a domain. Suppose that f: U — C
s continuous. Suppose that F': U — C is a primitive for f. Suppose
that ~v: a,b] — U is a contour. Then

/ fdz = F(4(b)) — F(v(a))

-
Proof. As usual, induction reduces us to the case where v has only one
piece.

Write F(z) = u(z) + iv(z). Note that u o~ and v o~y are real C!
functions, so obey the real fundamental theorem of calculus. Exercise 4.8
tells us that F'(y(t))y'(t) = (F ov)'(t). We now compute as follows:

/fdz:/F’dz
v Y

-/ TP 0) (1)

-/ (FonY (1)
:/ab(uoy—l—ivoy)’(t)dt
-/ o) (1) + i (v oY (1)) d

_ /ab(uow(t) dt+i/ab(v07)/(t) dt

= [uon(b) —uor(a)] +ifvoy(b) —vory(a)

= F(y(b)) = F(v(a)) O
Lemma 7.9. Suppose that U C C is a domain. Suppose that f: U — C
1s continuous. Then f has a primitive in U if and only if f7 fdz=0
for all closed contours v in U.

Proof. Suppose that f has a primitive F. Suppose that v: [a,b] — U
is a closed contour. Then F(v(b)) = F(y(a)) and we are done by
Lemma 7.8.

Suppose instead that f integrates to zero about all closed contours
in U. Fix wy in U.

We define a function F': U — C as follows. Suppose that w lies in
U. Pick a piecewise-linear contour g: [0,1] — U with 5(0) = wy and
B(1) = w. (Note that 3 exists by Exercise 2.4.) Define F(w) = [, f dz.

To show that F' is well-defined, suppose that « is another piecewise-
linear contour from wy to w. Define v to be the concatenation of 5 and
the reverse of a:

C[pey, o<t<1)2
7(t)_{a(z—%), 1/2<t<1
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So 7 is a closed contour in U. Thus f7 fdz = 0. By Lemmas 2.25
and 2.27 we have

O:/fdz:/ﬁfdz—/afdz and thus /ﬁfdz:/afdz

So F' is well-defined.

Suppose that w; lies in U. We must prove that F'(w;) = f(wy). Fix
€ > 0. Since f is continuous, and since U is open, there is a d as follows:
if lw —wy| < d then w e U and |f(w) — f(wy)| <e.

Suppose that (3 is any piecewise-linear contour from wy to wy. (Again,
p exists by Exercise 2.4.) Fix any w so that 0 < |w —w;| < §. Let
[wy, w] be the line segment from w; to w. Thus [wy,w] lies in U. Let
B be the concatenation of 8 and [wy,w]. So

F(wl):/ﬁfdz and F(w) = , fdz

Thus
Flw) - Flo) = [ fd:

[wlvw]

We subtract f(w;)(w — w;) from both sides to find

Plw) = Pluy) - fw)w—w) = [ (£()~ flw) ds

[wlvw}
The M L-inequality (Lemma 2.36) implies that
|[F(w) — F(wr) — f(w)(w —w1)] < elw—w
Dividing both sides by |w — wy| gives

F(w)—F(wl) —f(wl) SE
w — W1
Thus F'(w;) = f(w;) and we are done. O

Exercise 7.10. Suppose that f: C* — C is given by f(z) = 1/z.
Prove that f does not have a primitive in C*.

7.11. Primitives in discs.

Lemma 7.12. Suppose that B = B(wq;r) is a disc. Suppose that
f: B — C is continuous. Suppose that f integrates to zero about all
triangles in B. Then f has a primitive in B.

Note that the disc B cannot be replaced by an arbitrary domain U.
On one hand, by Lemma 6.3, the function f(z) = 1/z integrates to
zero about all triangles in C*. On the other hand, by Exercise 7.10, we
know that f has no primitive in C*. On the third hand, Lemma 7.12
implies that f has a primitive in every disc that avoids the origin.
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Proof of Lemma 7.12. Let [wg, w] be the line segment from wy to w.
We define F(w) = [, ., fdz.

Suppose that w; is another point of B. We must prove that F’(w;) =
f(wy). Since f integrates to zero about triangles, we have:

F(w)—F(wl):/ fdz

[w1,w]

We now subtract f(w;)(w — w;) from both sides to obtain

F(w) — F(w) — flw)(w — w,) = / (F(2) — flwn)) dz

[wlfw}

The rest of the proof is similar to that of Lemma 7.9. U

8. HoOMOLOGY

The following pages are intended to exhibit some of the advantages

obtained by a more extensive use of topological methods and notions
i courses on complex variables.

— Emil Artin

On the theory of complex functions

8.1. Simplices and affine maps. The standard n—simplex is

The k'™ vertex v, of A™ is the vector with all coordinates equal to
zero, except for the k™, which is equal to one. Note that A™ has n + 1
vertices.

Suppose that X is a topological space. A singular n—simplex " in
X is a continuous map ¢": A" — X. Suppose that W is a real vector
space. A singular n—simplex ¢” in W is linear if ¢” is the restriction of
a linear map.

ar={reres

Lemma 8.2. Suppose that W is a real vector space. Suppose that (wy)
1s an ordered collection of n 4+ 1 points in W. Then there is a unique
linear n—simplex o™ where o"(vy) = wy, for all k. d

8.3. Codimension-one faces. Fix £ < n. We define the list
Ly = [v0, V1,2, . ., Vk—1, Dkty Ukt 1y - - + 5 Un—1, U]

The notation here means that vy, is omitted from the list. Thus L; has
n elements, in order.

Suppose that ¢™ is a singular n—simplex in X. By Lemma 8.2 there
is a unique linear (n — 1)-simplex

ot AT R
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where 777! takes the (" vertex of A™! to the (" vertex of L;. The
notation for, and the definition of, the k*" (n — 1)-dimensional face of
o" is:
o"|[vo, V1, V2, . . Vk—1, U, Vkgds - -+, Up1, Un) = 0 O 7';?_1
Remark 8.4. We will almost always suppress the notation for the
reparametrising map 7' " &
Most relevant to these notes are singular simplices in dimensions zero,
one, and two.
e A singular zero-simplex 0" has no —1-dimensional faces.
e A singular one-simplex o! has two zero-dimensional faces; these
are o!|[v] and o!|[vg)].
e A singular two-simplex o2 has three one-dimensional faces; these
are o2|[v1, va|, 02|[vo, va], and o?|[vg, v1].
Exercise 8.5. List the four two-dimensional faces of a singular three-
simplex o3. &

8.6. Chains and the boundary operator.

Definition 8.7. Suppose that X is a topological space. Fix n. An
n—chain in X is a formal, finite sum of singular n—simplices in X with
integer coefficients. The collection of all n—chains in X is a commutative
group denoted C,,(X); the empty sum gives the additive identity (that
is, zero).

Definition 8.8. Suppose that X is a topological space. Fix n. Suppose
that o™ is a singular n—simplex in X. We define the homological
boundary of o™ as follows:

Opo™ = Z(—l)kanl[vo,vl, ey Oy e, Uy
k

So the homological boundary is the (n — 1)—chain obtained by summing
the (n — 1)-faces of 0", with sign. We extend 0, linearly to n—chains
to obtain a homomorphism

On: Cp(X) = Chr(X)
We call this the n'® boundary operator. &
In the relevant dimensions (for us) we have:
Do’ =0
dho' = o|[v1] = o |[vo]
0r0% = 0?|[vy, va] — 0| [vo, va] + 2|[vo, V1]

It is a nice exercise to prove, for all n, that 9, o d,,1 = 0. However,
we will only need the following;:
Exercise 8.9. Prove that 0) o 0y: Co(X) — Cp(X) is the trivial
homomorphism. &
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8.10. Cycles and boundaries.

Definition 8.11. An n—chain ¢ € C,,(X) is an n—cycle if 9,c = 0. An
n—chain ¢ € C,,(X) is an n-boundary if there is some d € C,,1(X) so
that 0,,11d = c.

We define Z,(X) < C,(X) to be the kernel of the homomorphism
Op; this is the subgroup of n—cycles. We define B, (X) < C,(X) to be
the image of the homomorphism 0,1; this is the subgroup (again of
Cy (X)) of n-boundaries. Furthermore, because 9, 0 9,1 = 0, we have
the following:

Bn(X) < Z,(X) < Ch(X)
We may therefore define, as a quotient, the n' (singular) homology
group of X:

H,(X) = Z,(X)/Ba(X)
(This is one of the main ways of transforming problems in topology into
problems in algebra.) The elements of H, (X) are called n—dimensional
homology classes in X. We will only need these in dimension n = 1.

8.12. Examples of cycles and boundaries. When discussing the
various groups (of chains, cycles, boundaries, and homology classes)
one must always specify the ambient space X. We explore this in a
collection of examples.

Example 8.13. Suppose that U C C is a domain. Suppose that
7v: la,b] — U is a closed contour. Using Lemma 8.2, let p: A’ — [a, D]
be the unique linear simplex sending vy to a and v; to b. Let ¢, = yop.
Thus ¢, is a one-chain in U. Since 7 is a closed contour we find that ¢,
is a one-cycle in U. &

Remark 8.14. As another notational saving, similar in spirit to Re-
mark 8.4, we will often suppress the (formally necessary) reparametri-
sation making A! the domain instead of an interval of R.

We will, conversely, also allow ourselves to treat (piecewise C') one-
simplices as contours; here we will also suppress the (formally necessary)
reparametrisation by an interval of R.

Example 8.15. Suppose that 1: C* — C is the inclusion mapping.
Consider the contour v: A! — C* given by 7y(xg, 1) = €*™@1. Note
that v((1,0)) = ~((0,1)); so 7y is a one-cycle in C*. We define 6 = 10 ~;
so 0 is a one-cycle in C.

We claim that ¢ is a one-boundary in C. To see this, first define

c: A* — C by
( ) 0, if T = 1

c(xo, 1, 29) = S T

O (1 — z)e” =) if zg # 1

Note that ¢ is continuous away from the vertex vy = (0,0, 1). To prove
that ¢ is continuous at vs, consider the arc I, C A? with 25 =1 —17. So
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c|I, parametrises C(0;7), the circle of radius r about the origin. As r
tends to zero (and so I, tends to vg) the circle C'(0; ) tends to the origin.
Thus small neighbourhoods of vy are sent to small neighbourhoods of
c(vg), as desired.

Note that c|[vg, v1] = 0 (as singular one-simplices). Also, ¢|[vg, v2] =
c|[v1, o] (also as singular one-simplices). We deduce that 6 = dc. Thus
0 is a one-boundary in C, as desired.

On the other hand, « is not a one-boundary in C*. The proof will
be asked for in Exercise 9.3 after we have Theorem 9.2 in hand. <

Exercise 8.16. Check the claimed equality c|[vg, vs] = ¢|[v1,v2] in
Example 8.15.

Exercise 8.17. Suppose that o': Al = X is a singular one-simplex.
Define 71(z, 1) = o'(x1, 7). This is the reverse of o!. Prove that
o' 4+ 71 is a one-boundary. O

Example 8.18. Suppose that U is a domain. Suppose that T =
T(p,q,r) is a triangle in U. Inspired by Lemma 8.2 we define 02.: A? —
U to be the linear two-simplex sending vy to p, v; to ¢, and vy to 7.
The homological boundary of o2 is:

0t = [p,ql + la,7] = [p,7]
This is almost a realisation of the polygonal boundary of 7. However,
the last term is the negative of the reverse of what we actually want.
By Exercise 8.17 there is a two-chain d € Cy(U) so that 9d =
[p, 7]+ [r,p]. So

Aoy +d) = [p,q] + [g. 7] + [, p]

Thus the direct realisation of 0T as a one-cycle is in fact a one-boundary.

&

Exercise 8.19. Suppose that o': Al — X is a singular one-simplex.
Suppose that v is any point of Al. Prove that o!|[vg, v] + o|[v, vi] — o
is a one-boundary.

8.20. Midpoint subdivision of a singular two-simplex. Recall
that A? is the standard triangle (in the plane xg + z; + 22 = 1 in R3)
with vertices vy, v1, and vy. Let

vi=(v;+w)/2  for {i,j,k} ={0,1,2}

be the midpoints of the sides of A%, We define four subtriangles of A2
as follows:

P:T<U07véavi) Q :T(Uéavhvé)

R:T(Uiav(l)aUZ) S:T(Uévvllavé))
(Compare Definition 5.17 and note the change in the definition of S.)
Identifying A% with any positive triangle in C we find that P, Q, and R
have the same handedness as A% while S has the opposite handedness.
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Suppose that U is a domain. Suppose that o?: A? — U is a singular
two-simplex. We define the midpoint subdivision of o2 as follows:

MiDy(0?) = 0| P + 0*|Q + o?|R — 0?|S

(The minus sign on 02| is due to the reversal of its handedness. Com-
pare Example 8.18.) So MiDy(¢?) is a two-chain (as discussed in
Remark 8.4 we suppress the reparametrisations by A?). We extend
MID, linearly to obtain a homomorphism Cy(U) — C2(U). We similarly
define M1D; : C1(U) — C1(U), using the midpoint v' = (vg + v1)/2 to
subdivide A':
MiD; (0h) = o*|[vg, V'] + o |[V', v1]

(Again we suppress the reparametrisations by Al.)

We can now explain the choice of handedness of S and sign of o2|S
in the definition of MIDs,.

Exercise 8.21. Prove that 05 o MIDy = MID; 0. &

That is, taking boundaries commutes with the midpoint subdivision,
even at the level of chains.

9. CAUCHY’S THEOREM

We adopt the following notation. Suppose that U is a domain.
Suppose that f: U — C is continuous. Suppose that I' = Y gxo}, is a
one-chain in U where all o}, are piecewise C'. Then we write

/rfdzzgjgk/(fifdz

Using this we can state and prove one of the main results of the module.

Proposition 9.1. Suppose that U C C is a domain. Suppose that
f: U — C is continuous. Suppose that f integrates to zero along all
closed contours in all discs in U. Suppose that I' is a one-boundary in
U which is piecewise C'. Then we have:

ﬁfwzo

Proof. Since I' is a one-boundary in U, following Definition 8.11, there
is some two-chain d = Y, dyoi € Co(U) so that I' = dd. Recall that
each o7 is continuous and A?] the standard two-simplex, is compact. So
Dy, = 02(A?) is compact and contained in U. By Exercise 2.6 there is a
constant € > 0 so that the open neighbourhood N (Djy;¢€) lies in U.

We define ¢ = ming{ey}. For each k there is some 0, so that if
u,v € A? have |u — v| < 0, then |oi(u) — o2(v)| < €. We define

Now we subdivide. Let T™) = MID) (A?) be the N** midpoint
subdivision of A2, Every triangle of T™) has diameter v/2/2". Fix N
so that v/2/2N < 6.
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Suppose that ¢ is a triangle of T™). We define 02, = 02|t (as
usual we suppress the notation arising from the need to feparametrise
making A? the domain). So o7, is itself a singular two-simplex. Let
e; = £1 be the corresponding sign (coming from Section 8.20). We
define (07)N) =37, €07, and we define d™) =37 dy(o7) ™).

We similarly define T'™) = Mip¥(T') to be the N** midpoint subdivi-
sion of I'. We now apply Exercise 8.21: taking boundaries commutes
with midpoint subdivision. So I'™) = (9d)™) = 9(d™¥)). By Lem-
mas 2.25 and 2.27 we have

/Ffdz:/F(N)fdz

Now we straighten. For any o™: A" — C we define STR,,(¢"): A™ —
C to be the real-linear map agreeing with o™ at the vertices of A™. We
call STR,,(0™) the straightening of o"™. We extend linearly to obtain
homomorphisms STR,,: C,,(C) — C,(C).

To lighten the notation a bit, we define 7, = STRy(07,). So we
have STRy(d™)) = 3", d). 37, €. We also straighten ™) obtaining
STR; (T™). We set d' = STRy(d™)) and I" = STRy(I'™Y)).

Straightening commutes with taking boundaries so we have:

"= STR1 (F(N)) = STR1 (82d(N)) = 82 STRQ(d(N)) = 82d’

We must check that the new, straightened, simplices lie in U. Recall
that ¢ has diameter less than § in A?. Since 73, is the straightening of
oy, they agree at the vertices (of A%). Suppose that v is the image of a
vertex under either map. We deduce that the image of o7, ,, and thus of
Tk, lies in B(v;€). Thus the image of 73 lies in U. We deduce that
d € Cy(U) and so I'" € B, (U).

By Lemmas 2.25 and 2.27 the integral of f over 07y, (the homological
boundary) equals the integral of f over the polygonal boundary of (the
image of) 74 +. (Here we use Definition 5.7 and take vertices p = 7 +(vy),
q = Tp+(v1), and r = 7 4(v4).) But the latter is an integral over a closed
contour in a disc. So it vanishes. That is,

fdz=0
0Tkt

Summing over k and ¢, we have

//fdz:O

Suppose that 1 is a summand of T'™). Set 1’ = STR;(n). We deduce
the following:
e 1 is a linear one-simplex while 7 is a piecewise C'* one-simplex,
e the endpoints and orientations of ' and 7 agree, and
e the images of both are contained in a single e-disc in U.
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The last follows for n because we have subdivided finely enough and
follows for 1’ because it is a straightening. By Lemmas 2.25 and 2.27 the
integral of f over ' — n equals the integral of f over the concatenation
of ' with the reverse of n. The concatenation is a closed contour in a
disc, so the latter vanishes by our hypothesis on f. So we have

// fdz=0
[ s [0

Summing over summands of I'™), and recalling that I'" is the straight-
ening of '™ we have

We deduce that

fdz= fdz

I’ ING)
This completes the proof. Il

As a corollary we can give the more commonly-seen statement.

Theorem 9.2. Suppose that U C C is a domain. Suppose that f: U —
C is holomorphic. Suppose that I' is a piecewise C* one-boundary in U.

Then we have:
/ fdz=0
r

Proof. Suppose that f is holomorphic. By Exercise 4.3 we have that f
is continuous. By Lemma 6.3 we have that f integrates to zero around
triangles in discs in U. By Lemma 7.12 we have that f has primitives
in discs in U. By Lemma 7.9 we have that f integrates to zero along
all closed contours in all discs in U. We now apply Proposition 9.1 and
are done. U

Here is our first application of Theorem 9.2; we prove that the choice
of ambient space is crucial for deciding if a one-cycle is a one-boundary.

Exercise 9.3. With the notation as in Example 8.15: prove that v is
not a one-boundary in C*. &

10. THE FIRST HOMOLOGY GROUP

10.1. Homeomorphism. Suppose that X and Y are topological spaces.
Suppose that f: X — Y and g: Y — X are continuous maps. Suppose
that g o f and f o g are, respectively, the identity on X and on Y.
Then we call f and g homeomorphisms and we say that X and Y
are homeomorphic. Note that “being homeomorphic” is an equivalence
relation.

Any two open discs in the plane are homeomorphic via a translation
and scaling. The following is more interesting.
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Exercise 10.2. Give an explicit homeomorphism between the open
unit disc D = B(0;1) and the complex plane C. &

10.3. Invariance. Homology is an invariant of homeomorphism, as
follows.

Exercise 10.4. Suppose that X and Y are topological spaces. Suppose
that f: X — Y is continuous. For any singular simplex ¢™: A" — X
we define f,(6™) = f oo™ We extend linearly to obtain f,: Cp,(X) —
Cn(Y). Prove that f, induces a homomorphism [f,]: H,(X) — H,(Y).

Suppose, additionally, that f is a homeomorphism. Then [f,] is an
isomorphism. &

10.5. Trivial first homology. Suppose that U C C is a domain. We
say that U has trivial first homology if H1(U) = 0. That is, the first
homology group of U is isomorphic to the trivial group. Digging into
the definitions a bit, this happens if and only if every one-cycle in U is
a one-boundary in U.

Lemma 10.6. Suppose that U C C is a convex domain. Then U has
trivial first homology.

Proof. Suppose that ¢ = Y ¢x0} is a one-cycle in U. We must find some
d € Cy(U) so that dd = c.

Fix w in U. Suppose that o' € C1(U) is a singular one-simplex. We
define d,, (o) € Cy(U) following Example 8.15. That is:

w, if g =1
$2w+(1—$2)01( o _Z1 ) if zg #£ 1

1—xz97 1—xo

dw(01)<$0, Ty, $2) = {

We define d = Y ¢xd,,(0}). Note that this is a two-chain in U. If
opl[v1] = o} l[vo] as zero-simplices, then dy,(o)|[v1, v2] = du(0})|[vo, v2]

as one-simplices. Also, d(o})|[ve,v1] = o}, again as one-simplices.
Since dc = 0 we deduce that 0d = Y ¢,dd,,(0}) = > crof = c¢. So ¢ is
a one-boundary, as desired. U

As a consequence of the lemma, we have that any disc B(z;r) C
C has trivial first homology. Similarly, the plane C has trivial first
homology. By Exercise 10.4 any domain homeomorphic to a disc also
has trivial first homology.

10.7. Non-trivial first homology. We turn to the task of giving a
domain U so that Hy(U) is non-trivial.

Definition 10.8. Suppose that zy is some complex number. Suppose
that 0 < a < b < 0o is a pair of real numbers (allowing b to be “infinity”).
We define

A(zp;a,b) ={z € Cla<|z— 2| <b}
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This is an open annulus centred on zy. It has inner radius a and outer
radius b. (When 0 < a < b < oo we call the closure of A(zg;a,b) a
closed annulus.)

Exercise 10.9. Suppose that a < b and ¢ < d are real numbers (or “in-
finity”) as in Definition 10.8. Prove that A = A(0; a, b) is homeomorphic
to B = A(0;¢,d).

Example 10.10. In Exercise 9.3 we found a one-cycle in C* which
is not a one-boundary in C*. Thus H;(C*) 2 0. The same argument
proves that annuli, and also punctured discs, have non-trivial first
homology. This can also be deduced from Exercises 10.4 and 10.9. <

Exercise 10.11. Prove that the plane C is not homeomorphic to the
punctured plane C*. &

In fact, H,(C*) = Z; the isomorphism is given by the winding number
about the (missing) origin. Furthermore, domains with “more holes”
have more homology. We do not pursue these lines of inquiry.

11. REGIONS

In presentations of Cauchy’s theorem, the integral formula and the
residue theorem which follow more classical lines, there is no mention of
homology, nor is the notion of index used explicitly. Instead, the curve ~y
to which the theorems are applied is supposed to form the complete
boundary of a subregion of 2, and the orientation is chosen so that the
subregion lies to the left of [y]. In rigorous texts considerable effort is
spent on proving that these intuitive notions have a precise meaning. The
main objection to this procedure is the necessity to allot time and
attention to rather delicate questions which are peripheral in comparison
with the main issues.
— Lars V. Ahlfors

Complex analysis: An introduction to the theory of analytic functions of

one complex variable

We generalise from triangles, rectangles, polygons, closed discs, and
closed annuli to the following.

Definition 11.1. Suppose that R C C satisfies the following:

e R is compact, connected, and non-empty;

e the interior, R°, is dense in R;

the topological boundary, R, is a finite union of disjoint simple
closed contours; and

e cach piece of each contour in R has non-vanishing derivatives.

Then we call R a region. &

The fourth hypothesis in the definition is used exactly once, in the
proof of Lemma 11.3.
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11.2. Accessibility. We show that the topological boundary OR of a
region R is “accessible” from the interior, and from the exterior, of R.
For a related result, see [16, Lemma 2.10, page 362].

Lemma 11.3. Suppose that U is a domain. Suppose that R C U
s a region. Suppose that zy is a point of OR. Suppose that 7y is the
component of OR containing zy. Then there is an r1 > 0 so that, for all
0 <r < ry we have the following:

(1) the closure of B = B(zy;r) lies in U,

(2) the circle OB meets OR in exactly two points,

(3) the two points of intersection lie in v, and

(4) the difference B — ~ has two components: one lies in R and one
1s disjoint from R.

This statement should be compared with the (simpler!) situation of
polygons and the induced orientation of their boundary (Section 7.2).

Proof of Lemma 11.3. We are given a parametrisation v: [a,b] — C
with 7/(¢) non-vanishing. Suppose that ¢, lies in [a, b] and that v(¢y) = 2.
Reparametrising the closed contour (if needed), we may assume that
to # a and ty # b. Fix any 0 < ny < b—tq so that (¢, to + 14| contains
no breakpoints of ~.

Set 8 = ~|[to, to + n+]. So B is C'. Also, B(tg) = 2o and 3'(¢y) # 0.
Set vy = f'(ty). Define p: [to, to + 1] — C by

p(t) = B(t) = (20 + vo(t = to))

So p is C*. Also, p(ty) = 0 and p/(ty) = 0. Since p’ is continuous, we
have some 04 € (0,n] with |p'(t)| < |ve|/6 for all t € [tg,to + d1]. The
(real) mean value theorem then implies that |p(t)| < |vo|(t — to)/6 for
all t € [to, to + 5+]
We now consider the square of the distance:
S(t) = B(t) — zo*
= |vo(t —to) + p(t)[?

— (uolt — to) + p(t)) (Talt — to) + p(D))

— [wol*(t — t0)* + (¢ = to) (Top(t) + vop(8) ) + Ip(t)

Note that this is real, as is its derivative. We differentiate to obtain

S'() = 2Juof(t — to) + (¢ — to) (Tap' (1) + w0/ (8)) + (Tap(t) + vop(?)

+p(6)p/ (1) + 0/ () p(t)
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Subtracting 2|v|?(t — to) from both sides and applying the triangle
inequality we have:

|5 () — 2|vo|*(t — to)]

9 1 1 1 1 1 1
§|/UO‘ (t_tO) 64‘64‘64—64-%4-%

< Juol*(t — to)

We deduce that, for all ¢ € [ty, to + ], we have S’(t) > |vo|*(t — o). So
the square of the distance has positive derivative (away from t = ¢;).
So the square of the distance, and thus the distance |5(t) — zo| itself, is
monotonically increasing. We deduce that, for 0 < r < |5(to +04) — 0],
the subcontour S|[to, to + d4] meets the circle C(zp;r) in exactly one
point.

We carry out the same argument on the left side of ¢y, obtaining
d_ > 0. Set

ro = min{[y(to — 6-) — 2o, [y(to + 0+) — 20[}
Note that OR — v is closed, as is « restricted to the complement of
(to — 0_,tg + d1), as is C — U. So we may pick 0 < r < 7y so that
B(zo;r1) is disjoint from all three of these sets. So 7 gives the first
three conclusions of the lemma.

Suppose now that 0 < r < 7. Let u(r) and v(r) be the two
points of v N C(zp;7). We assume that these points come in the or-
der (u(r), zo,v(r)) along . By the monotonicity proved above, the
points u(r) and v(r) are continuous functions of . We now define
w(r) € C(zo;1) — {u(r),v(r)} as follows:

e w(r) € zy+ SQRT((u(r) — zo)(v(r) — zo)) and
e (u(r),w(r),v(r)) is an anti-clockwise triple.

Claim. w(r) is well-defined.

Proof. Since r > 0 we have that u = u(r) — zp and v = v(r) — 2 are
non-zero. So the product uv has two square roots. Suppose that these
are p and q. Note that all of u, v, p, and q lie on the circle C'(0;7).
Suppose that v/u has argument 26. So there is a single rotation taking
u— re’w, V= rew, p— xr, q+— Fr
Note that
O(re ™, r,re') = 2r*(1 — cos(h))sin()
O(re™, —r,re?) = —2r%(1 4 cos(f)) sin(0)

Thus, rotating back, and appealing to Exercise 5.12, we find that
O(u,p,v) and O(u,q,v) have opposite signs. Finally, translating back
(by adding zp) and again appealing to Exercise 5.12, we find that exactly
one of the elements of

%0 + SQRT((u(r) — 20)(v(r) — 20))
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forms an anti-clockwise triple with u(r) and v(r). O

We deduce that (u(r), —w(r) + 2z, v(r)) is a clockwise triple. We
set w(0) = 2.

Claim. The resulting function w: [0,71) — C is continuous.

Proof. Since w(r) lies in C(zp;7), we have that w(r) tends to zy as r
tends to zero. Thus w is continuous at zero.

Consider the curve a: (0,71) — C defined by a(r) = (u(r)—2zo)(v(r)—
2p). This is continuous and avoids the origin. Fix now any positive
ry < 1r1. Set By = B(a(ra);|a(r2)|/2). Applying Exercise 2.10, let
f: By — C be the branch of SQRT so that w(ry) = 2o+ f(a(r2)). Since
u, v, f, o, and O are all continuous, we have some ¢ > 0 so that
(ro — €,m24+¢€) C (0,71) and

e a(r) € By and

® O(u(r), 20 + f(a(r)),v(r)) >0
for all » € (ry —€,72 +€). Thus zy + f(a(r)) = w(r) for all such
r € (ro—e,mo3+€). We deduce that w is continuous at rq, as desired.

Let W, be the arc w((0,71)). By construction, W, is disjoint from
OR. So, by the proof of the intermediate value theorem, W, is either
contained in the interior of, or is disjoint from, the region R. The
same applies to the arc W_ = —w((0,71)) 4+ 2z (corresponding to the
clockwise choices of square root).

Let C.(r) be the component of C(zo;7) — {u(r),v(r)} containing
w(r). Let C_(r) be the other component of C(zp;7) — {u(r),v(r)}.
Again the intermediate value theorem tells us that each circle-arc C(r)
is contained in the interior of, or is disjoint from, R.

Suppose that both W, and W_ are contained in R. Transitivity
implies that all of the arcs CL(r) are also contained in R. So the
points of R N B(zp;r1) are not accumulated by points of C — R, a
contradiction.

Suppose that both W, and W_ are disjoint from R. Transitivity
implies that all of the circle-arcs C'L(r) are also disjoint from R. So the
points of OR N B(zp;71) are not accumulated by points of the interior
of R, a contradiction.

We deduce that exactly one of W, is contained in R and the other is
disjoint from R. The same holds, by transitivity, for the corresponding
families of circle-arcs Cy(r). This gives the final conclusion of the
lemma. U

Remark 11.4. Lemma 11.3 is the one place where we use the assumption
(in Definition 11.1) that the derivative of a contour appearing in the
boundary of a region R is non-vanishing. With even more work, say
using the implicit function theorem, we could show that R has a collar
neighbourhood inside of R. See, for example, [16, Theorem 2.9, page 361].
That would prove that regions are surfaces with boundary.
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11.5. Induced orientations. In Definition 5.13 and in Section 7.2 we
gave the polygonal boundaries of triangles and polygons a preferred
positive orientation, namely anti-clockwise. Regions can have many
boundary components; so some care is required when defining their
positive orientations.

Definition 11.6. Suppose that U C C is a domain. Suppose that
R C U is a region. Suppose that v is a component of OR. Suppose that
zo 1s any point of 7. Suppose that B is a disc about z as in Lemma 11.3.
Suppose that v and v are the two points of v N 0B. Suppose that w
is any point of R° N dB. Orient ~ so that it visits u before zy before
v. Finally, if (u,v,w) is an anti-clockwise triple then we say that the
orientation of v is positive. &

We can say this more informally as follows: ~ is oriented positively if
R is locally to the left of v at z.

Lemma 11.7. The positive orientation of v is well-defined.

Proof. Suppose that zy and wy are two points of v. Equip v with the
orientation making it positive at zy. Suppose that ¢ is the closure of
the component of v — {zg, wo} after zy, (and so before wy). Note that ¢
is compact. This and Lemma 11.3 give finitely many points

(Z(),Zl,...,ZN = IU())

in order along 0 and discs By = B(z; rx) so that

e the intervals 0, = By N~y cover 0,

e [, N By is non-empty if and only if |k — ¢ < 1,

e [Or N Bry1 is a non-trivial interval strictly contained in both S
and Sgi1, and

e all triple intersections of discs are empty.

So suppose that the orientation of ~ is positive at z;. It suffices to prove
that it is also positive at zp41.

Suppose that Cy = 0By and Cj 1 = 0By, are the two boundaries.
From our assumptions on the (f;) we deduce that Cj and Cy,; meet
exactly twice.

From the hypotheses we have that v meets, in order:

some point of By — By, 1, then
the centre z, then

some point of By N Byy1, then
the centre z;,1, and finally

e some point of By, — Bj.

We deduce that ~ crosses the following arcs in the following order:
e Cy — By,
e Ciy1 N By,
e Cp N Byyq, and
[ ] Ck-Jrl - Bk
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See any one of the subfigures of Figure 11.8.
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Ficure 11.8. Shuffling points from one circle to the next.

Lemma 11.3 implies that exactly one of the two points of Cy N Clyq
lies in R. Let w and v be the points of yNCy, in order along . Let w be
any point of (Cy N R) — (YU By41). See the first subfigure of Figure 11.8.
The induction hypothesis tells us that (u,v,w) is an anti-clockwise
triple. We now “shuffle” the points u, v, and w through the points of
Cy N Ciy1 as shown in Figure 11.8. The first, second, fifth, and sixth
moves happen on a single circle. In the third move the point v does not
cross the line through u and w; in the fourth move the point w does
not cross the line determined by u and v. So none of the moves change
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handedness. Thus after the moves (w, u, v) is still anti-clockwise, and
we are done. O

Suppose that R is a region. The orientation on JR which is positive
on all components of OR is called the orientation induced by R.

From the bird’s-eye view, the induced orientation is anti-clockwise
on the “outer” boundary of R and clockwise on all “inner” boundaries.
The frog’s-eye view is a bit different. Here we instead stand on ~ (with
our head just above the plane). We turn (if needed) so that R is on our
left. This done, we are facing in the direction of the orientation on ~

induced by R.

Exercise 11.9. Go outside. Find a region R on the ground. Pick a
component v of JR. Run around v in the direction of the orientation
induced by R. &

Remark 11.10. From now on, anytime we specify a region and mention its
boundary the orientation will be assumed to be the induced orientation.

&

12. CAUCHY’S THEOREM FOR REGIONS

To prove a version of Cauchy’s theorem for regions, we need the
following.

Proposition 12.1. Suppose that U is a domain. Suppose that R C U

s a region. Then OR, considered as a one-chain, is a one-boundary in
U.

There are several possible proofs of this. The conceptually simplest is
to triangulate R: realise R as a union of triangles, all nicely embedded in
C, all positively oriented, and all meeting nicely along their boundaries.
This realises R as a two-chain in U and realises R as a one-boundary
in U. Triangulation can be achieved with techniques similar to those
needed in building a collar (as in Remark 11.4). A version of this was
given in last year’s notes, but various subtle points were handled badly.

Another proof of Proposition 12.1 runs as follows. We first prove
that, for any point, there is a nearby horizontal line L meeting OR in
finitely many points. (This requires the C' hypothesis on dR.) Cut
R along L into finitely many subregions. We repeat this process of
cutting horizontally, and also vertically, until every subregion R; is very
small. At this stage each R; is contained in some disc B; C U. The
components of OR; are now closed contours in discs. Lemma 10.6 tells
us that each OR; is a one-boundary. We now sum these (and apply
Exercises 8.17 and 8.19) to obtain the result.

Here is our third approach.

Proof of Proposition 12.1. Suppose that U is the given domain and
R C U is the given region. For all points zy € OR, Lemma 11.3 gives
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us discs. We shrink their radii by at least a factor of two to ensure that
discs touching distinct components of R are disjoint. We shrink even
further to ensure that no component of R is covered by three or fewer
such discs.

Note that the discs give an open cover of R. So compactness provides
us with a finite subcover (By). Take z; to be the centre of By. Let
Cy = 0By.

Similar to the proof of Lemma 11.7, we may assume that

e no one of the By is contained in any other,
e every By meets exactly two others, and
e every component of OR meets at least four discs.

For each contour « in R we use the discs to form a new contour /',
as follows: if the discs By and By meet each other and meet 7, then we
place [z, z¢] into 7.

Claim 12.2. FEach v/ is simple.

Proof. Fix one of the ~ built just above. We locally relabel the indices
to get distinct discs (B,))Z) covering 7/. These have centres (z,)
and radii (r,). We treat the indices cyclically (ordered by 7) so that
v = Unlzn, 2ni1]. By construction we have N > 4.

Suppose, for a contradiction, that ' is not simple. Suppose that we
have distinct indices m, m + 1, n, and n 4 1 so that [z, z,11] meets
[2n, 2nt1]- Let p be any point of the intersection. Since p lies on both

intervals we have
|2m = Pl + [P = Zma1] = [2m — 2Zma1] < T+ T
12 = Pl + P — 21| = |20 — Zn1| < T+ T
On the other hand, the distinctness of the four indices implies that
B,NB,=Bn,.1NB,1=9. So
|2m — 2n| = rm + 70
|Zm41 — Zng1] = Tmgr + T

Finally, the triangle inequality tells us
|Zm_Zn| = |2m _p+p_zn| < |zm _p| + |p_zn|
|Zmi1 — zZnt1| = |2mi1 =P+ D0 — 2oga1] < |2myr — 0| + P — 2011|

Chaining together the inequalities (and noting that one is strict) gives
the desired contradiction.?*

If some of the indices m, m + 1, n, and n + 1 agree, then (breaking
symmetry) we may assume that we have m + 1 = n. Since 7/ is not
simple we deduce (as the other case is similar) that [z, z,,41] contains
[Zm+1, Zma2]. Recalling that B, N B+ = &, and that no discs are
nested, gives the desired contradiction. U

“In fact, for any convex quadrilateral, the sum of its diagonals is greater than
the sum of a pair of opposite sides [10, Exercise 10, page 50].
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We orient + so that the centres z;, are in the same order on both ~
and ~'.

Claim. The one-chain v — ' is a one-boundary.

Proof. For any k, define L, = By_1 N By. Note that L is convex. Note
also that 7 meets L; in a single sub-contour. Now pick any points
pr € YN Ly and p), € [zk_1, 2k] N Lg. Let 5 be the arc of v from py, to
Prt1- Let 7y, be the arc of 4 from pj, to pj,,. Let [py,p,] be the line
segment with those endpoints. We define the one-cycle

Gk = Ve + [Prt1s Piyr] — Ve — [Pk D)

The image of (i lies in By, so by Lemma 10.6 we have that (; is a
one-boundary. So >_ (}. is also a one-boundary. Noting the cancellation
between ( and (;,1 we find that

Z%—Z%;:Z@

is a one-boundary. Since () and (7;,) are subdivisions of 7y and v we

find that
Y=Y w amd A=) 7

are both one-boundaries (Exercise 8.19). Thus v —+ is a one-boundary,
as desired. O

We now build a region R’ having the new contours as its topological
boundary. We subtract from R the set By N R, add back in the appro-
priate component of B, — ', and then take the closure. By the claim,
to prove the proposition it suffices to show that OR’ is a one-boundary.

We decompose R’ into positively oriented triangles (7y) as in the
solution to Exercise 7.3. We realise all of the triangles as linear two-
simplices 07. So d' =Y o7 is a two-chain.

There are various ways the equality Od’ = OR' could fail. We consider
these in turn.

Fix any index /. Fix any summand e of do?. There are two cases as
the image of e meets the interior of R’ or it does not.

Suppose first that e meets the interior of R’. So there is a unique
index ¢’ # ¢ and a unique summand ¢’ in do7 so that e and ¢’ have
the same image. If e and ¢ have the same orientation and opposite
sign then they cancel in the sum 0d’; in this subcase we do not change
d'. Otherwise, e and e’ have opposite orientation and the same sign.
In this subcase we apply Exercise 8.17 to find a two-chain d,. so that
od, = e+ €. We replace d’ by d’ & d,.. Here we use the sign opposite to
that of e, to ensure cancellation. (Also, we do not later consider €, to
avoid undoing what we just did.)

Suppose next that e does not meet the interior of R'. So it lies in
OR'. If its coefficient is +1 then its orientation agrees with that of OR’
and we do not change d’. If its coefficient is —1 then its orientation
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disagrees with that of OR’. Here we take €’ to be the reverse of e, form
d. as before, and replace d’ by d’ + d..

Once we have so dealt with all indices ¢ and all summands e, we have
that dd' is a one-chain where all (non-cancelled) summands have

e positive sign and
e orientation agreeing with the induced orientation on OR’.

So Od’ gives a subdivision of R’. We now apply Exercise 8.19 as needed,
adding singular two-simplices to d’, until dd’ = OR'. Thus OR' is a
one-boundary.

This implies that OR is a one-boundary and we are done. U

We are now equipped to prove the following.

Theorem 12.3. Suppose that U is a domain. Suppose that R C U is a
region. Suppose that f: U — C us holomorphic. Then faRfdz = 0.

That is, “holomorphic functions integrate to zero around regions”.

Proof of Theorem 12.3. Exactly as in the proof of Theorem 9.2 we con-
vert the hypothesis that f is holomorphic into the hypothesis that f
integrates to zero along all closed contours in all discs in U. Proposi-
tions 9.1 and 12.1 complete the proof. O

13. THE REPRODUCTION FORMULA

Definition 13.1. Suppose that U C C is a domain. Suppose that
f: U — C is continuous.
We say that f satisfies the reproduction formula in U if

e for all zy € U,
e for all 7 > 0 so that the closure of B = B(zg;r) lies in U,
e for all w € B,

we have:

1
21t Jop 2 —w
The name comes from the fact that the values that f takes inside of
an open disc can be reproduced from the values of f restricted to the
boundary of the disc. This is also called the “Cauchy integral formula”.

Theorem 13.2. Suppose that U C C s a domain. Suppose that
f: U — C s holomorphic. Then f satisfies the reproduction formula
i U.

Proof. Fix any zy € U and any r > 0 so that the closure of B(zg;7) lies
in U. Fix also any w € B(zg;7).

Pick any dg > 0 so that |zo — w| < r — dy. Pick any 0 < § < &p. So
the circle C(§) = C(w;d) is contained in B(zo;7). In particular, C(9)
is disjoint from C(r) = C(z;7). Note that the closures of the discs
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B(zp;r) and B(w;d) are both regions. These induce, via Remark 11.10,
the anti-clockwise orientation on their boundaries C(r) and C(9).

By Exercise 2.5 we have that U* = U — {w} is a domain. Take
A(0) = B(zo;r) — B(w;0). So A(9) is closed, is homeomorphic to a
(closed) annulus, and has 0A(d) = C(r) U C(d). Thus A(9) is a region
(Definition 11.1) in the domain U*. It induces, via Remark 11.10, the
anti-clockwise orientation on C(r) and the clockwise orientation on
C(6).

By Remark 4.6 the function ¢g(z) = f(z)/(z — w) is holomorphic in
U*. By Theorem 12.3 (applied to g) we have that

1 f(z)

271 DA(8) zZ— W

dz =10

with C'(r) anti-clockwise and C'(d) clockwise. Thus

L) NS S (€
2m Jom) 2 —w 2mi Joi) 2 —w

dz

with both C'(r) and C(d) anti-clockwise.

Let I5 be the latter integral. We deduce that [ is independent of 9.
On the other hand, Exercise 2.24 tells us that Is tends to f(w) as ¢
tends to zero. Thus I5 equals f(w) (for all § < dp) and we are done. [

13.3. The mean value theorem. Here is a useful special case of
Theorem 13.2.

Theorem 13.4. Suppose that U C C is a domain. Suppose that
f: U — C s holomorphic. Suppose that zy is a point of U. Suppose
that r > 0 is a radius so that B(zo; 1) is contained in U. Then we have:

27
Fe =52 [ fasre?)as

That is, the value of a holomorphic function at a point is the average
of its values on any circle about that point.

Proof of Theorem 13.4. Since f is holomorphic in U, it satisfies the
reproduction formula there (Theorem 13.2). We take zy and r as given
and also take w = zy. We parametrise OB(z;7) by y(0) = 2z + re®.
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We compute as follows:

o) = —— f(2)

= — [ ——dz
2mi ), 2 — 20

IR CI) B

~ 2mi o Y(0) — 20
L [* f(zo +re?)

_ - 10
= % . TZTG d@
1 2 )
=5 i f(zo + 7€) do O

14. THE FUNDAMENTAL THEOREM OF COMPLEX ANALYSIS

Above we have proven that holomorphic functions have a long list
of good properties. Here we extend the list one further (to analyticity)
and then prove that everything on the list is equivalent.

14.1. Analytic functions.

Definition 14.2. Suppose that U C C is a domain. Suppose that
f: U — Cis a function. Suppose that for all zo € U there is some r > 0
so that

e B(zp;7) C U and
e [ agrees with some power series in B(zg;7).
Then we say that f is analytic in U. &

Applying Theorem 4.13 we immediately deduce the following.
Corollary 14.3. Analytic functions are holomorphic. U

In one of the great surprises of mathematics, the converse also holds.
Theorem 14.4. Holomorphic functions are analytic.

We first prove the following.

Proposition 14.5. Suppose that U C C is a domain. Suppose that
f: U — C is continuous. Suppose that [ satisfies the reproduction
formula in U. Then f is analytic.

Proof. Fix a point zy in U. Fix r > 0 and set B(r) = B(zo;7). Suppose
that the closure of B(r) is contained in U. So, by hypothesis, for any
w € B(r) we have
1
s =g [ T4

N 271 dB(r) Z— W

Definition 14.6. We define, for n € N:

_ 1 e
= 55y G ¢
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In particular, the reproduction formula gives ag = f(zo). Set
M = max{|f(w)| : w € dB(r)}
Lemma 14.7. |a,| < M/r"

Exercise 14.8. Prove Lemma 14.7. &

We deduce that the power series F(w) = > " a,(w — zp)" converges
in the disc B(r) = B(z; ).

Lemma 14.9. For all w € B(r) we have f(w) = F(w).

Proof. We compute as follows:

Z an(w — zp)" definition F'(w)

() . N
B Z {2_7” /aB(r) (z — zo)" L dz|(w — 2)" definition a,,
1 1) |
- % / {Z Ton_u(w 2)" 1 dz interchange
N [Z (w - ZO) } linearity
Z — 20 zZ— 20

= [ — ] geometric series
simplify
T 2mi
= f(w) reproduction formula

Exercise 14.10. Prove that the interchange of sum and integral is

permitted. &
This completes the proof of Lemma 14.9. U
This completes the proof of Proposition 14.5. U
Proof of Theorem 1/.4. We combine Theorem 13.2 and Proposition 14.5
and are done. U

By Remark 4.15, the series expansion F' for f at zy is unique; it does
not depend on r. This gives a lower bound for the radius of convergence
of F', as follows.

Corollary 14.11. Suppose that U C C is a domain. Suppose that
f: U — C is holomorphic. Suppose that zo € U. Let Ry be the smallest
distance from zy to a point of C — U (so Ry may be infinite). Then the
radius of convergence of the series expansion of f about zg is greater
than or equal to Ry. O

In particular, if U = C then the radius of convergence is infinite.
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14.12. Morera’s theorem.
Ora parmi che in moltissimi casi la questione possa essere decisa

assai semplicemente per mezzo di un teorema affatto generale, che
¢ da riguardarsi come il reciproco di quello di Cauchy.

— Giacinto Morera

Un teorema fondamentale nella teorica

delle funzioni di una variabile complessa

Cauchy’s theorem has a converse, due to Morera [11].

Theorem 14.13. Suppose that U C C is a domain. Suppose that
f: U — C s continuous. Suppose that [ integrates to zero around
triangles. Then f is holomorphic.

Proof. Fix any zg € U. Fix any disc B = B(zo;r) C U. From
Lemma 7.12 we deduce that f has a primitive in B, say F': B — C. So
F' is holomorphic in B. Thus F' is analytic in B (Theorem 14.4). Thus
f is analytic in B (Theorem 4.13) so is, in particular, holomorphic at
20 |

14.14. The omnibus. We gather all of our versions of Cauchy’s the-
orem, and their converses, into a “fundamental theorem of complex
analysis”. The name and statement are inspired by [14, Theorem 1.1,
page 3|. See [12, Theorem 8.2.1, page 236| for further equivalent prop-
erties.

Theorem 14.15. Suppose that U C C is a domain. Suppose that
f: U — C is continuous. Then the following are equivalent.

e f is holomorphic in U.

o f integrates to zero about triangles in U.

e f has a primitive in every disc in U.

o f integrates to zero about closed contours in discs in U.

e f integrates to zero about (piecewise C') one-boundaries in U.

e f integrates to zero about regions in U.

e f satisfies the reproduction formula in U.

e f is analytic in U. Furthermore, for any zo € U, the coefficients
of the series expansion about zg are given by

1
2mi Jop(ry (2 — 20)"

where B(r) = B(zo;r) is any disc with closure contained in

U. 4

15. ZEROS
15.1. Orders of zeros. We have two pieces of “global” terminology.

Definition 15.2. Suppose that U C C is a domain. Suppose that
f: U — C is holomorphic. If f(z) =0 for all z € U, then we say that
f vanishes identically in U.
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On the other hand, suppose that f(z) # 0 for at least one z € U.
Then we say that f is not identically zero in U. &

We also have two pieces of “local” terminology.

Definition 15.3. Suppose that U C C is a domain. Suppose that
f: U — C is holomorphic. Suppose that z; is a point of U. Suppose
that A = (a,), are the coefficients of the series expansion of f about
20, as provided by Definition 14.6.

If all of the a,, are zero, then we say that f vanishes to infinite order
at zo and we write ORD(f, z9) = 00.

On the other hand, suppose that some a,, is not zero. So there is a least
N > 0 so that ay is not zero. In this case we define ORD(f, z9) = N
and we say that ORD(f, 29) is the order of vanishing of f at zy. When
ORD(f, z9) is positive (or infinite) we say that zo is a zero of f of order

ORD(f, 20). &
Zeros of order one are also called simple zeros.

Lemma 15.4. Suppose that U C C is a domain. Suppose that f: U —
C is holomorphic. Suppose that f vanishes to infinite order at zy € U.
Then f wvanishes identically in U.

Proof. Suppose that z; is another point of U.

Exercise 15.5. Prove that there is a constant ¢ > 0 and a sequence of
points (wy )i, C U as follows.

e wy = zp and wy = 21,
e for all k£ the closure of B(wy;e¢) lies in U, and
e for all k < N we have wy1 € B(wg;e€). &

With the points (wy )2, in hand, we induct. Applying Theorem 14.15,
we take Ax to be the coefficients of the series expansion of f at wy. By
hypothesis, Ag is the zero sequence. Suppose that, by induction, we
have that Ay is also the zero sequence. Since the constant term is zero,
we in particular have that f(wy) = 0. If £ = N then wy, = wy = 2; and
so f(z1) = 0; in this case we are done. Suppose that k£ < N. Since A,
is the zero sequence, Lemma 14.9 tells us that f vanishes identically
in B(wy;€). Note that wyyq lies in B(wy;€). Thus all derivatives of f
vanish at wy 1. Applying Theorem 4.13, we find that Ay, is also the
zero sequence. This completes the induction step and the proof. O

15.6. Patching.

Lemma 15.7. Suppose that U and V' are domains in C with non-empty
intersection. Then U UV is again a domain in C. O

We can now state the “patching” lemma.
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Lemma 15.8. Suppose that U and V' are domains with non-empty
intersection. Suppose that f: U — C and g: V — C are holomorphic.
Suppose further that f|(UNV) = g|/(UNV). Then there is a unique
holomorphic function h: UUV — C so that h|U = f and h|V = g.

Proof. We give the only possible definition of h:

) fle), z€U
h(z)_{g(z), zeV

By hypothesis, h is well-defined.

Suppose that zg is a point of U U V. Thus 2y lies in U or in V. As
the other case is similar, suppose that zy lies in U. Thus there is some
€ > 0 so that B = B(z;€) is a subset of U. Since h|B = f|B we find
that h'(z9) = f'(20). Thus h has a complex derivative at every point of
UUV. So h is holomorphic on U U V. O

Remark 15.9. The conclusion of the proof relies on the fact that holo-
morphicity is a local property: it depends only on properties knowable
from behaviour in arbitrarily small neighbourhoods of points. &

The patching lemma (15.8) is a holomorphic version of the gluing
lemma in point-set topology: the latter builds continuous functions
from continuous pieces.

15.10. Factoring.

Lemma 15.11. Suppose that U C C is a domain. Suppose that f: U —
C is holomorphic. Suppose that f is not identically zero in U. Fix
z9 € U. Then there s a holomorphic function g: U — C so that
9(z0) # 0 and so that

f(2) = (2 = 20) =g (2)

Proof. Applying Lemma 15.4 we find that ORD(f, 2) is finite. If
ORD(f,z9) = 0 then f(z) is non-zero. In this case we take g = f
and are done.

Suppose instead that N = ORD(f, zg) > 0. So, by Corollary 14.11, we
have some R > 0 with B(zp; R) C U and some coeflicients (ay),, giving
the series expansion of f in B(zp; R). Thusag =a; =... =any_1 =0
while ay # 0. Let B = (b,), be given by b, = a,,ny. Note that
bp = ay # 0. Appealing to Theorem 4.13 we define go: B(zo; R) — C
to be the holomorphic function with power series with coeflicients B.
In particular go(z9) = by # 0. By Theorem 4.14 we have f(z) =
(z — 20)Ngo(2) on B(zo; R).

We next define g;: U — {z} — C by ¢1(2) = (z — 20) ¥ f(2). By
Exercise 2.5 and Remark 4.6 we have that g; is holomorphic. Note
that gy and g; agree on the punctured disc B(zo; R) — {20}. Applying
Lemma 15.8 gives the desired holomorphic g: U — C. U



54 2026-11-09

Exercise 15.12. Suppose that U C C is a domain. Suppose that
f,g: U — C are holomorphic. Suppose that z; is a point of U. Prove
that ORD(fg, z9) = ORD(f, 20) + ORD(g, ). &

16. THE IDENTITY THEOREM
16.1. Isolated points and accumulation points.

Definition 16.2. Suppose that U C C is a domain. Suppose that
Z C U is a subset. Suppose that 2y € Z is a point. Suppose that there
is some o > 0 so that

e B(zp;19) C U and

e B(zp;1m0) N Z = {20}
Then we say that zq is an isolated point of Z in U.

On the other hand, suppose that w € U is a point (perhaps not in

Z). Suppose that for all 7 > 0 the punctured disc B(w;r) — {w} has

non-empty intersection with Z. Then we say that w is an accumulation
point of Z in U. &

Note that isolated points of Z in U are never accumulation points of

Z inU.

Definition 16.3. Suppose that U C C is a domain. Suppose that
Z C U is a subset. Suppose that every point of Z is an isolated point
of Z in U. Then we say that Z is a discrete subset of U.

On the other hand, suppose that Z has no accumulation points in U.
Then we say that Z is isolated in U. &

Lemma 16.4. Suppose that U C C is a domain. Suppose that Z C U
1s a subset. Then Z is isolated in U if and only if Z is closed and
discrete in U. U

The hypothesis of being closed cannot be ignored, as shown by the
following example.

Example 16.5. Suppose that Z C C is the set
Z={1/n|neN,n>0}

For z, = 1/n we can take the disc B,, = B(z,;1/(n*+n)) and find that

B,NZ ={z,}. So Z is discrete in C. However Z is not isolated in C;

it has an accumulation point at the origin.
On the other hand, Z is isolated in the punctured plane C*. &

Exercise 16.6. Suppose that U C C is a domain. Suppose that Z7 C U
is isolated in U. Suppose that K C U is compact. Prove that Z N K is
finite. &

Exercise 16.7. Suppose that U C C is a domain. Suppose that Z C U
is isolated in U. Then so is any subset of Z.
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Suppose additionally that Z' C U is isolated in U. Then so is ZU Z".
&

We generalise Exercise 2.5 as follows.

Exercise 16.8. Suppose that U C C is a domain. Suppose that Z C U
is isolated in U. Then U — Z is again a domain. &

16.9. Zeros are isolated.

Lemma 16.10. Suppose that U C C is a domain. Suppose that f: U —
C s holomorphic. Suppose that f is not identically zero in U. Then
the set of zeros Z(f) is isolated in U.

Proof. Fix zy in U. Suppose that N = ORD(f, z9). Lemma 15.11 gives
us a holomorphic function g: U — C so that

e g(z) # 0 and

o f(2) = (2 —20)"g(2).
By Exercise 4.3 we have that g is continuous. Thus there is a small disc
B(zp;7) C U where g does not vanish. If N = 0 then (z — 2()" is the
constant function giving 1; if N > 0 then (z — 29)" vanishes only at 2.

In either case, the product (z — 29)Vg(2) has no zeros in the punctured
disc B(zo;7) — {20}- O

Example 16.11. Take U = C* to be the punctured plane. Define
f: U — Cby f(z) =SIN(1/z). By Exercise 4.20 we find

Z(f) = {1/(km) | k € Z,k # 0}
So Z(f) is isolated in U, but not in C. &
16.12. Proving the identity theorem.

Theorem 16.13. Suppose that U C C is a domain. Suppose that
Z C U has an accumulation point in U. Suppose that f,g: U — C are
holomorphic. Suppose that f|Z = g|Z. Then f = g.

Proof. The function h = f — g is holomorphic and vanishes on Z. So
Z C Z(h). So Z(h) has an accumulation point in U. So Z(h) is not
isolated.

Thus Lemma 16.10 implies that h is identically zero in U. So f = g,
as desired. O

17. SINGULARITIES

Singularities fall into three classes: removable singularities, poles,
and essential singularities.
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17.1. Removing removable singularities. Suppose that X is a set.
Suppose that Y C X is a subset. Suppose that f is a function on Y
and F'is a function on X. Suppose that F'|Y = f. Then we call F' an
extension of f and we call f a restriction of F.

As a further bit of terminology we have the following. Suppose that
X is a topological space and Y is a subspace. Suppose that F' and f are
continuous. Then we call F' a continuous extension of f. We similarly
speak of holomorphic extensions and so on.

In this new language, the patching lemma (15.8) says that h is a
holomorphic extension both of f and of g.

The removable singularity theorem tells us when a function “missing
a point” has a holomorphic extension over that point. For our proof we
mostly follow [12, page 212].

Theorem 17.2. Suppose that U C C is a domain. Suppose that zy is a
point of U. Suppose that U* = U — {z}. Suppose that f: U* — C is
holomorphic. The following are equivalent.

e f has a holomorphic extension to U.
e f has a continuous extension to U.
e there is an € > 0 so that B(zo;€) is contained in U and f is
bounded on B* = B(zp;€) — {20}
o lim, ,, (2 —20)f(z) =0.
Furthermore, when they exist, holomorphic extensions are unique.

Proof. The forward implications are immediate. So we must prove that
the last implies the first. We define h: U — C by:

0, if 2= 20
he) = {(Z —20)*f(2), if z# 2

Note that h is holomorphic on U*.
We compute h/(zg) as follows.

Tl =0
Thus A is holomorphic in U.

By Theorem 14.15, we find that h has a series expansion in some
disc about zg: say B(zo;7). Suppose that (a,) are the coefficients of
the series expansion (Definition 14.6). If all of the a,, are zero, then h
vanishes identically in U (Lemma 15.4). Thus f vanishes identically in
U*. So the desired holomorphic extension is the zero function.

Suppose that N = ORD(h, z) is finite. Recall that h(z9) = h'(zp) = 0.
Thus ag = a; = 0 and so N > 2. We now apply Lemma 15.11 to obtain
a holomorphic function g: U — C so that g(zp) # 0 and

h(z) = (2 = 20)" g(2)

Thus (2 — 20)V2¢(2) is a holomorphic extension of f.
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Finally, the extension is unique by Theorem 16.13. U

Definition 17.3. With hypotheses as in Theorem 17.2: if any one of
the equivalent conditions holds we call zy a removable singularity for

I
17.4. Laurent series. Before dealing with poles and essential singular-
ities, we must generalise power series.

Definition 17.5. Suppose that z; is a complex number. Suppose that
(ax)rez is a bi-infinite sequence of complex numbers. Then we write

Z ar(z — 2)"
keZ

for the Laurent series with centre zo and coefficients (ay). We define a
pair of radii as follows.

1 . | ’1
— = limsup |a,|»
R P

: 1
r = limsup |a_,|»
n—oo
We call these the outer and inner radii of convergence, respectively.
As in Definition 4.12, these radii can be zero or infinity. We call the
coefficient a_; the residue of the series. We call the subsum , _, ax(z —
20)* the principal part of the series; we call the subsum >, -, ax(z— 2)"
the regular part of the series. &

Exercise 17.6. Following the notation of Definition 17.5, suppose
that the inner radius r is strictly less than the outer radius R. Set
U = A(zo;r, R). Prove that the sequence of functions

L.(z) = Z ar(z — 2)"

converges uniformly on compact subsets of U to a holomorphic function.

&

Just as Laurent polynomials (Exercise 2.23) generalise ordinary poly-
nomials, Laurent series generalise power series. By considering partial
sums, we can obtain versions of Theorems 4.13 and 4.14 for Laurent
series. There is also a converse of Exercise 17.6 — that is, a version of
Theorem 14.15. Here is one possible statement.

Theorem 17.7. Suppose that U C C is a domain. Suppose that
f: U — C is holomorphic. Suppose that zy is a point of C. Suppose
that 0 < a<a <r <V <b< oo Suppose that A = A(zo;a,b) lies
in U. Suppose that A’ = A(zp;d’,b"). Suppose that C = C(zo;71) is
oriented anti-clockwise. We define, for all n in Z, the coefficient

_ 1 /()
an_ﬁ/c(z—zo)”ﬂdz
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Then the Laurent series Y an(z — 29)" converges uniformly to f on the
closure of A'. O

With notation as in Theorem 17.7 we call the sum ) a,(z — 29)" a
Laurent expansion of f in the annulus A. In general, the coefficients of
this expansion depend on zy and on the choice of annulus A. However
we can regain the uniqueness of Remark 4.15 by requiring that the inner
radius a (of A) vanish. In this case the coefficients of the expansion
depend only on z, (and not on b).

Definition 17.8. With notation as in Theorem 17.7, suppose that
A = A(zp;0,b). Then we call a_; the residue of f at z; we denote this
by RES(f, 20). &

17.9. Poles. Here is a corollary of Theorem 17.2.

Corollary 17.10. Suppose that U C C is a domain. Suppose that zy is
a point of U. Suppose that U* = U — {zy}. Suppose that f: U* — C
is holomorphic. Suppose that N > 0 is a non-negative integer. Suppose
that

lim (z — 20)N ™ f(2) =0

Z—20

Then (z — 20)" f(2) has a (unique) holomorphic extension to U. O

Applying Theorem 14.15, the holomorphic extension of (z — z)Y f(2)
has a series expansion in some disc B = B(zp;7) C U. Suppose that
(¢n) are the resulting coefficients. Then

cn(z — 20)" N = Z Cman(z — 20)™
n=0 m=—N

is the Laurent expansion of f in the punctured disc B* = B — {z}.
We define a,,, = ¢ey. When N > 0 and a_y # 0 we say that f has a
pole of order N at zp; in this case we write ORD(f, 29) = —N. We may
call a pole of order one a simple pole.

17.11. Essential singularities.

Definition 17.12. Suppose that U C C is a domain. Suppose that
20 € U. Set U* =U — {2p}. Suppose that f: U* — C is holomorphic.
Suppose that the principal part of the Laurent expansion of f about z
has infinitely many non-zero terms. Then we say that f has an essential
singularity at zg. &

Example 17.13. The function

—n

z
neN
has an essential singularity at the origin. &

Theorem 17.7 gives us the following trichotomy.
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Lemma 17.14. Suppose that U C C is a domain. Suppose that zy
is a point of U. Set U* = U — {z}. Suppose that f: U* — C is
holomorphic. Then zy is either a removable singularity, a pole of finite
order, or an essential singularity of f. O

Holomorphic functions are wild in neighbourhoods of an essential
singularity, justifying the name of the latter. The following result is
often called the Casorati-Weierstrass theorem; for a short history see [12,
page 309].

Theorem 17.15. Suppose that U, zy, f are as in Definition 17.12.
Suppose that B = B(zo;r) C U and B* = B — {2p}. Then the image
f(B*) is dense in C.

Proof. We prove the contrapositive. Suppose that f(B*) is not dense
in C. Fix wg € C and ¢ > 0 so that f(B*) N B(wy;e) = &. Define
g: B* — C by g(z) = 1/(f(2) — wp). So g: B* — C is holomorphic.
Note that, for all z € B* we have |f(2) — wo| > €. Thus

9] = Ty < -
9@ = = < =

[f(z) —wo| ~ €
We deduce that g is bounded in B*. Theorem 17.2 implies that g has
a removable singularity at zg.

Let G: B — C be the resulting holomorphic extension of g. Suppose
that N = ORD(G, zp). Lemma 15.11 implies that there is a holomorphic
function H: B — C so that G(z) = (z—20)"¥ H(2) and so that H(z) # 0.
So, on B*, we have

1

(z — 20) H(Z):m

We deduce that on B* we have

f(z) = —

(z —20)VH(2)

Now, 1/H is holomorphic in some (perhaps smaller) disc about zo,
by Theorem 4.14. So z is either a removable singularity or a pole of
finite order of f. By trichotomy (17.14) the point z, is not an essential
singularity of f. O

+ wo

18. MEROMORPHIC FUNCTIONS

We use the notation C to represent the extended plane: the set
CU{o0}. We give C a topology and a geometry in Section 25.

18.1. The definition. The definition of a meromorphic function is
unfortunately somewhat complicated. We give a simpler, equivalent,
formulation in Remark 18.6; however the proof of the equivalence is
beyond the methods of these lecture notes.
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Definition 18.2. Suppose that U C C is a domain. Suppose that
h: U — C is a function. Set P(h) = h™!'(c0). We say that h is
meromorphic if we have the following.

e The set P(h) is isolated in U.
e The restriction h|(U — P(h)) is holomorphic.
e For every z; € P(h) there is an integer n; > 0 and positive
e > 0 as follows:
— By = B(#; €,) — {2} is contained in U — P(h) and
— h, restricted to B, has a pole of order ny, at z.
Accordingly we call P(h) the set of poles of h. &

Remark 18.3. The constant function i(z) = 0 is meromorphic. However,
the constant function g(z) = co is not. &

18.4. Examples of meromorphic functions. Holomorphic functions
are meromorphic, as they have no poles. A more interesting example is
h: C — C defined by h(z) = 1/z. Note that h has a simple pole at the
origin and no zeros.

We generalise this as follows.

Lemma 18.5. Suppose that U C C is a domain. Suppose that f,g: U —
C are holomorphic functions with g not identically zero in U. Then
h = f/g determines a meromorphic function in U; its sets of zeros and
poles are

Z(h) ={w € U| ORD(f,w) > ORD(g,w)}
P(h) ={w € U | ORD(f,w) < ORD(g,w)}
and for all w € U we have
ORD(h,w) = ORD(f,w) — ORD(g,w)

Proof. Suppose, as we may, that f is not identically zero in U. Fix
2o € U. Set k = ORD(f, z9) and £ = ORD(g, z9). We apply Lemma 15.11
to both f and ¢ in order to rewrite them as
f(2) = (2= 20)'F(2) and g(2) = (2 — 20)'G(2)
Here F' and G are holomorphic, and non-zero, in a small neighbourhood
of zg. Thus F'/G is also holomorphic near z.
We break the proof into cases and deal with each in turn.
e Suppose that £ = ORD(g, z9) = 0. So, locally, h = (2 — 20)*F/G
is holomorphic. In this case h(zp) is zero exactly when f(z) is,
and ORD(h, z9) = ORD(f, 20).
e Suppose that ¢ = ORD(g, z9) > 0. There are now three possibil-
ities.
— Suppose that k > £. We cancel (z — z)* from the top
and bottom. Applying Theorem 17.2 we find that h has a
removable singularity at zy. The unique extension (again
called h) has a zero at z of order k — /.
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— Suppose that k = £. We cancel (z — ) from the top
and bottom. Applying Theorem 17.2 we find that h has a
removable singularity at zy. The unique extension (again
called h) has h(zy) = F(z0)/G(z0) # 0. Thus ORD(h, 29) =
0.

— Suppose that k < £. We cancel (z — z)* from the top and
bottom. Thus we may write h(z) = (z — 29)**F(2)/G ().
Thus h has a pole, of order ¢ — k, at z.

Along the way we have produced all zeros and poles of h; this finishes
the proof. O

For example, if p,q € C|z] are polynomials, and ¢ is not the zero
polynomial, then the rational function A = p/q is meromorphic in the
plane. As a further example, the trigonometric function TAN(z) =
SIN(z)/ Cos(z) is meromorphic in C.

Remark 18.6. For a domain U in C, the converse of Lemma 18.5 holds:
every meromorphic function in U is obtained as a ratio of holomorphic
functions in U. This follows from Weierstrass’s product theorem. We do
not pursue this line of inquiry. &

18.7. Patching, factoring, isolating. We now generalise a few results
from holomorphic to meromorphic functions.

Lemma 18.8. Suppose that U and V are domains with non-empty
intersection. Suppose that f: U — C and g: V= C are meromorphic.
Suppose further that f|(UNV) = g|(UNV). Then there is a unique
meromorphic function h: UUV — C so that h|U = f and h|V = g.

This must hold, because meromorphicity is a local property.

Proof of Lemma 18.8. Since U and V intersect, their union W = U UV
is a domain.

Note that P(f) is isolated in U and P(g) is isolated in V. Since f
and g agree on U NV we have that P(f) NV = P(¢g) N U. Applying
Exercise 16.7 we have that P(f) NV is isolated in V. Suppose that
2o is a point of V. Fix € > 0 with B = B(zp;¢) C V. So 2y is an
accumulation point of P(f) if and only if it is an accumulation point
of P(f)N B C P(f)NV. So z is not an accumulation point of P(f).
We deduce that P(f) is isolated in U U V. Similarly, P(g) is isolated
in W =UUV. Applying Exercise 16.7 we find that P(f) U P(g) is
isolated in W.

By Exercise 16.8 we have that U — P(f) and V — P(g) are domains.
Restricting f and g to U — P(f) and V — P(g), respectively, we obtain
holomorphic functions. Lemma 15.8 patches these together to give us a
unique holomorphic function h: W —(P(f)UP(g)) — C. Since h agrees
with f in neighbourhoods of points of P(f) (and similarly swapping f
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and ¢) we find that h has poles at exactly the points of P(f)U P(g).
So taking P(h) = P(f)U P(g) completes the proof. O

We now have a companion result to Lemma 15.11.

Lemma 18.9. Suppose that U C C is a domain. Suppose that h: U —
C is meromorphic. Suppose that zy € P(h) is a pole of h. Let N =
ORD(h, z). Then there is a meromorphic function g: U — C so that
9(z0) # 0,00 and so that

h(z) = (2 = 20)" g(2)

Proof. Note that N < 0. We apply the removable singularity theorem
(17.2) to

(2 = 20) 7" 'h(2)
This gives us a holomorphic function on U — (P(h) — {2p}) vanishing

at zo. We factor this (using Lemma 15.11) to obtain g. All orders of
poles of h and g agree away from zj. O

Corollary 18.10. Suppose that U C C is a domain. Suppose that
h: U — C is meromorphic (and not identically zero in U ). Then the
set of zeros Z(h) is isolated in U.

Proof. Since h|(U — P(h)) is holomorphic (and not identically zero), the
set Z(h) is isolated in U — P(h) (Lemma 16.10). By Lemma 18.9 we can
factor h near a pole zy as (z — 2)* times a non-vanishing holomorphic
function. Thus the zeros of h do not accumulate at poles of h. Thus

Z(h) is isolated in U. O

Lemma 18.9 also allows us to define sums, products, and quotients
of meromorphic functions. Namely, suppose that U is a domain and
f,g: U — C are meromorphic. If either is identically zero then their
sums, products, and quotients are immediate (or undefined). So suppose
that neither f nor g is identically zero in U. On U — (Z(f) U Z(g) U
P(f)U P(g)) we define f + g, f-g, and f/g pointwise. At zeros and
poles of either, we factor f and g, deal with powers of (z — z;), and
remove removable singularities as they arise (as we did in the proof of
Lemma 18.5). We deduce that the meromorphic functions on a fixed
domain U form a field. We do not pursue this line of inquiry.

Exercise 18.11. Suppose that U C C is a domain. Suppose that
f,g: U — C are meromorphic. Prove, for all zy € U, that ORD(fg,20) =
ORD(f, z9) + ORD(g, 20). &

Since poles are isolated we can “separate them” and apply Cauchy’s
theorem.

Corollary 18.12. Suppose that U C C is a domain. Suppose that
h: U — C is meromorphic. Suppose that zy € U s a pole of h. Then
there is an € > 0 so that
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e the closure of B = B(zo;€) lies in U,
e the only pole of h in the closure of B is 2z,
e h has a Laurent expansion in B* = B — {z}, and

o [,phdz=2mi-RES(h,z).

Proof. The existence of € and of the Laurent expansion follows from
Lemma 18.9. Suppose that ¢ is the principal part and f is the regular
part of h. Note that f is holomorphic. We compute:

/ hdz = /(g+ f)dz definition of ¢ and f
0B

:/gdz+/fdz Lemma 2.22

= /gdz Theorem 14.15

Suppose that g(z) = >, ax(2—20)". Set gn(2) = > _, o ar(z—20)".
By Theorem 17.7 the partial sums g,, converge (uniformly on compact
sets) to g. So we have:

gdz = lim gndz uniform convergence
dB n—oo JoB

= lim 2mia_, Exercise 2.23
n—oo

= 2mia_q
= 2mi RES(h, 2) Definition 17.8

This completes the proof. O

19. THE RESIDUE THEOREM

Cauchy’s theorem gives a very short proof of the residue theorem.

Theorem 19.1. Suppose that U C C s a domain. Suppose that R C U
1s a region. Suppose that h: U — C is meromorphic. Suppose that no
poles of h lie on OR. Then we have

/ hdz = 2mi - Z RES(h,w)
OR

The sum is taken over w € P(h) N R: poles of h lying in R.

Proof. Recall that P(h) is isolated in U (18.2). Since R is compact
we have that P(h) N R is finite (Exercise 16.6). We index these poles,
taking P(h) N R = (z;). By finiteness, and by Corollary 18.12, we pick
radii r, > 0 to jointly satisfy the following.
e The closure of By = B(z; 7)) is contained in the interior of R.
e The function h has a Laurent expansion in B; = By — {2}

o If k#(then B,NB,=O.
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Define R’ = R — (U By). Note that R’ is again a region with boundary
given by:
OR = OR U (Uy0By)

Also, h is holomorphic on an open neighbourhood of R’. Applying
Theorem 12.3 we find that faR' hdz = 0. Recalling our orientation
convention (Remark 11.10) and applying Lemma 2.25 we have:

hdz = / hdz
/8R ; 0By,

Applying Corollary 18.12 we find that the right-hand side equals
27i - Z RES(h, 2zx)
k

as desired. ]

20. DEFINITE INTEGRALS

I tried very hard not to spend time on your integrals, but
to me the challenge of a definite integral is irresistible.

— G. H. Hardy

To H. S. M. Coxeter, letter of November 1926

The technique can be learned at the hand of typical examples,
but even complete mastery does not guarantee success.

— Lars V. Ahlfors

Complex analysis: An introduction to the theory of analytic

functions of one complex variable

20.1. Terminology. Recall that an integral of a real-valued function is
indefinite if one or both bounds of integration are missing. The integral
is definite if both bounds are supplied. A definite integral is proper if
both bounds are finite, and the integrand is bounded (uniformly) in the
domain of integration. It is émproper if one of the bounds is plus (or
minus) infinity, or if the integrand has a singularity of some type in the
domain of integration.

There is a “standard procedure” when dealing with definite integrals.
If improper, first check convergence. Next, evaluate. Finally, do some
sanity checks, possibly including numerical ones.

Example 20.2. We consider the following improper definite integral.

j_:/"o dx
N

The integrand is even, and has no singularities in the domain. Note
also that the integrand is less than 1/x?. So, to check convergence it
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suffices to show that floo dx/x? converges. We compute directly from
the definition:

/°° dv . R dg
— = lim —
1

2 R—o0 Jq 2

— lim — R
= ek

= lim (-1/R)+1=1

R—o0

We now evaluate, using a substitution. We take x = tan(#) and

find doz = #29(9). In the range of interest, we have the “equalities”

tan(—7/2) = —oo and tan(n/2) = co. The change of variables gives

the following.
g w/2
/ L 5 = / do =
—00 I+ —7/2

We double check our work, numerically, using SageMath [17].

sage: f(x) = 1/(1 + x"2)
sage: numerical_integral(f, -Infinity, Infinity)
(3.1415926535897936, 5.155582396545663e-10)

The first entry is an estimate of the integral; the second is an estimate
of the error. &

20.3. Applying the residue theorem to Example 20.2. Define
f:C—Cby f(z) =1/(1+ 22). This is meromorphic by Lemma 18.5.
Factoring the denominator gives (z —i)(z + 7). Applying Lemma 18.5
again, we have that the poles of f are at +¢ and are both simple. We
compute the residue of f at i as follows.

RES(f,7) = lim(z —4) f(z) = lim ! !

We now build a suitable contour. Fix a real number R > 1. Let
B(R) = [—R, R] be the interval in R C C, oriented from —R to R. Let
C(R) be the arc of the circle C(0; R) in C, oriented anti-clockwise from
R to —R. Let A(R) = B(R) UC(R); this is a half-circle contour. By
the residue theorem (19.1) the integral of f about the contour A(R) is
2mi/2i = .

The integral of f along B(R) tends to I as R tends to infinity. So, to
prove I = 7 it suffices to prove that |[ C(R) f dz tends to zero. We apply
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the M L-inequality (Lemma 2. 36)

/C(R fdz| = ‘/ RQBM | d@‘ parametrising
de
<R /o m triangle inequality
<R/” @ triangle inequalit
riangle inequali
B gle inequality
R
= Wﬁ arclength

As desired, this tends to zero as R tends to infinity.

20.4. Another simple pole. Here is a similar example. Fix n > 2 an
integer. We evaluate the improper definite integral

I:/OO dx
g l+am

Define f: C — C by f(z) = 1/(1 + 2™). This is meromorphic by
Lemma 18.5. Let w = EXP(iw/n); this is a 2n™ root of unity. Factoring
the denominator of f, and applying Lemma 18.5, tells us that the poles
of f lie at the odd powers of w. Also, all poles are simple. The definition
of the complex derivative gives us

— 1
RES(fw)—hmZ d v v

2w 2"+ 1 nw"—l n n

We now build a suitable contour. Fix a real number R > 2. Let
B(R) = [0, R] be the interval in R C C, oriented from zero to R. Let
C(R) be the arc of the circle C'(0; R) in C running anti-clockwise from R
to Rw?. Let D(R) be the line segment from Rw? to zero in C, oriented
from Rw? to zero. Let A(R) = B(R)U C(R) U D(R); this is a wedge
contour with angle 2w /n. By the residue theorem (19.1) the integral of
f about the contour A(R) is

V0 et
n

The integral of f along B(R) tends to I as R tends to infinity. We

parametrise D(R) by t — tw?. So the integral of f along D(R) is as

follows. . , n
/ dz _ / W L2 / dt
by 21 Jp 1 o th41

This tends to —w?I as R tends to infinity. So the integral of f along
D(R) U B(R) tends to I —w?I = (1 — w?)I.

Suppose that the integral along C'(R) tends to zero. From this we
deduce that (1 —w?)I = —2miw/n. Thus

[ —2miw 27i _7/n
n(l—w?)  n(w+wrl)  sin(r/n)
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It remains to prove that fC(R) fdz tends to zero. We apply the
M L-inequality (Lemma 2.36).

27 /n i Ret?
/ fdz / L parametrising
C(R) 0

1+ Rremi?
i d
<R /0 m triangle inequality
2l dp
<R /0 ] triangle inequality
= Q%RHR_ 1 arclength

This tends to zero as R tends to infinity, as desired.

Here are two ways to check our work. If n = 2 then (7/2)/sin(7/2) =
m/2. This is half of the integral from negative to positive infinity (as
computed above). We also take n = 100 and compute numerically.
sage: n = 100
sage: f(x) = 1/(1 + x"n)
sage: numerical_integral(f, 0, Infinity)
(1.0001645122969123, 8.052568059024878e-07)
sage: ((pi/n)/sin(pi/n)).n()

1.00016451234931

20.5. A trigonometric integral. We first evaluate the improper inte-

gral
> sin(x)
/_m i

Since sin(z) is bounded the integral converges. Since sin(z) is odd the
integral vanishes.
The following integral is more difficult.

/ cos(z) s
oo L2
It is again convergent and for the same reason. Define f: C — C by

f(2) = Exp(iz)/(1 + 2%). This is meromorphic by Lemma 18.5. Since
EXP is non-vanishing, we have the following:

. : : .1 1
RES(f,1) = ,12112(2 —1)f(z) = Exp(—1) - 1213 i e
We again use the half-circle contour. Fix R > 1. Set B(R) = [-R, R,
set C'(R) to be the upper half of C'(0; R), and take A(R) = B(R)UC(R).
By the residue theorem (19.1) the integral of f about A(R) is 27mi/2ie =
m/e.
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We now claim that the integral of f along C'(R) tends to zero. Along
C(R) we have IMAG(z) > 0; this implies that | Exp(iz)| < 1. So the
M L-inequality (Lemma 2.36) applies as before, proving the claim.

Finally, the imaginary part of || B(R) f dz vanishes. Thus the real part

tends to 7/e. So this is the limit of the improper integral.

As usual, we check our work numerically. The oscillations of cosine
near infinity reduce the accuracy of the default numerical integrator in
SageMath. We can reduce the error a bit by asking the algorithm to
consider more points.

sage: h(x) = cos(x)/(1 + x"2)

sage: Inf = Infinity

sage: numerical_integral(h, -Inf, Inf, max_points = 10000)
(1.1557270795777321, 1.4110896973118514e-06)

sage: (pi/e).n()
1.15572734979092

21. THE LOGARITHM

It’s Log, it’s Log,

It’s big, it’s heavy, it’s wood.
It’s Log, it’s Log,

It’s better than bad, it’s good!

— The Ren & Stimpy Show
Log, from Blammo!

21.1. Branch cuts.
Definition 21.2. Fix an angle 6§ € R. Define the ray R(6) to be
R(0) ={z € C* |0 € ArRG(2)} U {0}
and the cut plane C(0) to be
C#) =C— R(6)
In this setting, we also call R(0) a branch cut. &

Note that C'(f) is homeomorphic to C(n) for any other angle 7; simply
rotate C'(f) through an angle of n — 6.

Exercise 21.3. Give an explicit homeomorphism between the right
half plane

U={z¢e€ C|REAL(z) > 0}
and the cut plane C'(7). &
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21.4. Branches of the logarithm.

Lemma 21.5. Suppose that U C C is a domain. Suppose that U has
trivial first homology. Suppose that f: U — C is holomorphic. Then f
has a primitive i U.

Exercise 21.6. Prove Lemma 21.5. &

Theorem 21.7. Suppose that U C C is a domain. Suppose that U has
trivial first homology. Suppose that f: U — C is holomorphic. Suppose
that f(z) # 0 for all z € U. Then there is a holomorphic function
g: U — C so that f = EXPog.

Note that g(zg) lies in LOG(f(z0)) for all zy € U. So g is a holomorphic
branch of LOG o f (Definition 2.8). Branches are typically not unique.
However, suppose that h: U — C is another branch of LOG o f. Then
the difference g — h is continuous and in 2miZ, so is constant.

Proof of Theorem 21.7. By Theorem 14.15 the derivative f’ is holomor-
phic in U. Since f is never zero, by Remark 4.6 the ratio f'/f is
holomorphic in U. Since U has trivial first homology, by Lemma 21.5
the ratio f’/f has a primitive, say G, in U. Fix any z, in U. Note
that (EXPoG)(20)/f(20) = k is not zero. Fix any K € LoG(k); de-
fine g = G — K. So g is again a primitive for f'/f. We now define
h = (EXpog)/f. So h is holomorphic by Remark 4.6.
We compute:

ExP(g(z0)) EXP(G(z29) — K) EXP(G(z)) 1
h(z) = = = —=1
f(z0) f(20) f(z0) k
Also
,_ (Expog)-g'-f—(Expog)- [’ g-r=r
So h is constant and thus identically equal to one. So EXpPog = f, as
desired. U

As a very special case, we take U to be a cut plane and f(z) = z.
Theorem 21.7 tells us to integrate dz/z, the element of the logarithm,
to find a branch g of LOG(z). We deduce that ¢ is holomorphic and
satisfies EXP(g(z)) = z for all z in U. That is, ¢g is a holomorphic
branch of LOG on the domain U.

Corollary 21.8. With hypotheses as in Theorem 21.7, suppose that
N > 0 is a natural number. Then there is a holomorphic function
g: U = C so that f = ¢".

Proof. Let h: U — C be a branch of the logarithm of f. Define
g: U — C by g(z) = ExpP(h(z)/N). Note that g is a composition of
holomorphic functions, so is holomorphic. Also, f = ¢~ by the addition
law for EXP and the definition of h. O
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Using this we can prove an important “change of coordinates” princi-
ple.

Proposition 21.9. Suppose that U C C is a domain. Suppose that
f: U — C is holomorphic. Suppose that f is non-constant. Fix zy € U
and set N = ORD(f — f(z0),20). Then there is an ¢ > 0 and a
holomorphic function F': B(zy;€) — C so that F'(29) # 0 and f(z) —
f(z0) = (F(2).

Proof. By Lemma 15.4 we have that N < co. By Lemma 15.11 we have
some ¢g: U — C which is holomorphic, which is non-zero at zy;, and
which has f(z) — f(20) = (2 — 20)Vg(2). Since g is continuous, there is
some € > 0 so that g has no roots in B = B(zp;¢€). By Corollary 21.8
we have some h: B — C which is holomorphic and which has g = h".
We deduce that h is not zero at z.

Taking powers we find f(2) — f(20) = [(z — 20)(2)]". Define F(z) =
(z—29)h(z). Note that F(z) = 0, that Fis holomorphic in B, and that
F'(20) = h(z0) # 0. Finally, f(2) — f(20) = [F(2)]V, as desired. d

21.10. A logarithmic integral.
Branch points are mathematics;
branch cuts are sociology.

— Curt McMullen
Advanced Complexr Analysis

We first evaluate the improper integral

I / In(x) s
0 1 + 1'2

For large = we have In(x) < z'/4. Comparing the integrand with 1/z

proves convergence of
Rl
G = / n(z) dx
1 1 + £C2

We now consider the change of variables * = 1/u. So dz = —du/u?.
Thus the integral immediately above becomes

0 _ 1
G / In(1/u) :_/ In(u) du
1+1/u? u? o ur+1

Thus I also converges near zero. And finally, I = -G+ G = 0.
Here is the next integral.

[ee) 2
J:/ In (:B)dx
0o 1+ a2

Here we use In*(z) to mean (In(x))?. Convergence near infinity is proven
using ln2(a:) < 22, Convergence near zero is again proven using the
substitution = 1/u. Also, the integrand vanishes at x = 1 but is
positive everywhere else. So the integral is positive.

7/4
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We now build a holomorphic function. Let U = C(37/2) be the
cut plane where we have removed the ray (including zero) along the
negative imaginary axis. Let g be the branch of LOG(z) in U chosen so
that g(1) = 0 (Theorem 21.7). So, for positive real x we have

g(x) = In(x) and  g(—x) =1In(x) + mi

Note also that g(i) = g(e™?) = 7i/2. We use g?(2) to denote (g(z))>.

As g is holomorphic we may apply Lemma 18.5 to find that h(z) =
g*(2)/(2* + 1) is meromorphic in U. This has only one pole at z =i
and this pole is simple. Accordingly we have the following.

2 2 mi)2 9 2
REs(h,z’):g(Z):g(e ) _ w4 _ T

21 21 2i 8
We now build a suitable contour. Fix real numbers 0 < e < 1 < R.
Let B(e,R) = [¢, R] and D(R,¢) = [—R, —¢| be the given intervals

in R C C. Let C(¢) and C(R) be the arcs of the circles C'(0;¢) and
C(0; R), respectively, lying in the upper-half plane. We orient C'(R)
anti-clockwise and C'(¢) clockwise. Define

A(e,R) = B(e, R)UC(R) U D(R,¢e) UC(e)
This is (half of) a keyhole contour. By the residue theorem (19.1) the
integral of h about A(e, R) is

2 3

Il = —
i o 1

The integral of h along B(e, R) tends to J (our desired answer) as

¢ tends to zero and R tends to infinity. The integral along D(R,¢€) is

similar; we compute as follows.

2 —€ 2
/ g (2)2 dz:/ g (@2 I
DR 1+ 2 —r 14z

|
\m
Q
[\
D
<
~
S
N
<
~

B n?(y) + 2miln(y) — 72
1+y?

dy

This last tends to

T 3

J4+2mi-0—7t —=J— —
+ 2m T 5 5

as € tends to zero and R tends to infinity.



72 2026-11-09

Exercise 21.11. The integral of h along C(€) tends to zero as € tends
to zero; the integral of h along C'(R) tends to zero as R tends to infinity.

&
So the residue theorem implies
3 3 3
—%zQJ—% and so J:%

We finally check our work numerically.
sage: h(x) = (In(x))"2/(1 + x"2)
sage: numerical_integral(h, 0, Infinity)
(3.87578458209479, 2.9038350124466206e-06)
sage: (pi”3/8).n()
3.87578458503748

22. ENTIRE FUNCTIONS

A holomorphic function is entire if its domain is the complex plane.
Here is a rephrasing of Corollary 14.11.

Lemma 22.1. Suppose that h: C — C s entire. Then the series
expansion of h about zero has infinite radius of convergence. O

Theorem 22.2. Suppose that h: C — C is entire and bounded. Then
h is constant.

This is usually called Liouville’s theorem; for a history, see |9, pages
534-548|. Cauchy’s theory gives a short proof as follows.

Proof of Theorem 22.2. Suppose that A = (a,) are the coefficients of
the series expansion of h, as given by Theorem 14.15. Since h is bounded,
there is some M > 0 so that |h(z)| < M for all z € C. We now fix any
r > 0 and apply the estimate of Lemma 14.7. We deduce, for all n > 0,
that |a,| < M/r™. When n = 0 this only tells us that |h(0)| = |ag| < M,
which we already know. When n > 0 letting r tend to infinity tells us
that a, = 0. Thus h = h(0) is constant. O

One application (due to Liouville |9, page 544|) is a very short proof
of the fundamental theorem of algebra.

Theorem 22.3. Suppose that p € C[z] is a non-constant polynomial.
Then p has a complex root.

Proof. We prove the contrapositive. So, suppose that p is a complex
polynomial without roots. In particular, p is not identically zero in
C. Note that p is holomorphic in C by Remark 4.6. Since p has no
root, 1/p is holomorphic, again by Remark 4.6. Thus 1/p is entire.
Since |1/p| is bounded near infinity, it is bounded. By Theorem 22.2
we deduce that 1/p, and thus p, is constant. U

Exercise 22.4. Suppose that p € Clz] is not the zero polynomial.
Prove that |1/p| is bounded near infinity.



2026-11-09 73

23. THE MAXIMUM MODULUS PRINCIPLE

We prove the maximum modulus principle and several of its conse-
quences.

23.1. The maximum modulus principle.

Theorem 23.2. Suppose that U C C s a domain. Suppose that
f: U — C is holomorphic. Suppose that | f| has a local maximum. Then
f is constant.

Proof. Suppose that zg € U is a local maximum of |f|. Set My = |f(z0)|.
Since U is open and since zj is a local maximum we have some r > 0
so that:
e B(zp;7r) C U and
o |f(2)] < M, for all z in B(zp;r).
The mean value theorem (13.4) gives:
1 2

f(z0) = o /. f(zo+re®)do

Taking the modulus of both sides we find:
1 [ 4
Mo = [f(20)| < %/ | f (20 + 7€) df < M,
0

We deduce that the integral of My — | f (20 +7€')| is zero. Thus |f(z)| =
M, for all z € 0B(zp; ).

Suppose that My = 0. Then the identity theorem (16.13) implies
that f vanishes identically in U. In this case we are done.

Suppose instead that My # 0. Set g(z) = f(2)/f(z0). So g(z9) = 1.
Also, |g(2)| = 1 for all z € IB(zp; 7). To simplify the notation we define
C,S:10,2n] — R by:

C(#) = REAL(g(2o + re™))
S(0) = IMAG(g(2o + 7€)

So C' and S are continuous and satisfy C?(#) + S?(#) = 1. The mean
value theorem now gives:

1 2

Taking the real part we find that the integral of 1 — C'(0) is zero. Thus
C(0) is constant and equal to one. So S(f) is constant and equal to
zero. The identity theorem (16.13) now implies that g, and thus f, is
constant. U

1 (C(6) +iS(6)) o

Here is another common version of the maximum modulus principle.
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Corollary 23.3. Suppose that U C C is a domain. Suppose that R C U
is a region. Suppose that f: U — C is holomorphic. Suppose that f is
not constant. Then the mazimum of |f|, on R, is not realised in the
interior of R. U

23.4. The minimum modulus principle. We give a version of the
minimum modulus principle suitable for detecting zeros.

Theorem 23.5. Suppose that U C C s a domain. Suppose that
f: U — C is holomorphic. Suppose that |f| has a local minimum at
20 € U. Suppose that f(z9) # 0. Then f is constant.

Proof. Set my = |f(z0)|- Note that mg > 0. Since zp is a local minimum
for |f|, and since U is open, we have some r > 0 so that:

e the disc B = B(zo;7) lies in U and
o my < |f(2)| for all z in B.

We deduce that f has no zeros in B. Define g: B — C by g(z) = 1/f(2).
By Remark 4.6, we have that g is holomorphic. Note that z; is a local
maximum for |g|. The maximum modulus principle (23.2) implies that
g is constant in B. Thus f is constant in B and thus, by the identity
theorem (16.13), constant in U. O

23.6. The open mapping theorem.

Theorem 23.7. Suppose that U C C is a domain. Suppose that
f: U — C is holomorphic. Suppose that f is non-constant. Then f(U)
18 open.

Proof of Theorem 23.7. Suppose that zy lies in U. Take wy = f(z0).
Define g: U — C by g(z) = f(z) — wy. Note that g is holomorphic, is
non-constant, and has a zero at z.
Recall that U is open and that the zeros of g are isolated (Lemma 16.10).

So we can pick r > 0 so that:

e B(zp;7) C U and

o B(zo;m)NZ(g) = {20}
Define

2¢ = min{|g(z)|: z € C(z0;7)}

Claim. B(w;€) C f(B(z;7)).

Proof. Fix w € B(wp;e€). Define g,,: U — C by g,(2) = f(2) — w; note
that g, is holomorphic and is non-constant. So we have:

19w (20)| = [f(20) —w| = [wo —w| < e
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(
190 (2) = [f(2) —w]|
= [f(2) —wo + wo — w|
> |f(2) = wo| — |wo — wl
> |g(2)| = [wo — wl
>2—€e=¢€
> [gw(20)]

We deduce that |g,| has a local minimum in B(zg;7), say at z;. Since
gw 1s non-constant, we may apply the (contrapositive of the) minimum
modulus principle (Theorem 23.5) to g,|B(zo;7). This implies that
gw(z1) = 0. So f(z1) = w. Thus w lies in f(B(z0;7)), as desired. O

By the claim we have B(wg;e) C f(U). Thus f(U) is open, as
desired. 0

Here is a useful corollary of the open mapping theorem.

Exercise 23.8. Suppose that U C C is a domain. Suppose that
f: U — C is holomorphic and injective. Set V = f(U). Prove that V/

is a domain. &

24. THE PLANE

24.1. Conformal equivalence. The rest of the notes deals with our
final topic: the classification of domains up to conformal equivalence.

Definition 24.2. Suppose that U and V' are domains in C. Suppose
that f: U — V is holomorphic. Suppose that g: V' — U is holomorphic.
Suppose that fog = Idy and g o f = Idy. Then we say that f is
biholomorphic.

We may also call f a conformal equivalence; we may also say that U
and V' are conformally equivalent. The open mapping theorem gives us
many conformal equivalences.

Proposition 24.3. Suppose that U C C s a domain. Suppose that
f: U — C is holomorphic and injective. Then f'(z) # 0 for all z €
U. Furthermore, setting V- = f(U), we have that f is a conformal
equivalence from U to V.

Proof. Fix any zp in U. Suppose, to obtain a contradiction, that f/(zg) =
0. If f — f(zo) vanishes to infinite order then, by Lemma 15.4, we have
that f — f(z0) vanishes identically in U. In this case f is constant, so
not injective, a contradiction. Suppose instead that

N = ORD(f — f(Zo), Zo) < o0

Since f — f(z0) and f’(z9) both vanish at z; we deduce that N > 2.
By Proposition 21.9 there is a small neighbourhood B of 2z, and a
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holomorphic mapping F': B — C so that F'(z) # 0 and f(z) —
f(z0) = (F(2))N. So F(z) = 0. We apply the open mapping theorem
(Theorem 23.7) to find that F(B) contains a small neighbourhood C
of zero. Since N > 2, the function z — 2" is not injective on C. Thus
f(2)—=f(z0) = (F(2))" is not injective on B. So f(z) = f(z0)+ (F(2))V
is not injective on U. This is the desired contradiction.

We now produce a holomorphic inverse for f. Recall that V = f(U)
is a domain (Exercise 23.8). Define g: V' — U by g(w) = z iff f(z) = w.
This is well-defined because f: U — V is a bijection. Applying the
open mapping theorem, we have that ¢ is continuous.

It remains to show that ¢ is holomorphic. Suppose that w and wy
are distinct points in V. Since V' = f(U) there are points z and zy in
U so that f(z) = w and f(zy) = wo. Note that:

glw) —g(wy) _ 2=
w — wWo f(2) = f(20)
Since ¢ is continuous, as w tends to wy, the point z tends to zy. Since

f'(20) is not zero, the limit of the right-hand side is 1/ f"(zy). We deduce
that ¢'(wo) = 1/f'(20). Thus ¢ is holomorphic. O

Remark 24.4. We proved in Exercise 4.3 that holomorphic functions
are continuous. Thus biholomorphisms are homeomorphisms. &

So, non-homeomorphic domains are never conformally equivalent.
As an example, in Exercise 10.11 we proved that the plane C and the
punctured plane C* are not homeomorphic. Thus C and C* are not
conformally equivalent.

On the other hand, in Exercise 10.2 we proved that the disc D is
homeomorphic to C. However, conformal equivalence is a finer relation
than homeomorphism:

Lemma 24.5. The complex plane C is not conformally equivalent to
the unit disc .

Proof. Suppose that f: C — D is holomorphic. So it is entire and
bounded. So it is constant, by Liouville’s theorem (22.2). d

Here is a generalisation.

Lemma 24.6. Suppose that P and () are isolated subsets of C and D,
respectively. Then C — P is not conformally equivalent to D — Q.

Proof. Suppose that f: C — P — D is holomorphic. Note that f is
bounded. So, by the removable singularity theorem (17.2), for each
p € P there is a holomorphic extension of f to f,: C— (P —{p}) = D.
We now patch together all of the maps f, (Lemma 15.8) to obtain a
holomorphic function F': C — D. Liouville’s theorem (22.2) implies
that F' is constant, so f is constant. Il
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24.7. Automorphisms. Suppose that U C C is a domain. We often
call a biholomorphic function f: U — U a (conformal) automorphism
of U. As usual, we suppress the adjective “conformal” when it is clear
from context. We take AUT(U) to be the group of biholomorphisms of
U; the group multiplication is function composition.

Lemma 24.8. Suppose that U C C is a domain. Suppose that f: U —
U is biholomorphic. Suppose that zy € U. Then f'(zy) # 0.

Proof. Suppose that g: U — U is the given biholomorphic inverse to f.
So g o f = Idy. By the chain rule, we have ¢'(f(z0))f'(z0) = 1. Thus
f'(z0) # 0. O

24.9. Automorphisms of the plane. Recall (Exercise 1.9) that
SIM(C) is the group of similarities of C.

Theorem 24.10. All similarities of C are automorphisms; all auto-
morphisms of C are similarities.

That is, AUT(C) = S1M(C).

Proof of Theorem 24.10. Suppose that f(z) = az + b is a similarity of
C. Note that a # 0. So g(z) = (z — b)/a is the inverse similarity. So f
is biholomorphic, and thus is an automorphism.

Suppose that h: C — C is a (biholomorphic) automorphism of C.
Let D be the open unit disc. Let U = C —D. So D and U are disjoint
domains. Since h is a homeomorphism, h(ID) and h(U) are open and
disjoint. In particular h(U) is not dense in C.

Note that h is entire. Thus h has a series expansion with infinite
radius of convergence (Lemma 22.1). Let A = (a,) be the coefficients
of this series. Recall that h(U) is not dense in C. Thus h(1/z) does not
have an essential singularity at zero (Theorem 17.15).

We deduce that A has only finitely many non-zero terms. So h is a
polynomial.

Recall that h is an automorphism, so is bijective. Thus h is non-
constant. By the fundamental theorem of algebra (Theorem 22.3) the
polynomial h has a root in C, say zy5. Since h is bijective we deduce
that 2 is the only zero of h.

Let n be the largest integer so that h(z) = (z — z0)"g(z) where g is
again a polynomial. So n > 1. If n is smaller than the degree of i then
g is again a non-constant polynomial, so has a zero (Theorem 22.3).
However, any zero of g is a zero of h. We deduce that ¢ is constant
(and not zero). So, if n > 1, then h is not injective, a contradiction.
Thus h is linear, so is a similarity, and we are done. [l

The action of AUT(C) = SIM(C) on C is (uniquely) two-transitive, as
follows.
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Exercise 24.11. Suppose that u and v are distinct points of C. Then
there is a unique similarity sending u and v to 0 and 1, respectively.

&

25. THE EXTENDED PLANE
In Section 18 we defined
C=CuU{co}

to be the extended plane. We call oo the point at infinity. In this section
we discuss the various structures on C.

25.1. The topology of the extended plane. We equip the extended
plane with a topology as follows. A subset U C C is open if

e 0o ¢ U and U is open in C or

e o0 € U and C — U is a compact subset of C.
For example, the sets (C— B(0; R))U{oc} form an open neighbourhood
basis of the point at infinity.
Exercise 25.2. Sketch a proof that Cis homeomorphic to S?, the unit
two-sphere in R3. In particular, C is compact. &

Exercise 25.3. Suppose that L C C is a line. Suppose that L is the
closure of L in C. Determine the homeomorphism type of L. &

Suppose that w € C* is a complex number. We define two functions
from C to itself:

Aw(z):{z+w, if 2z # o0 Mw(z):{zw, if 2 # oo

0, if z =00 oo, if z =00

(We use Ay to denote the identity function on C. We use My and M, to
denote the constant functions with values zero and infinity, respectively.
Note that we do not define the “product” of zero and infinity.)

We define inversion V: C — C as follows:

1/z if 2#0,00
V(z)=qoo, ifz=0
0, ifz=00

Exercise 25.4. Suppose that w € C*. Prove that A,,, M,, and V are
homeomorphisms of the extended plane. &

We often abuse notation by omitting the symbols for A, M, and V/
instead we “overload” the usual notations of addition, multiplication,
and reciprocation. However, as they act on points of C, these are not
arithmetic operations but rather transformations of the extended plane.

The next “exercise” is crucial for understanding linear fractional
transformations (defined in Section 25.8).
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Exercise 25.5. Understand how the inversion V' (z) = 1/z transforms
circles and lines in the plane. &

25.6. The conformal structure of the extended plane. Away from
infinity, the extended plane is just the plane, and so has its usual notion
of signed angle. If two oriented arcs cross at infinity, then we apply the
inversion V', measure their signed angle at the origin, and use that to
define the original signed angle at infinity. Thus, inversion is conformal
“by construction” at infinity.

Here is the main example of computing an angle at infinity. Suppose
that L and M are distinct lines, through the origin, in C. Orient L and
M. Define L = LU {oo} and M = M U {oc}. So the oriented loops L
and M cross at zero and at infinity.

Suppose that, at the origin, the positive real axis makes angles A
and p with the (now oriented) lines L and M, respectively. Suppose
that 0 < A < g < m. So the oriented lines come in the following
anti-clockwise order:

e the positive reals,

e then L, and

e then M.
So the signed angle from L to M is  — A. The images V(L) and
V(M ) are again oriented loops. Deleting the point at infinity gives
L' = V(L) — {oco} and M’ = V(M) — {co}. Note that L' and M’ are
again oriented lines (Exercise 25.5). They make signed angles of 7 — A
and m — p with the positive real axis. Following the instructions given
by the orientations, we have 0 < m — u < m — A < 7. In particular,
anti-clockwise, the oriented lines come in the following order:

e the positive reals,

e then M’ and

e then [/

So the signed angle from L' to M’ is 2 — pu+ .

Exercise 25.7. Suppose that L and M are disjoint parallel lines in C.
Let L and M be the closures of L and M in C. Sketch L' = V(L) —{oo}
and M’ = V(M) — {oo}. [There are five cases.| &

25.8. The automorphisms of the extended plane.

Definition 25.9. Suppose that f: C — C is a function. We say that
f is meromorphic at infinity if f oV is meromorphic in some open disc
about zero. We say that f is meromorphic if it is meromorphic in C
and at infinity. &

Definition 25.10. Suppose that f: C — Cis a function. We say that f
is bimeromorphic if it is meromorphic with a meromorphic inverse. <
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If f is bimeromorphic we will also call it a (conformal) automor-
phism of C. (Compare to the definitions given in Section 24.7.) We
take AUT(@) to be the group of bimeromorphisms of C; the group
multiplication is function composition.

Lemma 25.11. The functions A,, M,, and V (as defined in Sec-
tion 25.1 and with w € C*) are automorphisms of C.

Proof. As noted in Exercise 25.4 the functions have inverses A_,,, M/,
and V', respectively.

Note that A,(1/z) = 1/z+ w. This is meromorphic at zero; so A, is
meromorphic at infinity.

Note that M, (1/z) = w/z. This is meromorphic at zero; so M, is
meromorphic at infinity.

Note that V(1/z) = z. This is meromorphic at zero; so V' is mero-
morphic at infinity. Il

Lemma 25.12. Suppose that a, b, ¢, and d lie in C, with ad — bc # 0.
Then the rational map f(z) = (az +b)/(cz + d) is an automorphism of

C. Furthermore, all automorphisms ofC are of this form.

Degree one rational maps are called linear fractional transformations.
Another very common name for these is Mobius transformations.

Proof of Lemma 25.12. Suppose that f(z) = (az + b)/(cz + d) is a
linear fractional transformation. Then f is a composition of additions,
multiplications, and inversions. We deduce from Lemma 25.11 that f
is an automorphism of C.

Suppose instead that f is an automorphism. Suppose that f fixes
0o0. So f|C is an automorphism of C. Thus f|C is a similarity (Theo-
rem 24.10).

Suppose that f does not fix co. Suppose that f(co) = p. Define

g(z) = ﬁ. So g is an automorphism of C that fixes co. So h = ¢|C
is a similarity. Suppose that h(z) = cz + d, with ¢ € C*. So we have
1
cz+d=——— thus
flz)—p
1
f(z)_p_cz—i—d and so
1
JE=p+ —
_ (pe)z + (pd+ 1)
N cz+d
Noting that ped — (pd + 1)c = —c is non-zero, we are done. O

25.13. The automorphisms of the punctured plane.
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Theorem 25.14. Suppose that a lies in C*. Then f(z) = az and
g(z) = a/z are automorphisms of C*. Furthermore, all automorphisms
of C* have one of these two forms. So AuT(C*) is isomorphic to the
semidirect product C* x 7,/27.

Exercise 25.15. Prove Theorem 25.14. &

26. GL(2,C)

26.1. From automorphisms to matrices. Linear fractional transfor-
mations have striking resemblances to two-by-two matrices. Here is a
partial dictionary:

f'2|_>az+b a b

' cz+d c d

1 b

Ab.Zl—>Z+b (0 1)

. ) a O
My :z—a"z (0 1/a)

0 2
Viz—1/z (z 0)

Before justifying the dictionary, we define several groups.
26.2. The linear groups.

Definition 26.3.
e GL(2,C) is the general linear group over C: the group of invert-
ible two-by-two matrices with complex entries.
e SL(2,C) is the special linear group over C: the subgroup of
GL(2,C) of matrices with determinant equal to one.
e C*-1Id is the subgroup of GL(2,C) consisting of non-zero multi-
ples of the identity.
e The projectivisations of the linear groups are:
PGL(2,C) = GL(2,C) /C*- 1d
PSL(2,C) =SL(2,C) / £ 1d
We can also replace C everywhere by R; this gives the groups GL(2,R),
SL(2,R), PGL(2,R), and PSL(2,R). &

Exercise 26.4. From the definitions we have inclusions:
SL(2,C) — GL(2,C) SL(2,R) — GL(2,R)
Prove that these induce well-defined group homomorphisms:
pc: PSL(2,C) — PGL(2,C) pr: PSL(2,R) — PGL(2,R)

Prove that pc¢ is an isomorphism. Prove that pr is injective and its
image is an index two subgroup of PGL(2, R). &
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Exercise 26.5. Suppose that

a b
4= (e )
is an element of GL(2,C). Define f4(z) = (az + b)/(cz + d). Define

p: PGL(2,C) — AuT(C) by p([A4]) = fa. Prove that p is a well-defined
isomorphism of groups. &

| O

Sl
S

26.6. The unitary groups. We take
1 0 10
J= (O _1) and Id = (O 1)
We say that J has signature (1,1): one eigenvalue equal to 1 and one
eigenvalue equal to —1. Similarly, we say that Id has signature (2,0)
(and — Id has signature (0,2)). Suppose that A € GL(2,C) is a matrix.
We set,
a b «
A:( ) and define Az( )
c d
The matrix A* is the conjugate transpose of A.
Definition 26.7.
e U(1,1) is the unitary group with signature (1,1) over C: that is,
the subgroup of GL(2,C) consisting of the matrices A so that
A*JA = J.
e SU(1,1) is the special unitary group over C: the subgroup of
U(1,1) of matrices with determinant equal to one.
e S'.1d is the subgroup of U(1,1) consisting of unit modulus
multiples of the identity.
e The projectivisations of the unitary groups are:
PU(1,1) = U(1,1) /S*- 1d
PSU(1,1) =SU(1,1) / +£1d
In similar fashion we define U(2), the unitary group with signature
(2,0): the subgroup of GL(2,C) consisting of the matrices A so that
A*A = 1d. We also define, as above, the subgroup and quotient groups
SU(2), PU(2), and PSU(2). &
Exercise 26.8. Prove that U(1,1) and U(2) are groups. &
Exercise 26.9. From the definitions we have inclusions:
SU(1,1) — U(1,1) SU(2) — U(2)
Prove that these induce well-defined group homomorphisms:
P - PSU(L 1) — PU(L 1) P(2) - PSU(Z) — PU(Q)

Prove that both p(;,1) and p(2) are isomorphisms. &
Exercise 26.10.



2026-11-09 83

e Prove that every A € SU(1,1) has the form A = (% 2)

e Prove that every A € SU(2) has the form A = (Z _2). &

26.11. The invertible split quaternions. Inspired by Exercise 26.10,
we define a final collection of subgroups of GL(2,C).

Definition 26.12.

e (Q(2) is the subgroup of matrices in GL(2, C) of the form <Z g

Here the only condition on a,b € C is that |a]? — [b]* # 0. The
group Q(2) mostly does not have a name in the literature; we
will call it the group of invertible split quaternions.

e SQ(2) is the subgroup of special split quaternions: the subgroup
of Q(2) of matrices with determinant one.

e R*-1Id is the subgroup of (2) consisting of non-zero multiples
of the identity.

e The projectivisations of these groups are

PQE) = Q(2) /R*-1d
PSQ(2) = SQ(2) / + 1d

Exercise 26.13. Prove that Q(2) is a group.

Exercise 26.14. From the definition we have an inclusion:

SQ(2) = Q(2)

Prove that this induces a group homomorphism:

pq: PSQ(2) = PQ(2)
Prove that pg is injective and its image is an index two subgroup of
PQ(2).
Exercise 26.15. Prove that SQ(2) = SU(1,1) and PSQ(2) = PSU(1, 1).
&

A

26.16. Three-transitivity of AuUT(C). The action of AuT(C) on C
is (uniquely) three-transitive as follows.

Exercise 26.17. Suppose that u, v, and w are distinct points of C.
Then there is a unique linear fractional transformation sending u, v,
and w to 0, 1, and oo respectively.
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A

26.18. Subgroups of AUT(C). Recall that in Exercise 26.5 we gave an
isomorphism p: PGL(2,C) — AuT(C). We use this to explore certain
subgroups of AUT(C).
Suppose that U C C is a domain (or U = (@) Suppose that X C U.
Define
Aurx(U) ={f e Aur(U) | f(X) = X}

This is the (setwise) stabiliser of X in AuT(U). When X = {p} is a
singleton, we simplify the notation to just AuT,(U).

A

Exercise 26.19. Prove that AuT,(C) (the stabiliser of infinity) is
isomorphic to S1M(C). &

We define the extended line R = R U {o0} in similar fashion to the
extended plane C = CU {oo}. The inclusion of R into C induces an
inclusion of R into C, sending infinity to itself. Combining the above

definitions and notations we have that AUTy(C) is the subgroup of

automorphisms (of @) preserving R setwise.
Recall our notations for the unit circle S', the unit disc D, and the
upper half plane H:

S'={2€eC:|z|=1}
D={z€C:|z| <1}
H={z € C: IMAG(z) > 0}

Exercise 26.20. Suppose that p: PGL(2,C) — AuT(C), defined by
p([A]) = fa, is the isomorphism given in Exercise 26.5.

A

e Prove that p(PGL(2,R)) = AuTy (C).

e Prove that the resulting action of PGL(2,R) on R is three-
transitive.

e Prove that the resulting action of PSL(2,R) on R is not three-
transitive. Instead it is transitive on anti-clockwise triples. Here
an ordered triple (u,v,w) of points in R is anti-clockwise if the
orientation it induces on R agrees with the orientation induced
by the upper half plane H.

e Prove that p(PSL(2,R)) = AuTg/(C). &

Exercise 26.21.

e I'ind some f € AuT(C) so that f(D) = H.
e Prove that, for the same f, we have f(S') = R.
e Prove that, for the same f, we have

AUTp(C) = f' o AuTy(C) o f

We say that the subgroups AuTp(C) and AuTy(C) are conjugate

A

inside of AUT(C). In particular, they are isomorphic.
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e Prove that, for the same f, we have

AuTgi (C) = fo AuTs(C) o f &

Exercise 26.22. Suppose that p: PGL(2,C) — AuT(C), defined by
p([A]) = fa, is the isomorphism given in Exercise 26.5.

A

e Prove that p(PQ(2)) = AuTg:(C).

e Prove that the resulting action of PQ(2) on S is three-transitive.

e Prove that the resulting action of PSU(1,1) = PSQ(2) on S!
is not three-transitive. Prove, instead, that it is transitive on
anti-clockwise triples (Definition 5.11).

~

e Prove that p(PSU(1,1)) = AuTp(C). &

27. THE UNIT DISC
Recall our notation for the open unit disc
D={zeC:|z|] <1}
27.1. Schwarz’s lemma. For a leisurely history we refer to [3].

Lemma 27.2. Suppose that f: D — D is holomorphic. Suppose that
f(0) =0. Then, for all z € D, we have |f(2)| < |z|. Also, |f(0)] < 1.
Furthermore, if there is some z # 0 with |f(z)| = |z, or if |f'(0)| =1,
then f is a rotation.

Proof. 1f f is constant then it is identically zero and we are done.
Suppose that f is non-constant in D. Factoring (Lemma 15.11) we
obtain a holomorphic function ¢g: D — C so that f(z) = zg(z). Note
that ¢g(0) = f'(0).
Fix any zy # 0 in the open disc. Fix any r so that |zg| <7 < 1. We
now apply the maximum modulus principle (Corollary 23.3) to g and

the region B(0;r). This gives us some z, € C(0;7) as follows:

19(20)| < |g(2)] = f(z)] - 1

|2 ] r
As r tends to 1 (from below) we deduce that |g(zo)| < 1. Since z
was arbitrary, we deduce the inequality |f(2)| < |z|, for all z € D, as
desired.

Note that the derivative f’(0) is defined via the limit of difference

quotients:
f(2) = f0) _ f(2) _
0 =, =9
Since |g(z)| < 1, we deduce that |f'(0)] < 1.
Suppose now that either
e for some zy € D* we have |f(z)| = |20] or

e 2o =0and |f'(0)| = 1.
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In either case, |g(z)| has a local maximum at z;. Again applying
the maximum modulus principle (Theorem 23.2) we deduce that g is
constant and has modulus one. So f is a rotation, as desired. U

27.3. Automorphisms of the unit disc.

Lemma 27.4. Suppose that a and b lie in C, with |a|* —|b]> = 1. Then
the rational map f(z) = (az + b)/(bz + a) is an automorphism of D.
Furthermore, all automorphisms of D are of this form.

~

Said another way: AuTp(C) is isomorphic to AuT(D).
Proof of Lemma 27.4. Suppose that f has the above form. We take

()

So A lies in SU(1,1) = SQ(2). We take fa = p(A) to be the resulting
element of AUT(C). Thus, by Exercise 26.22, the automorphism f4
preserves D). Also, we have that f = f4]|D. So f is an automorphism of
D.

Suppose now that ¢ is an automorphism of ID. Suppose that g(0) = p.
Let h(z) = (z—p)/(—=pz+1). So h is an element of AUTy(C) and thus is
an automorphism of D as above. So F' = h o g is also an automorphism
and, moreover, fixes zero. Let GG be the given automorphism so that
F oG = Idp. Thus G also fixes zero. Applying Lemma 27.2 we find
that [F'(0)] <1 and |G'(0)] < 1.

The chain rule tells us that F'(G(0)) - G'(0) = 1. Since G(0) = 0,
taking moduli gives |F"(0)| - |G'(0)] = 1. We deduce that |F'(0)| =
|G'(0)] = 1. Applying Lemma 27.2 once again we deduce that F'is a
rotation. Pick A € S! so that F(z) = A\? - 2.

Since h o g = F we have that ¢ = h~' o F. Since A = A\~" we have:

Nz+p  Az+Ap
g(Z) = 5 g — —

p Nz +1  Apz+ A
Note that 1 — |p|? is positive. We define

A= B ( A )\p)
VI=[pP\p A
Note that det(A) = 1 (so A lies in SU(1,1)). Since p(A) = g we are
done. g

27.5. Many examples. We end with a selection of conformal equiva-
lences.

Example 27.6. The unit disc D and the upper half plane H are
conformally equivalent via

f(z):;ia ©
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Example 27.7. The upper half plane H and the cut plane C — [0, 00)

are conformally equivalent via f(z) = 2% &

Example 27.8. The quarter plane Q = {z € C|REAL(2) > 0,IMAG(2) >

0} and the upper half plane H are conformally equivalent via f(z) =
22 &

Example 27.9. The domain U = C — B(0;1) and the slit plane
C — [—1, 1] are conformally equivalent via

f@):%(w%) &

Example 27.10. The lune L = {z € C|REAL(z) > 0,|z| < 1} and the
quarter plane Q = {z € C|REAL(z) > 0,IMAG(z) > 0} are conformally
equivalent via

Z+1
= &

Ie) =5
Example 27.11. The punctured disc D* and the domain U = C —
B(0;1) are conformally equivalent via f(z) = 1/z. &

28. THE RIEMANN MAPPING THEOREM

“You boil it in sawdust: you salt it in glue:
You condense it with locusts and tape:

Still keeping one principal object in view —
To preserve its symmetrical shape.”

— Lewis Carroll
The Hunting of the Snark

28.1. Montel’s theorem. We give a simplified version of Montel’s
theorem.

Lemma 28.2. Suppose that U C C is a domain. Suppose that
fn:U—D

15 a sequence of holomorphic functions. Then there is a subsequence of
(fn) that converges (uniformly on compact subsets of U ) to a holomorphic

function f: U — C.

Proof. Fix zp € U. Fix rq > 0 so that By = B(z;r9) C U. Each f, has
a series expansion A, = (a,,,) in By. Note that |f,(2)] < 1 for all n
and all z € U. So Lemma 14.7 implies, for all m and n, that

‘am,n‘ <1/rg

Passing to subsequences countably many times, and then taking the
diagonal, we can arrange for the coefficients to converge. The limit
is a function ¢go: By — C. Since gg is defined by a power series, it is
holomorphic. Also, the diagonal functions converge to gy uniformly on
compact subsets of Bj.
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Since U is open, it is the union of countably many open discs of the
form By = B(zx;rx). Applying the argument above countably many
times (passing to subsequences each time), and again taking a diagonal,
gives the desired converging subsequence and limiting holomorphic
function. Again the convergence is uniform on compact subsets of any
fixed disc By.

Suppose finally that K C U is compact. So K lies in a union of
finitely many of the discs By. We express K as a union of finitely
many compact subsets of these discs; this gives the desired uniform
convergence. O

28.3. Hurwitz’s lemma.

Lemma 28.4. Suppose that U C C is a domain. Suppose that
fofn:U—C

are holomorphic functions. Suppose that the f, converge (uniformly on
compact subsets of U) to f. Suppose that f is non-constant. Suppose
that zy is any point of U, and wy = f(z0). Then there is some N so
that, for allmn > N, there are z, € U so that

° 2, — 2
o fu(zn) = wp.
Proof. Define g(z) = f(z) — wy. Define g,,(z) = fn(2) — wy. Since f is
non-constant, we have that ¢ is non-constant. Thus Z(g) is isolated
(Lemma 16.10). Also, the functions g, converge (uniformly on compact
sets) to g.
Fix r > 0 so that

e B(z;r) C U and
e B(zo;r)NZ(g) = {20}
Define
2¢ = min{|g(2)|: z € C(z0;7)}
Note that € > 0 as C'(zo;r) is compact, g is continuous, and g has no
zeros on C(zp; 7).
Pick N so that, for all n > N and for all z € B(zg;7), we have
19(2) — gn(2)] < e
Fixn > N. So
€ > |g(z0) = gn(20)| = [gn(20)|
Also, for z € C(2p;7), we have

[9n(2)] = 1g(2) + gn(2) — g(2)|

> [g(2)] = |gn(2) — g(2)|
>2c—€=¢
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Thus |g,| has a local minimum in B(zp;7). Applying the minimum
modulus principle (Theorem 23.5) we find that g, (z,) = 0 for some z,
in B(zo;7). Thus f,(z,) = wp.

Repeating the argument with smaller r ensures that the points z,
tend to zg, as desired. [l

Corollary 28.5. Suppose that U C C is a domain. Suppose that
fifn:U—C

are holomorphic functions. Suppose that the f, converge (uniformly on
compact subsets of U) to f. Suppose that f is non-constant. Suppose
that all of the f, are injective. Then f is injective.

Proof. We prove the contrapositive. Suppose that zy and z{, are distinct
points of U with f(z9) = f(z;). Applying Lemma 28.4 twice, we have
some N so that, for all n > N, there are points z, and 2], so that

o |20 — z,| and |z — 2| are less than |zg — z{|/2 and

o fulzn) = f(20) and fu(z;) = f(z).

So z, and 2/, are distinct and f,,(z,) = fn(2)). So f, is not injective. [

28.6. The Riemann mapping theorem. Our statement of the Rie-
mann mapping theorem is modelled on a more extensive version given
by Remmert [13, page 180].

Theorem 28.7. Suppose that U C C is a domain. Then the following
are equivalent:

(1) U =C or U is conformally equivalent to D.
(2) U is homeomorphic to D.
(8) U has trivial first homology.

Proof. By Exercise 10.2 the disc and plane are homeomorphic. Also, by
Remark 24.4, conformal equivalences are homeomorphisms. Thus the
first property implies the second.

By Lemma 10.6 convex domains (so, in particular, discs) have trivial
first homology. By Exercise 10.4 homeomorphic spaces have isomorphic
homology groups. Thus the second property implies the third.

It remains to prove that the third property implies the first. If the
domain U is the entire plane we are done. So we suppose, for the rest
of the proof, that

e [/ is not the entire plane and
e U has trivial first homology.

Claim. The domain U is conformally equivalent to a domain V C D.
Furthermore, we may assume that zero lies in V.

Proof. Starting with U we produce a sequence of domains with each
conformally equivalent to the previous. Since U has trivial first homol-
ogy, Exercise 10.4 implies that all of the domains in our sequence have
trivial first homology.
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Fix some zy € C — U. Define f(z) = z — zy. Take U = f(U). So U’
is a domain, does not contain zero, and is equivalent to U via f. We
replace U by U’ and reuse the notation U.

Applying Theorem 21.7, we take g: U — C to be a branch of the
logarithm. Define f: U — C by f(z) = EXP(} - g(z)). Thus f is a
branch of the square root. So, for all z € U, we have (f(2))* = z.
Suppose that f(z) = f(w). Thus z = (f(2))? = (f(w))* =w. So f is
injective. Take U’ = f(U). So U’ is a domain, does not contain zero,
and is equivalent to U via f. Also, if a point w lies in U’ then —w does
not lie in U’. We replace U by U’ and reuse the notation U.

Fix any zy € U. Pick any € > 0 so that B(zg;€) C U. We deduce that
B(—zp; €) is disjoint from U. Define f: U — C by f(2) = €/(z + z).
Note that |f(z)| < 1 for all z € U. Take U' = f(U). So U' C D and is
conformally equivalent to U via f. We replace U by U’ and reuse the
notation U.

Fix any zo in U. Define f: D — D by

. zZ— 20
f(Z) N —202 + 1
So f is an automorphism of D. Take V' = f(U). So we have 0 € V' C Dj
also V is conformally equivalent to U. Il

We replace our original domain by V' (and again call it U, to simplify
our notation).

Claim. Suppose that U C D is a domain with trivial first homology.
Suppose that zero lies in U. Suppose that U is not all of D. Then there
15 a domain V. C I and a biholomorphic mapping H: U — V' so that:

e H(0) =0 and
o |H'(0)] > 1.
Proof. Suppose that —p is a point of D — U. Define f: D — D by
2+
(z) = pz+1

Let U" = f(U). Note that U’ C D contains p, does not contain zero,
and is conformally equivalent to U via f.

Applying Theorem 21.7, we take g: U" — D to be a branch of the
square root. In an abuse of notation, we bravely write g(z) = /z.
As above, ¢ is a biholomorphism to its image U” = g(U’). Note that
U" C D contains g(p) = /p, does not contain zero, and is conformally
equivalent to U’ via g.

Define h: U"” — D by

hz) = ——VP_
—/Pz +1

Define U"” = h(U"). Note that U"” C D contains zero and is conformally
equivalent to U” via h.
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Take H = hogo f; since H is a composition of biholomorphic
mappings it is itself biholomorphic. We have

H(0) = h(g(f(0))) = hlg(p)) = h(v/p) = 0

We next estimate |H'(0)|. To recap, we have:

e == g =vE f() = R

— bz +1 Cpr+l
Taking derivatives we have:
1—|p| 1 1—|pf?
h/ = ! = ! =
D=Chry Y7 W =Eap
So we have
1 1
h'((go f)(0)) = =7 g(f(0) = NG f1(0) =1~ p[*
Thus
1 1 1+ [p|
H'(0) = (hogo f)(0) = (1= |p) = —=
(0)=(hogo 1Y(O) = g5 (1= bl = 5 2
This has modulus: ) )
1/2 ~1/2
p| +2|p| o1 0

Suppose now that U C D is a domain, with 0 € U. We define
H={f:U—D|f(0)=0, f holomorphic, f injective}

Suppose that f is in H. The open mapping theorem (in the form of
Proposition 24.3) implies that f is a conformal equivalence between U
and f(U).

We define the extremal quantity D as follows:

D = sup{[f(0)[: f € H}

Suppose that » > 0 has B(0;7) C U. By Lemma 14.7 we have |f'(0)| <
1/r. Thus D < 1/r. So D is bounded above. Also, Idy lies in H. Thus
D > 1. So D is bounded below.

Let (fn)n be any sequence in #H so that |f;(0)| tends to D from
below. Applying Lemma 28.2 we pass to a subsequence that converges
(uniformly on compact subsets) to some holomorphic function F': U —
C. Note that F(0) = 0. Also, the image F(U) lies in D.

Exercise 28.8. Suppose that A = (ay) are the coefficients of the series
expansion of F' about zero. Suppose that A,, = (ay ) are the coefficients
of the series expansion of f,, about zero. Prove that, for all k, we have
arn, — ai as n tends to infinity. &

We deduce from the exercise that |[F'(0)] = D. Thus F is non-
constant. Applying Corollary 28.5 we find that F' is injective. So, by
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the open mapping theorem (Theorem 23.7) we have that F(U) is open.
So F(U) lies in D. Thus F' is an element of H.

Claim. F(U) =D

Proof. For a contradiction, suppose that F(U) is not equal to D. Then
the previous claim gives a domain V' C ID and a biholomorphic mapping
H: F(U) — V so that H(0) = 0 and |H'(0)| > 1. Thus H o F lies in
H. We compute:

|(H o F)/(0)] = [H'(0)] - [F'(0)] > D
However, this contradicts the maximality of D. O

This completes the proof of the Riemann mapping theorem (28.7). O
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APPENDIX A. SOLUTIONS TO EXERCISES

Solution 1.4. Recall that cos: R — R is continuous; also cos(0) = 1
and cos(m) = —1. Since C? + 5? = 1 we have that C' € [-1,1]. The
intermediate value theorem gives some 6 € [0, 7] so that cos(f) = C.
Note that cos(—6) = C as well. We deduce that sin?(f) = S?. Taking
square roots (and replacing # by — if needed) proves that 6 lies in
ARG(z).

Since cosine and sine are 2m—periodic, we deduce that 6 + 27k lies in
ARG(z) for all k € Z. Suppose that 7 is an element of ARG(z). Using
the addition law we have the following.

cos(f — n) = cos(#) cos(—n) — sin(0) sin(—n)
= cos(f) cos(n) + sin(f) sin(n)
=C*+5°
=1

Thus € — n lies in 27Z, as desired. O

Solution 1.6. Suppose that z = z + iy. Suppose that w = a + ib. So
zw = xa — yb+i(xb + ay). We now compute as follows:

|zw|* = (zva — yb)* + (zb + ya)?

= 2%a® + y*b* — 2xyab + 2°b* + y*a® + 2wyab

— 220% + 220% + y2a? + 20

= (2* +y*)(a® + b?)

= |2 |w]”
Taking the positive square root of both sides gives |zw| = |z||w], as
desired.

By the first part of Exercise 1.4 we may choose 6 and 1 to be arguments

of z and w respectively. By the second part of Exercise 1.4 it suffices

to prove that 6 + 7 is an argument of zw. We have the following polar
forms:

z = |z|(cos(8) + isin(0)) w = |w|(cos(n) + isin(n))
Taking their product, and applying the addition law, gives:
2w = |z||w|(cos(d + n) +isin(0 +n))

By the above we have |z||w| = |zw|. Thus 0 + 7 is an argument of zw,
as desired. O
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Solution 1.7. Suppose that z = x + 1y and w = r + is. We compute
as follows:

2] + Jw|* — 2|z|Jw| cos(d — n)
= ]z]Q + \w\Q — 2|z||w|(cos(#) cos(n) + sin(f) sin(n))

T T S
:|zr2+|w|2—2|z||w|( LY )

2wl [2] Jwl]
= |2|* + |w|* — 2(zr + ys)
= 2>+ y* + 1+ 5° — 2(ar + ys)
=22 —2ar + 12 +y* — 2ys + s?
=(x—1)?+(y—s)

= |z — w|? O

Solution 1.9. Suppose that a, b, ¢, and d are complex numbers.
Suppose that f and g are similarities with f(z) = az+band g(z) = cz+d.
Then fog(z) = a(cz +d) + b = acz + (ad + b). Since a and c are
non-zero, so is ac. Thus f o g is again a similarity.

We obtain an identity by taking a = 1 and b = 0. We make g an
inverse for f by setting ¢ = 1/a and d = —b/a. The group operation is
associative because function composition is associative.

Suppose that |a| = |¢| = 1. Thus |ac| =1 and f o g is a congruence.
Also |1/a| = 1, so the inverse of f is a congruence.

More generally, if the condition on a is closed under multiplication
and inversion, and b is general or zero, then we obtain a subgroup. [

Solution 1.10. If w = 0 then |z — w| < |z| becomes |z] < |z], a
contradiction. So w # 0. In particular ARG(w) is well-defined.

Suppose that § € ARG(z) is the given argument of z. Fix any
argument 77" € ARG(w). Applying the cosine law we have

2" + [w]* — 2l2]|w| cos(0 —n') < |2*

Simplifying we find
|wl :
- < 0 —
Thus cos(f — ') is strictly positive. So, for some k € Z, we have
|0 —n' —27k| < w/2. By Exercise 1.4 we have n = 1/ + 27k € ARG(w).
Thus |0 — n| < 7/2, as desired.
Suppose now that " € ARG(w) also satisfies |# — n"| < /2. Thus

m—=n"=In—0+6—1"|
<|n—0]+10—1"]
<7m/2+7/2

=T
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But the difference n —n” is a multiple of 27 (Exercise 1.4). Thus n = 7",
as desired. O

Solution 2.4. For any point p € U we define U, as follows: U, is the
set of points of U that can be reached from p by axis-aligned paths. Now,
discs are path connected by axis-aligned paths. So, by concatenating
paths, if B C U is an open disc that meets U, then B is contained in
U,. Thus U, is open (a union of discs) and non-empty (it contains p).

Fix now some p in U. Define V,, = U — U,,. Note that V,, = Ugey, U,.
Thus V, is open. So U = U, UV, is a union of open sets which are
disjoint. Thus one of U, or V,, is empty. So V, is empty and we are
done. O

Solution 2.5. We must show that U* is open, non-empty, and con-
nected.

It is open because it is the intersection of open sets: U* = U N (C —
{z0}). It is non-empty because, if not, then U = {z,} which is not open.

Suppose that p and ¢ are points of U*. Suppose that ~v: [0,1] — U
is an axis-aligned path that connects p to ¢; this exists by Exercise 2.4.
Suppose that B = B(z¢;0) is any disc with closure in U. Each compo-
nent of ¥ N B meeting 2z, can be replaced by an axis-aligned path in B
that avoids z5. Thus U* is path-connected. Il

Solution 2.6. If U = C then any constant ¢ > 0 works. Suppose
instead that U is a proper subset of C. Suppose that ¢ lies in C — U.
Since distance is continuous and P is compact, there is some point
p € P which is as close as possible to ¢. Thus writing d(q, P) = |¢ — p|
is well-defined. Suppose, for a contradiction, that (g,) is a sequence in
C—U so that d(g,, P) tends to zero. Let p, be a point of P closest to ¢,.
Since P is compact, the sequence (g,) is bounded, so has a convergent
subsequence, which we pass to. Since C — U is closed, the limit ¢, lies
in C — U. We pass to a further subsequence to ensure that (p,) also
converges say to po in P. But then |goo — poo| = 0. Thus gs = poo. We
deduce that P and C — U intersect, a contradiction. Il

Solution 2.10. Suppose that z lies in C*. Since |z| is positive it has a
positive square root \/|z|. Take any § € ARG(z). We set ¢ = /|z[e?/2.
So (% = (/]z]€/?)? = |2|e? = z; this gives one square root of z.

Note that —( # ¢ because ¢ # 0. Since (—1)? = 1 we have now found
another square root; we must show that there are no more.

Fix # and ¢ as above. Suppose that u is some square root of z.
Suppose that 7 is an argument of u. So, by Exercise 1.6, we have that
27 is an argument of z. Thus, by Exercise 1.4, we have that § —2n = 27k
for some k in Z. We deduce that u = +( as k is even or odd.

We now produce a branch of SQRT. First we define a function
f: B — C. Fix any 0y € ARG(z). Suppose that w lies in B. By
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Exercise 1.10 there is a unique n € ARG(w) so that |0y —n| < 7/2. We
define f(w) = |w|"/?e/2. By the above, f(w) is a square root of w.

We now must prove f is continuous. Fix wq in B. Let 79 € ARG (wyp)
be the angle selected in the previous paragraph. Pick any € € (0,7/2).
Fix 6 > 0 so that B(wp;d) C B and also so that ¢ satisfies Lemma 1.11.
So, for any w; € B(wyp;d), we have w; # 0 and also have a unique
n € ARG(wy) with |ng—m| < e. We deduce from the triangle inequality
and Exercise 1.4 that n; is the argument for w; picked in the previous
paragraph. The continuity of f now follows from the continuity of the
real square root, the real sine, and the real cosine. Thus f is a branch
of SQRT.

Suppose that g is another branch of SQRT. So ¢ is continuous and
never zero. So f/g is continuous and squares to give the function that
is identically one on B. Thus for all z € B we have f(z)/g(z) = £1.
Since f/g is continuous it is constant. Thus —f is the only other branch
of SQRT. O

Solution 2.18. We have already dealt with the case ¥ = —1 in
Example 2.17. So suppose that k # —1. We compute as follows:

Here we used the fundamental theorem of calculus for the real-valued
cosine and sine (not for the complex exponential). u
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Solution 2.20. We reparametrise 7 to instead use the domain [—m, 7].
We now compute as follows:

/fd,z: —
v v <
:/'71‘ ,L'eiel de
a2+
T 10 9 —10
i/‘ . ctC
.24 €e02 4 e
T 26i0+1
) ——df
Z/_7r 5+ 4 cos(0)

B ,/7r 2 cos(f) + 2isin(0) + 1
- - 5+ 4 cos(0)

do

We consider the real and imaginary parts separately.

The real part equals:
T sin(0)
—2 ———df
/_ =D+ 4cos()

This is a definite integral with odd integrand and symmetric domain of
integration. Thus the integral vanishes.
The imaginary part equals:

™1+ 2cos(0)
/_7r 5+ 4 cos(0) 40

We substitute using

1—t? 2
COS(Q) = m and d@ = m dt

The imaginary part becomes:

1 4 2cos(f)
/ 5+ 4cos(f )d(9
(

‘/ 1+62)+2(1—¢%) 2
e (1) +4(1 —12) 14 ¢2

31 2
= — ———dt
o 921422
Since the integrand is even, it suffices to show that the integral over

(0,00) vanishes. Comparing with [ dt/t* we find that the (improper)
integral converges. The integrand changes sign at t = v/3. This suggests

dt
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we use the substitution ¢ = 3/u (so dt = —3du/u?):

*3—t> 2

/ 2

0 9+t21+1¢2

/0 3-9/u* 2 -3
—du
o 9+ 9/u?1+9/u? u?

/0 3/u?—1 2 1
o L+ 1/u2 14 9/u? u?

/ 03 —w? 2

= —_—— du

o W2+1u?+9

Thus the integral equals its negative, and so vanishes.

As a sanity check we numerically estimate the integral over (0,/3)

and over (v/3,00).

sage: f(t) = 2x(3 - t72) / ((9 + th2)*(1 + t*2))
sage: numerical_integral(f, 0, sqrt(3))
(0.5235987755982988, 5.813114163347719e-15)
sage: numerical_integral(f, sqrt(3), Infinity)
(-0.5235987755982999, 2.302746825788907e-10)

In each answer, the first entry is an estimate of the integral and the
second is an estimate of the error. (Our answer raises a further question:
why is the numerical integral so very close to 7/67) O

Solution 2.23. This follows from Lemma 2.22 and Exercise 2.18. [

Solution 2.24. Fix any € > 0. Since U is open and f is continuous,
there is some 7 > 0 so that B(w;n) C U and so that z € B(w;n) implies
|f(2) = f(w)| < e Fix any 0 < § < n and compute as follows:

1
[Is — f(w)] = |5= M dz — f(w)’ definition of I
271 y 2= W
1 1
=5 /) dz — — f(w) dz| Example 2.19
271 . 271 v Z—W

Lemma 2.22

z

|G = fw)

2 20
_ L[ [ Sl oet) = fw) 5 d@‘ Definition 2.16
271 Jo det?
1 2m )
=5 / (f(w + 8€e) — f(w)) dQ‘ simplify
0
1 27 ]
< o |(f (w+ 5’y — f(w))| o triangle inequality
0
<e€

O
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Solution 2.26. By Lemma 2.25, and induction, the problem reduces
to the case where y has only one piece. We now write y(t) = u(t) +iv(t).
So ~/(t) = u/(t) + iv'(t). Linearity with respect to the integrand, and
the real fundamental theorem of calculus, complete the proof. Il

Solution 2.32. We use the notation v = (7, v,)-

Suppose that § preserves orientation: that is, 6(c) = a and 0(d) = b.
Then ¢ is non-negative. Suppose that ¢ reverses orientation: that is,
d(c) = b and §(d) = a. Then ¢’ is non-positive.

Suppose first that 0 preserves orientation. Then we compute as
follows.

L(yod) = / ) Vdx? + dy?
Yo

.
= L(v)

If § reverses orientation, then the two minus signs cancel, and we obtain

the same arc-length. O

Solution 2.35. Induction (and the triangle inequality) reduces us to
the case where v has only one piece. The proof where there is only one
piece is the same as the usual proof using Riemann sums. U

Solution 2.37. We apply Exercise 2.35, Definition 2.34, and Defini-
tion 2.29 to obtain:

/fdz

Solution 3.5. Suppose that v(s) = z(s) + iy(s). We suppress the
variable s to obtain v = x + iy and 7' = 2’ + iy’. We may also write
r= /22 +y2 Thusr'/r = (z2’+yy')/(2* +y?). The real fundamental
theorem of calculus gives 6 = (zy’ — y2') /(2% + y?). We compute:

/Ifdz| /|f DY@l < M-L(y) O

vty 4y (v —dy)  xd gy iy —yat) g
_— = = = = — VA
v T+ 1y x4y (z—iy) x2 + 12 r
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Recall that h = re'? /y. We differentiate:
U T | I
v g 7oLr Y

Solution 4.3. Fix 2y in U. Fix € > 0. Since domains are open, and
from Definition 4.2, there is a ¢’ so that B’ = B(zy;d’) is contained in
U and, for all z € B’ — {29} we have:

f(Z) — f(ZO) - f/(20>

Z— 20

<€

We take
6 = min(d", €/(].f'(20)| + €))
Let B = B(z9;0). Note that B C B'.
Suppose now that z lies in B. If z = zy then |f(2) — f(z0)] =0 <€
and we are done. Suppose instead that z £ z;. Then we can clear the
denominator of the above inequality to obtain:

|(f(2) = f(20)) = f'(20)(2 — 20)| < €|z — 20

Thus
£ (2) = f(z0)] < |f'(20)[|2 = 20| + €|z — 2]
< (| (20)] + €)d
<e
Thus f is continuous at zg. U

Solution 4.5. Since f is continuous (by Exercise 4.3) we have that
p is continuous away from z,. The limit as z tends to z; is zero, by
construction and since f is holomorphic. Thus p is also continuous at

20 |
Solution 4.8. The proof is, symbol-by-symbol, the same as the real
one-variable case. O

Solution 4.9. Fix any wy and wy in U. Suppose that §: [a,b] — U is
an axis-aligned contour from wy to wy (Exercise 2.4). Induction reduces
us to the case where f is a single segment.
Fix € > 0. Recall that f is holomorphic and f’ vanishes. So, for 2’ in
we have some ¢’ > 0 so that if z € B(2/; '), then | f(z)— f(2')| < €|z—2/|.
Such discs cover [, which is compact. So there is a finite subcover. We
now walk along (3 and build sequences of points (az)i_, and (b)Y, as
follows:
e wy = ag and ay = wyq,
e by is the centre of By = B(by; dx) a disc as above,
o |wy — ap_1| < |wy — bi| < |wg — ax| for k > 1, and
° |ak_1 — bk|, |bk — CLk| < (Sk

Thus we have:
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o |f(ak-1) = f(bi)| < €|ar—1 — bi|, and
o [f(br) = flar)| < €lbr — axl.

We compute as follows, applying the triangle inequality:
(o) = Fwn)] = |3 Flaxa) = () + D F(be) = fax)
<Y I fan-1) = Fo)| + D f(b) = flan)]
< elap_y — bl + Y elbr — al

= E”wo — w1|
Since € was arbitrary, we deduce that f(wg) = f(wy), as desired. O

Solution 4.16. Applying the geometric series we find

1
=122 48—
14 22
Thus the radius of convergence equals one. U

Solution 4.17. We may factor the quadratic into linear terms, realise
f as a (scaled) sum of their reciprocals, apply the geometric series, and
add coefficients (appealing to Theorem 4.14). Thus f has a power series
about zero. Suppose that (a,), are the coefficients. Since f(z) - (1 +
z + 2%) = 1 we can multiply out, equate coefficients, and find:

CL(]:l, CL1+CLO:0, CL2+CL1+6L0:O
and in general a,,o + a,1 + a, = 0 for n > 0. By induction, we have

1, ifn=0 (mod 3)

a, =< —1, ifn=1 (mod 3)
0, ifn=2 (mod 3)
Thus the radius of convergence equals one. O

Solution 4.20. Suppose that SIN(z) = 0. Thus Cos(z) = £1.
Suppose that Cos(z) = 1. Thus Exp(iz) = 1. Suppose that z =
x +1iy. We now compute using the properties of complex exponential.

1 = Exp(iz)

= Exp(iz — y)

= Exp(iz) EXP(—y)

= (Cos(x) +iSIN(z)) EXP(—y)

= (cos(x) +isin(x)) exp(—y)

= cos(z) exp(—y) + isin(z) exp(—y)
Equating real and imaginary parts we find that

1 =cos(z)exp(—y) and 0= sin(z)exp(—y)

Since the exponential has no roots, we find that sin(z) = 0. Thus
x = wk for some k € Z. Thus cos(z) = £1. However, exp(—y) is



102 2026-11-09

positive. We deduce that cos(z) =1 and y = 0. Thus z = x + iy = 7k,
with £ even.
When Cos(z) = —1 we find instead that & is odd.
The zeros of COS are handled similarly (or by using an identity).
U

Solution 4.21. Note that Exp(z + iy) = EXP(z) ExP(iy) = e%e™.
Recall that e is a positive real number, while e¥ is a “direction™ a
point on the unit circle. If we vary x while fixing y then we obtain a
radial arc with direction e®. If we fix x while varying y then we obtain
an arc of the circle, centred on the origin, with radius e”.

We now take the image of the rectangle R. The horizontal sides both
go to the line segment [a, b] in the real axis. The left vertical side goes to
the circle C(0;a); the right vertical side goes to the circle C'(0;b). The
interior of R is sent to the inside of the resulting (non-simple) contour.

d

Solution 5.5. Similarities preserve convexity. So it suffices to prove
this for the unit disc D = B(0;1) and its closure D. Suppose that p
and ¢ are points in . Suppose that ¢t € [0,1]. We must show that
(1 —t)p + tq lies in D.

Since p and ¢ lie in D there is some r < 1 so that both |p| and |¢| are
at most r. We now apply the triangle inequality to find:

(I=t)p+tgl <A —t)lpl+tlg <A —t)r+tr=r<1

For D we replace the condition » < 1 by the weaker condition r < 1.

g

Solution 5.6. Suppose that H is the convex hull of S. Suppose that
p and g are points of H. Suppose that K is a convex set containing S.
So H C K. So p and ¢ are points of K. Thus [p, q| is a subset of K.
Thus [p, q] is a subset of H, as desired. O

Solution 5.12. We recall (without proof) a few properties of the
cross-product:

(tu) x v =1t(u X v) scaling for ¢ real
au x av = |al*(u x v) scaling for a complex
ux (vtw)=uxv+uxw distributivity
UXU=—UXUV anti-symmetry

We also have that v x v = 0 if and only if the origin, u, and v lie on a
line.

The first claim of the exercise follows from the symmetry of the
definition of O. The second claim follows from the anti-symmetry of
the cross product.

We now prove the third claim. If u X v = v X w = w X u = 0 then
there is a line through the origin containing all of u, v, and w. In
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this case we are done. So, as the other cases are similar, suppose that
ux w #0. So u and w are a basis for C (thought of as a vector space
over R). So we have v = su + tw for some s and t real. We compute as
follows:

O(u,v,w)=uxv+vxXw+wxu
=u X (su+tw) + (su+tw) X w+w X u
=tluxw)+s(uxw)+wxu
=(s+t—1)(uxw)

So O(u,v,w) = 0 if and only if s = 1 —¢ if and only if v = (1 —¢)u+ tw.
That is, if and only if u, v, and w lie on a line.

The fourth claim states that O is invariant under rotation and trans-
lation, and transforms as the square under scaling. To prove it, we
compute as follows:

O(au+b,av 4+ b,aw + b)
= (au+b) x (av +b)
+ (av + b) x (aw + b)
+ (aw 4+ b) x (au + b)
= auxXav+tauxb+bxav+bxb
+avXaw—+avXb+bxaw—+bxb
+aw Xau+aw xXb+bxau+bxb

= la]*(uxv+vxw+w x u)
= |a]* O(u, v, w) O

Solution 5.15. An “informal” definition and proof comes from drawing
a picture.

More formally we have the following. Suppose that u and v are any
points on L with v after u. Suppose that w is any complex number not
on L. Then w is to the left of L if O(u,v,w) is positive. (One must
check that this is well defined.)

Suppose now that L is the line containing [p, ¢]. So, in particular, the
vertex r of T'= T(p,q,r) is to the left of L. Note that LNT = [p, q|.
This, plus the continuity of O, proves that every point of 7' — [p, ¢] is
to the left of L. U

Solution 6.6. We break I(9T) into pieces using its definition and
Lemma 2.25:

1T) = I([p, q]) + ({g,r]) + I([r, p])
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Each term on the right can be broken in two using the midpoints,
Lemma 2.25, and the first part of Lemma 2.27:

10T) = I([p,r"]) + (I, ql)
+1(lg, ') + 1([p, 7])
+1([r.q')) + 1([¢, pl)

We rearrange terms:
1(0T) = I([p,r']) + I([d", p))
+ ([, q]) + 1([q,0])
+1([p",r]) + 1([r, ¢'])
We add and subtract terms:

1(0T) = I([p, r])
+1([r', d])
+1([d, p']
— ([, q]) — (I, 7)) — 1([d, P'])
We apply the second part of Lemma 2.27 and rearrange:

10T) = I([p,7']) + I([', q']) + I([d, p])
+ ([q. 0 + L[, 7)) + 1([r', d)
+1([r,q) + 1([d",p']) + I(]p',7])
+ ([P, 1)+ 1([d", ') + L[, P
We now use Lemma 2.25 and the definitions:
I(0T) = 1(OP) + 1(0Q) + I(OR) + 1(9S)
This proves the claim. O

Solution 6.7. Since the triangles are compact, and nested, their
intersection contains at least one point (Cantor intersection theorem).
Since the diameters tend to zero, the intersection contains at most one
point. U

Solution 6.8. We cut R along a diagonal into a pair of positively
oriented triangles S and T. By Lemma 6.3 the integrals of f over
0S and over 0T both vanish. Adding these integrals, and applying
Lemmas 2.25 and 2.27, we find that the integral of f over R also
vanishes. U

Solution 7.3. With notation as above, we have 0P = Uf},. Let Ly be
the line in C containing f;. Suppose that R is a component of C —ULy.
Note that R is convex. If R contains points p € P and ¢ € P then we
deduce that 0P meets the interior of R, a contradiction. We deduce
that R is either contained in P or is disjoint from P. Suppose that R
is contained in P. Then R is a finite-sided convex polygon. Fix some
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vertex v of OR; we connect v to all of the other vertices of OR by line
segments. This realises R as a union of triangles. Since P° is dense in
P, the union of these triangles (as R ranges over the pieces of P —ULy,)
gives the desired decomposition of P.

(There are ways to decompose P into triangles without adding new
vertices. For one early proof, see [8, page 46].) O

Solution 7.4. Let (7}) be the decomposition of P given in Exercise 7.3,
all oriented positively. By Lemma 6.3 the integral of f about 07} is

zero. Thus
| fdz=0
T Jor,

On the other hand, where two distinct triangles T, and T, intersect
in more than a vertex, they intersect in a single line segment; by
Exercise 5.15, the boundaries of T, and Tj give this segment opposite
orientations. Thus, applying Lemma 2.25 and Lemma 2.27, we have

fdz= fdz
7 Jor, op

So the latter vanishes and we are done. O

Solution 7.10. By Example 2.17, the integral of f about the unit
circle does not vanish. Thus, by Lemma 7.9, the function f does not
have a primitive in C*. U

Solution 8.5. They are o®|[vy, va, v3], 03| [vg, Vo, v3], 03| [v0, V1, 3], and

o®[[vo, v1, v). O
Solution 8.9. Since the boundary operators are homomorphisms, it
suffices to fix a single singular two-simplex o%: A2 — X and then to
prove that 0,0,0% = 0. We compute as follows:
(81 ¢) 82)0'2 = 81(820'2)
= 81<0'2HU1, 'UQ] — 0'2”1)(],1)2] + O'2|['U0, U1D
= 01(0®|[v1,v2]) — D (0®[[vo, v2]) + D1(0|[vg, v1])
= (0*|[v] = o®[[v1])
— (0°|[va] — 0| [v0))
+(0?[[v1] = o [vo])
=0 O

Solution 8.16. Along [vg, v3] we have 21 = 0 and z, € [0,1] (with
that orientation). So c|[vo, vo] is the function xg — 1 — .

Along [v1,v9] we have xzy = 0, we have 1 + 22 = 1, and we have
x9 € [0,1] (with that orientation). We deduce that x; = 1 — z5. So
c|[v1, 9] is, again, the function xg — 1 — xs. O
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Solution 8.17. We define 02, 7%: A2 — X by
0'2(SII0,I1,$2) = 0'1((1’0 — X+ 1)/2, (.’171 — Xy + 1)/2)
72(x07x17 IQ) - Tl((xo — I + 1)/27 (Qfl — Zo + 1)/2)

Note that o?|[vg,v1] = o' and 72|[vg,v1] = 7. Also, o?|[vi,vs] =
72|[vo, v2], while 02|[vg, va] = T2|[v1, vs]. Taking care with signs, we find
that d(c? + 7%) = o + 71, as desired. O

Solution 8.19. We take v = (a, b) and note that a +b = 1. We define
o?: A2 - X by
o*(zo, 11, 72) = 0'(a + bxg — axy, b — bxg + axy)
First, suppose that z; = 0. Then we have z¢y + x5 = 1. In this case
we find that
o' (a + bxg — aze, b — brg + azy) = o' (a + bxg — a(l — x¢),b — b(1 — z2) + axy)
= o' (20, T2)
Thus o2|[vg, v9] = o
Next, suppose that g = 0. Then we have x; + o = 1. In this case
we find that
o'(a+ bry — axy, b — brg + axsy) = o' (a — axa, b+ axy)
=o'(a(l — 23),b+a(l — 1))
=o'(ax1,1 — ax;)
Thus o?|[vy, ve] = ot|[v, v1].
Finally, suppose that x5 = 0. Then we have xy + x; = 1. In this case
we find that
o'(a+ brg — axq, b — brg + axy) = o' (a + bxg, b — bxy)
=o' (a+b(1 —z1),b(1 — 2¢))
= 01<1 — ba:l, bl’l)
Thus o?|[vy, v1] = *|[ve, v]. O

Solution 8.21. Suppose that o2 is a singular two-simplex. It suffices
to show that 9y(MiDg(0?)) = MID;(92(0?)). The proof is given by
Figure 6.4, but reversing the arrows in the triangle S and recalling the
minus sign in the definition of MID,. O

Solution 9.3. Note that 7 is a closed contour in C*. By Remark 4.6
the function f(z) = 1/z is holomorphic in C*. Recall from Example 2.17
that f7 dz/z # 0. Now apply the contrapositive of Theorem 9.2: since
the contour integral does not vanish 7 is not a one-boundary. U

Solution 10.2. There are many such homeomorphisms; what follows
is just one possible example. We define f: [0,1) — [0,00) by f(r) =
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r/(—r+1). We define g: [0,00) — [0,1) by g(r) = r/(r+1). Note that f
and ¢ are continuous and are inverses. Thus they are homeomorphisms.

We define F': D — C by sending the origin to the origin and otherwise
by F(re?) = f(r)e?. We define G: C — D by sending the origin to
the origin and otherwise by G(re) = g(r)e?®. We deduce that these
are continuous and also inverses. O

Solution 10.4. Directly from the definitions (and linearity) we have

an o fn = fnfl ° an
Suppose that z is an n-cycle in X. So 9,z = 0. We deduce that

Ofn(z) = fa10z = fo1(0) =0

So f,, sends n—cycles in X to n—cycles in Y.
Suppose that b is an n-boundary in X. Suppose that ¢ is an (n+ 1)—
chain in X with 0,41¢c = b. So we have

fn(b) = fn(8n+1c) = 8nJrlfnJrl (C)

So f, sends n—boundaries in X to n—boundaries in Y.

We now define [f,]: H,(X) — H,(Y) by [fn][z] = [fn(2)]. From the
above this is well-defined and is a homomorphism.

Suppose now that f is a homeomorphism with inverse g. The above
applies to g, giving a homomorphism [g,]. Since f and g are inverses,
so are f, and g,, and thus so are [f,] and [gy]. O

Solution 10.9. Note that the open intervals (a,b) and (c¢,d) are
homeomorphic. Pick any inverse homeomorphisms f: (a,b) — (¢, d)
and g: (c,d) — (a,b). Define F': A — Bby F(re?) = f(r)e?. Likewise,
we define G: B — A by G(re?) = g(r)e. These are continuous in
polar coordinates, so are continuous. Also, since f and g are inverses,
the same is true of F' and G. U

Solution 10.11. The plane C is convex, so by Lemma 10.6 has
trivial first homology. On the other hand, by Example 10.10 the
punctured plane C* has non-trivial first homology. The contrapositive
of Exercise 10.4 now gives the conclusion. U
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Solution 14.8. This follows from the definitions and the M L—-inequality
(Lemma 2.36). Here is the computation:

1
_/ fle) .
2mi Jop(y (2 — 20)" !

an| =

1
< _/ f(2) i
21 ) [(z — z)*!
< 1
- % rn+l | Z|
M
= 2myrntl 2mr
<Y O
,r-n

Solution 14.10. Set Fy(w) = ZTJLO a,(w — z9)". We repeat the
computation, replacing F' by Fly.

N
Fy(w) = Z an(w — 2p)" definition Fiy(w)
n=0
1 /() n o
= Z [2—7” /BB(T) o) dz} (w — 2p) definition a,

— QLm / [Z (Z_f(%(w — zo)"] dz linearity
= % zf(z,i Z(I: —jo )"} dz linearity
— 20| — 20

e =)

=50 z geometric sum
™) 22— %0 1— (M)
z2—20
1 1 AN+
=5 M dz — —/ 1(z) (w=2 dz simplify
21 )] z—w 2m ] z—w\ 2z — 2
1 AN
= f(w) — 2—/ /(z) (w ZO) dz reproduction formula
) z—w\ z— 2

Note that w lies inside of B(r). Thus
M' =max{|f(2)/(z —w)|: z € 0B(r)}

is well-defined. Again with z in 0B(r) we have that p = |w — 29| /|2 — 20|
is constant and less than one. Rearranging and applying the M L—
inequality (Lemma 2.36) we have:

F(w) — F(w)] < 5= M'p"2mr < Mirg+
T
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Note that M’ and r are independent of N. Finally, pV ! tends to zero
as N tends to infinity. 0

Solution 15.5. Recall that U is path-connected (Exercise 2.4). So, fix
a path v: [0, 1] — U connecting zy to z;. By Exercise 2.6 there is some
¢ > 0 so that the open neighbourhood N(+;2¢) lies in U. Note that ~
is continuous on a compact set, so it is uniformly continuous. So there
is a § > 0 with the following property: if s,t € [0,1] have |s —t| <
then |y(s) — ()| < e. Pick now any N > 1/0. Setting wy = v(k/N)
completes the construction. [l

Solution 15.12. Suppose that f (say) vanishes to infinite order at z.
By Theorem 4.13 the series coefficients and the derivatives determine
each other. So, taking derivatives and applying the product rule, we
find that fg also vanishes to infinite order at zj.

Suppose now that both ORD(f, 29) and ORD(g, o) are finite. By
Lemma 15.11 we can factor the corresponding powers of (z — zg) out of
f and g. Exponents add when multiplying powers, so we are done. [

Solution 16.6. Note that Z is closed in U, so U — Z is open. For
every zp € Z we have some 7y so that By, = B(z;r,) C U and also
BN Z = {z}. We deduce that U — Z and the discs By, together cover
U. Thus U — Z, and the discs By, cover K. So there is a finite subcover.
This finite subcover in particular covers Z N K. But U — Z covers no
point of Z and each Bj, covers at most one point of Z. Thus Z N K is
finite. U

Solution 16.7. The first claim follows from the definition.

We prove the contrapositive of the second claim. Suppose that
w € U is an accumulation point of Z U Z’. So there is some sequence
(zn)n C Z U Z' so that, for all n, we have

e 2, # w and
e z, € B(w;1/n).
By the pigeonhole principle one of Z or Z’ contains infinitely many of

the z,. Say Z, as the other case is similar. Thus w is an accumulation
point, in U, of Z. O

Solution 16.8. We must show that U — Z is non-empty, open, and
connected.

If Z is empty we are done. Suppose that Z is not empty. Fix 2y in
Z. Suppose that o > 0 has B(zp;79) C U and B(zp;7r9) N Z = {20}. In
particular B(z;79) — {20} is contained in U — Z. So U — Z is non-empty.

Since Z contains all of its accumulation points in U, it is closed in U.
Thus U — Z is open.

Finally, suppose that wy and w; are points of U — Z. Appealing to
Exercise 2.4 gives us an axis-aligned piecewise-linear contour v: [0, 1] —
U so that v(0) = wp and (1) = wy. Let I' be the image of v. Note that
Z NI has no accumulation point in C. Since I' is compact, Exercise 16.6
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implies that Z N T is finite. This, and Exercise 2.6, gives us an € > 0 so
that, for all zx, 2z, € ZN T, we have:

o B(z;¢) C U,
o B(z;e) N Z ={z}, and
o B(z;€) is disjoint from B(z;e€) if k # £.

We now “cut-and-paste” as in the solution to Exercise 2.5: that is, for
each zx € Z N T we replace the (finitely many) arcs of I' N B(z; €)
by axis-aligned paths in B(zy;€) avoiding z;. This gives the desired
contour in U — Z connecting wy to wy. ]

Solution 17.6. We change coordinates to arrange zy = 0. Suppose
that L is the Laurent series with centre 0 and coefficients (ax). Let g be
the principal part of L and let f be the regular part. By Theorem 4.13
we have that f is holomorphic in B(0; R). Define h(z) = g(1/z). By
Theorem 4.13 we have that h is holomorphic in B(0;1/r). Note that
g(z) = h(1/z) is a composition of holomorphic functions. So Remark 4.6
implies that g is holomorphic on C — B(0;7). So, by Remark 4.6, the
sum f + ¢ is holomorphic in U.

Note that L, = f, + g, where the latter are themselves partial sums.
Also, Theorem 4.13 tells us that (f,) converges uniformly to f on
compact subsets of U. Since z + 1/z is continuous, we similarly deduce
that (g,) converges uniformly to g on compact subsets of U. Thus (L)
converges uniformly to f + ¢ on compact subsets of U, as desired. [

Solution 18.11. With Lemma 18.9 in hand, we follow the same steps
as the solution to Exercise 15.12. O

Solution 21.3. We define f: U — C(7) by f(z) = 22. We define
g: C(7) — U by g(re’®) = \/re’®/?; here we require 6 to lie in (—, 7).
To prove that g is continuous requires the continuity of the argument;
this was proved in Lemma 1.11. O

Solution 21.6. By Theorem 9.2 f integrates to zero along all closed
contours. By Lemma 7.9 we find that f has a primitive. U

Solution 21.11.  We parametrise C'(R) using v(6) = Re™ for § € [0, x].
So g(7(0)) = In(R) + 146 and ¢*(y(#)) = In*(R) + 2i0In(R) — 62. So, for
R large enough, we have |g?(7(#))| < 3In*(R). So the magnitude of the
integrand is dominated by a constant times In*(R)/R?. The claim (for
C(R)) now follows from the M L-inequality (Lemma 2.36).

To deal with C'(€) we use the substitution z = —1/w. This transforms
the domain of integration into C'(1/€), oriented anti-clockwise. The
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integrand transforms as follows.

2 2 ~1
9°(2) g (=w™) 1
N =2 " -
1+ 22 : 14 w2 (=w™)
—1) = 2
=) —g@)?
w? +1
— )2
_ (g(w) —mi)®
w? + 1
We now argue as in the previous paragraph. U

Solution 22.4. Suppose that p(z) = Z]k;vzo apz® with ay # 0. Define
A= (N ar])/lan|. Suppose that |z| > max{2A4,2}. Then we have

N-1
p(2)| > |an]||zV| - (Z |aksz|) triangle inequality
k=0
N-1
> |an]]™| — (Z |ak!) Bl 2] =1
k=0
N-1
> 2|V <|aN||z| -y |ak|> algebra
k=0

N-1
> [2[M (\GNHZ!/2+ jan|A =) !akl) 2| > 24

k=0
> lan||z|V /2 definition of A
2 |0JN|2N71 ‘Z| Z 2
Thus ‘p(lz)‘ < ‘aNéN*l is bounded near infinity, as desired. O

Solution 23.8. Note that U is non-empty, connected, and open. So
V' is non-empty. Suppose that ¢ and d are points of V. Since V' = f(U)
there are points a and b in U so that f(a) = ¢ and f(b) = d. Recall that
U is path-connected (Exercise 2.4). Suppose that « is a path in U from
atob. So = foaisapath from c to d. Thus V is path-connected.
Finally, V' is open by the open mapping theorem (23.7). O
Solution 24.11. We take f(z) = 2=%. Suppose that g is another

v—
-1

similarity sending v and v to 0 and 1, respectively. Define h = fog
Thus h(z) = az + b is a similarity fixing zero and one. So b = 0 and
a = 1; thus A = Idc. Il

Solution 25.2. Stereographic projection and its inverse extend to C
to give the desired homeomorphisms. Il

Solution 25.3. We have that L = LU{oo}. Open subsets of L are the
open sets of L as well as “neighbourhoods of infinity”: the complements
of compact subsets of L. Thus L is homeomorphic to a circle. O
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Solution 25.4. Note that A_,,, M;,,, and V are inverses for A,,
M,,, and V', respectively. So we only need to check continuity near
infinity (and near zero, for V'). This follows for A, and M, because
they send compact subsets of the plane to compact subsets. It follows
for V' because it interchanges neighbourhoods of zero and infinity. [J

Solution 25.5. The inversion V sends:

e the real axis to itself,

the imaginary axis to itself,

the unit circle to itself (by reflection),

circles centred on the origin to circles centred on the origin,

lines meeting the origin to lines meeting the origin,

lines not meeting the origin to circles meeting the origin,

circles meeting the origin to lines not meeting the origin,

circles not meeting the origin to circles not meeting the origin,

and

e circles and lines perpendicular to the unit circle to circles and
lines perpendicular to the unit circle.

We can find algebraic proofs of these by, say, transforming defining
equations of circles and lines in various ways. More geometric proofs
can be deduced from the identification of the extended plane and the
round two-sphere via stereographic projection. O

Solution 25.7. We first assume that neither L nor M meets the

origin. Thus L' = V(L) and M’ =V (M). Also, by Exercise 25.5, the

images L' and M’ are circles through the origin. Since L and M are

parallel, they do not meet. Thus L and M meet only at infinity. Thus

L' and M’ meet only at the origin. Thus they are tangent at the origin.
We can now discuss the “combinatorics” of L' and M.

e If [ separates the origin from M then M’ is contained inside
the disc bounded by L'.

e If M separates the origin from L then L’ is contained inside the
disc bounded by M’.

e If the origin is between L and M then neither circle is contained
inside the disc bounded by the other.

Suppose now that L meets the origin. Thus M does not meet the
origin. By Exercise 25.5 we have that L’ is again a line, while M’ is
a circle. These meet only at the origin, thus they are tangent. If M
meets the origin then L does not and the roles are reversed. U

Solution 25.15. Let f and g be as given in the theorem. Then f has
inverse z +— z/a while g is its own inverse. So f and g are biholomorphic
and thus are automorphisms.

Suppose that h: C* — C* is an automorphism. We apply Theo-
rem 17.7 to find a Laurent series for A converging uniformly on compact
subsets of C*. We now argue as in the proof of Theorem 24.10. That
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is, if h has an essential singularity (at zero or at infinity) then it is not
injective. This is a contradiction; we deduce that the Laurent series for
h has finitely many terms.

If the series has at least two terms, then clearing denominators and
applying Theorem 22.3 we find that h has a root, a contradiction. We
deduce that the series has only one term. If the degree of the term is
zero then h is constant, a contradiction. If the degree is less than minus
one, or greater than one, then h is not injective, a contradiction. So
there is only one term and this term has degree minus one or plus one.
Thus there is some a € C* so that h(z) = az or h(z) = a/z. O

Solution 26.4. Suppose that A € SL(2,C) is a matrix. Suppose that
[A]s and [A]g are its equivalence classes in PSL(2,C) and PGL(2,C),
respectively. Note that [A]g C [A]g; thus pc([A]ls) = [A]¢ and so pc
is well-defined. Next, suppose that [A]s and [B]s are two classes in
PSL(2,C). Then [AB]s is a subset of [AB]g. So pc is a homomorphism.
The proof is the same replacing C by R.

Suppose that [A]s lies in the kernel of pc. So [A]g contains the
identity matrix. So A is a complex multiple of the identity matrix — say
A = \Id. Since A € SL(2,C) we deduce that A> = 1. So A = £1. Thus
[A]s contains the identity matrix, as desired.

Suppose that A is any matrix in GL(2, C). Let \/det(A) be either

[
square root of the determinant. Let D = \/ﬁ Id. Let A A-D.

So A’ lies in SL(2,C). Thus pc([A]s) = [A]¢ and so pc is surjective.
Suppose that A is any matrix in GL(2, R) with negative determinant.
Then [A]¢ is not in the image of pg. O

Solution 26.5. Suppose that A € C*. Take B = A - A. So [4]¢
and [B]q are equal in PGL(2, C). Cancelling copies of A, we find that
fa = fg. Thus p is well-defined.

The function p is surjective by Lemma 25.12. The remainder of the
exercise can be done algebraically.

Another way to package the remaining work is to “notice” that Cis
isomorphic (as a Riemann surface) to CP*, the complex projective line.
Now, CP' = (C? — {0})/(C — {0}), so the usual action of GL(2,C) on
C? descends. O

Solution 26.8. Suppose that A and B lie in U(1,1). Note that

det(A*) = det(A). Taking the determinant of A*JA = J we find that
| det(A)|*> = 1. So the determinant is non-zero; so A is invertible. Note
that (A~1)* = (A*)~'. So A~! lies in U(1,1).

So (AB)*JAB = B*A*JAB = B*JB = J. Thus AB again lies in
U(1,1).

The proof for signature (2,0) is similar. O

Solution 26.9. The proofs are similar to the one for PSL(2,C). O
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Solution 26.10. Suppose that A lies in U(1, 1); suppose that

2= (2 3)

The defining equation A*JA = J implies

ab = cd
ab = ed
lal* = le[* =1
jd]* = [b]* =1
Taking the determinant of A*JA = J and simplifying also gives
af? = o = 1
jd* = le[* =1

Suppose now that A lies in SU(1, 1). So we additionally have ad—bc = 1.
Multiplying this by a and simplifying implies d = a. We similarly find
that ¢ = b, so we are done.

The proof for A € SU(2) is similar. O

Solution 26.13. We only need check that Q(2) is closed under
multiplication; the other properties are immediate. Suppose that

a b c d o
A= ([—) d) and C' = (J E)' Multiplying we find:

a0 — (ac+bd ad+be\ _ (act+bd ad+be -
~ \bc+ad bd+ac)  \ad+bc ac+ bd

Solution 26.14. The initial steps of the proof are the same as for pc.
Suppose that A is any matrix in Q(2). Note that det(A) is real and
non-zero. Suppose first that det(A) is positive. Let (/det(A) be the

.. o 1 ; . /7.
positive square root. Let D = \/F(A)Id' Set A/ =A-D. So A’ lies

in SQ(2). Taking classes [A']s € PSQ(2) and [A]g € PQ(2) we find
pa([As) = [Ale-

Suppose instead that det(A) is negative. Then every matrix in [A]g
has negative determinant. We deduce that [A] is not in the image of

Q- U
Solution 26.15. This follows from Exercise 26.10 and the definition
of SQ(2). O

Solution 26.17. Recall that u, v, and w are distinct. Suppose first
that none of u, v, and w are the point at infinity. Then we define:

v—w 2Z2—1U

f(z) =

Note that f sends u, v, and w to 0, 1, and oo (in order).

v—u Z—Ww
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There are three special cases as u, v, or w is the point at infinity. In
these cases, respectively, we take f(z) to be the following:

Vv —w zZ—U zZ—U

Z—w Z—w v—u
Again, f sends u, v, and w to 0, 1, and oo (in order).

Suppose that ¢ is another such linear fractional transformation. Then
h= fog ! fixes 0, 1, and oo. Since h fixes oo we deduce that h is (the
extension of) a similarity (Exercise 26.19). Since h fixes 0 and 1 we
deduce that h is the identity (Exercise 24.11). O

Solution 26.19. Suppose that a, b, ¢, and d lie in C, with ad — bc # 0.
Suppose that f(z) = (az + b)/(cz + d) fixes infinity. We deduce that
1/f(1/z) = (dz + ¢)/(bz + a) fixes zero. Thus ¢ = 0. So f(z) =
(a/d)z + (b/d) is a similarity, as desired. d

Solution 26.20. Suppose that f € AUT(@) preserves R setwise.
Suppose that u, v, and w are the preimages of 0, 1, and oo (respectively)
under f. Thus u, v, and w lie in RR. Suppose that none of u, v, or w
equal oco. By Exercise 26.17 we have

f(z) =

(If one of u, v, or w is oo, then we replace f by the corresponding
transformation given in Exercise 26.17.) So f lies in p(PGL(2,R)), as
desired. There is no kernel by the uniqueness proved in Exercise 26.17.

The action of PGL(2, R) is three-transitive as before (the proof is the
same and part of it appears in the previous paragraph).

Consider the triple (0, —1,00). The unique linear fractional trans-
formation sending these to (0,1,00) is f(z) = —z. This lies in the
image of PGL(2,R), but not in the image of PSL(2,R). So the action
of PSL(2,R) is not three-transitive.

Suppose that (u, v, w) is any anti-clockwise triple in R. Suppose that
none of u, v, or w are the point at infinity. We must show that the
transformation

v—w Z2—U

v—uUu Z—Ww

vV—w Z2—U

fz) =
v—u z—w
lies in p(PSL(2,R)). This is equivalent to showing that the determinant
v—w v—w (v —w)(u—w)
() = 2= ) =
v—u v—u v—u

is positive. Since (u, v, w) are not infinite, and are ordered anti-clockwise
in R, we have either

u<v<w,

v<w<u, oOr

w<u<w.



116 2026-11-09

We observe that the determinant is positive in all three cases, so are
done.
Suppose that v is the point at infinity. So we must show that

fla) =

lies in p(PSL(2,R)). This happens if and only if (—1)(v — w) is positive,
if and only if v < w, if and only if (u,v,w) is ordered anti-clockwise.
Suppose that v is the point at infinity. So we must show that

f(z) =

lies in p(PSL(2,R)). This happens if and only if u — w is positive, if
and only if w < u, if and only if (v,w,u) is ordered anti-clockwise, if
and only if (u,v,w) is ordered anti-clockwise.

Suppose that w is the point at infinity. So we must show that

f(z) =

lies in p(PSL(2,R)). This happens if and only if v — u is positive, if
and only if u < v, if and only if (w,u,v) is ordered anti-clockwise, if
and only if (u,v,w) is ordered anti-clockwise.

~

Suppose that f € AuT(C) lies in p(PSL(2,R)). We must prove

A

that f preserves H setwise. Since f preserves R we deduce that f
either preserves H or sends it to the lower half plane. So take f(z) =
(az +b)/(cz + d) and compute as follows:

ai+b

S0 = ct+d
_ (ai +b)(—ci +d)
~ (ci+d)(—ci+d)
ac + bd + i(ad — bc)
2+ d?
ac + bd + 1
EFv

v —w

Z—U

Z—Ww

zZ—U

vV—Uu

So the imaginary part of f(i) is 1/(c* + d?). This is positive, so f
preserves H setwise, as desired.

Suppose that f € AuT(C) preserves H setwise. We must prove
that f lies in p(PSL(2,R)). Suppose that w is the point of R so that
f(w) = occ.

Suppose first that w = co. So f fixes co. So Exercise 26.19 tells us
that f is a similarity. We write f(z) = az + b. We now deduce that
f preserves R. So f(0) = b and f(1) = a+ b both liein R. If a < 0
then f does not preserve H, a contradiction. Thus a > 0. So f lies in
p(PSL(2,R)).



2026-11-09 117

Suppose next that w # oco. We define g(z) = (wz — 1)/z. Note that
g and ¢! both lie in p(PSL(2,R)). Also f o g preserves H and also co.
The previous paragraph implies that f o g lies in p(PSL(2,R)). Thus
so does (f o g)og ! and we are done. d

Solution 26.21. To find the automorphism f, we send the triple
(7,—1,1) to the triple (00,0, 1). This gives:

1—4 241 1 z+1 z+1
f(z) = - - = - - = -
1472 z—¢ ¢+ z—1 1z+41
(There are many other ways to proceed. For example, consider the

linear fractional transformation that sends the triple (0, 1,4) to the triple
(i,1,00).) Fix any z # i. We take 2z = re? and compute as follows.

Z+1
&)= o
_ (z+i)(—iz+ 1)
iz 12
i+ 24
B iz 4+ 1]2
(2 2) 41— |27
B iz + 1]2
~ 2rcos() +i(1—1?)
B iz + 1]2
So, r < 1 if and only if IMAG(f(2)) > 0. Also, r = 1 if and only if
IMAG(f(z)) = 0. Since f is an automorphism, it has an inverse and so

is a bijection. We deduce that f(D) = H and f(S") = R.

The remainder of the proof follows from the definition of the stabiliser

~

AuTx(C). 0
Solution 26.22. By the previous exercise
zZ+1
f(z) = 1z +1

sends S' to R. Note also that f(0) =i. So f sends D to H. We deduce

A

that f conjugates AUTE(C) to AUTp(C). We now take

o= 3(t )

Note that C' lies in SL(2,C) and that p([C]) = fc = f.

We claim that C' conjugates PSL(2,R) to PSU(1,1) and also conju-
gates PGL(2,R) to PQ(2). We prove this in two steps. First suppose
that a, b, ¢, and d are real and that ad — bc # 0. We take

= (2)



118 2026-11-09

We now compute as follows:
1 _ 1 —i\[fa b\ (1 i
c-ac = ( e
a—ic b—1d 1 7
—ia+c —ib+d 1
a—tc+ib+d ia+c+b—1d
—ia+c+b+id a+ic—ib+d
(a+d)+i(b—c) (c+0b)+i(la—d)
c—i—b )—i(la—d) (a+d)—i(b—rc)
The final matrix lies in Q(2). Also, its determinant equals the de-
terminant of our original matrix A. Thus its image under p lies in
PSU(1,1) = PSQ(2) if the determinant is positive. (In all cases its

image lies in PQ(2).)
Second suppose that p and g are complex numbers with |p|? — |¢q|* # 0.

We take
B (fz %)
q p

We now compute as follows:

_ 1/1 i\(p ¢q 1 —
1—_
ere =30 )6 (2
_I(p+iqg q+ip 1 —i
2\ip+q 1g+p)\—1 1
_I{p+ig—ig+p —ip+q+q+ip
2\ip+q+q—1ip p—iqg+iqg+p
1((p+p)—z‘(q—q) —i(p—p){r(QvLQ))
2\ilp—p)+(¢+q) (+p +ilg—7
B REAL(p) + IMAG(¢q) IMAG(p) + REAL(q)
- \—IMAG(p) + REAL(q) REAL(p) — IMAG(q)

l\DIH [\DI»—* l\')l

The final matrix lies in GL(2,R). Also, its determinant equals the
determinant of our original matrix B. Thus its image under p lies in
PSL(2,R) if the determinant is positive. (In all cases its image lies in
PGL(2,R).)

Thus conjugation by C' gives the desired isomorphisms.

The linear fractional transformation f = fo allows us to “translate”
back and forth between the stabilisers of the circle and disc, on the one
hand, and the stabilisers of the extended line and the upper half plane,
on the other hand. Similarly, the matrix C' allows us to “translate”
between the groups PGL(2, R) and PSL(2,R), on the one hand, and the
groups PQ(2) and PSU(1, 1), on the other hand. Finally, we complete
the picture by noting that p takes the various matrix groups to the
various stabilisers. O
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Solution 28.8. Fix any r > 0 so that B(0;r) has closure contained
in U. Let C' = 0B(0;r). Fix any £ > 0. Theorem 14.15 tells us that

1 fu(2)
n— 5 . d
%, 271 Jo 2R :
1 F
ag (2) dz

211 C Zk+1

We subtract the second line from the first, recall that (f,,) converges
uniformly on C' to F', and apply the M L—-inequality (Lemma 2.36). O
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[, end of proof/solution, Lemma 1.11, 5

<, end of exercise/example/definition, Exercise 1.4, 3
REAL(z), real part, Section 1.2, 2

IMAG(z), imaginary part, Section 1.2, 2

Z, complex conjugate, Section 1.2, 2

|z|, magnitude, Section 1.2, 2

B(z;1), open disc, Section 1.2, 2

B(z;71), closed disc, Section 1.2, 2

B*(z;r), punctured disc, Section 1.2, 2

C*, punctured plane, Section 1.2, 2

P°, interior, Section 1.2, 3

P, closure, Section 1.2, 3

0P, topological boundary, Section 1.2, 3
C(z;r), circle, Section 1.2, 3

D, open unit disc, Section 1.2, 3

D>, punctured unit disc, Section 1.2, 3

S1, unit circle, Section 1.2, 3

H, upper-half plane, Section 1.2, 3

N(Z;r), open neighbourhood, Section 1.2, 3
ARG(z), arguments, Section 1.3, 3

v, contour, Definition 2.12, 6

f,y f dz, contour integral, Definition 2.16, 7
L(7), arc-length, Definition 2.29, 10
WIND(7, 20), winding number, Remark 3.8, 13
T(p,q,r), triangle, Definition 5.7, 20

0T, polygonal boundary, Definition 5.7, 20
u X v, cross-product, Section 5.10, 21

D(7), diameter, Section 5.16, 22

RES(f, 29), residue, Section 17.4, 58
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